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INTRODUCTION

Diffusion is due to thermally activated atomic-scale random motion of particles (atoms, 
ions and molecules) in minerals, glasses, melts, fluids, and gases (Fig. 1). The random motion 
leads to a net flux when the concentration (more strictly speaking, the chemical potential) of 
a component is not uniform. Even though diffusion is a microscopic process, it can lead to 
macroscopic effects. For example, the initial phase of explosive volcanic eruptions (or more 
commonly encountered champagne eruptions) is powered by bubble growth, which in turn is 
controlled by diffusion that brings gas molecules into bubbles. This chapter provides a brief 
review of the theory of diffusion in minerals and melts (including glasses). More complete 
coverage of diffusion theory can be found in Crank (1975), Kirkaldy and Young (1987), 
Shewmon (1989), Cussler (1997), Lasaga (1998), Glicksman (2000), Balluffi et al. (2005), 
Mehrer (2007), and Zhang (2008). 

In minerals, diffusive transport is the only mechanism for particles to move from one 
location to another. For example, homogenization of a zoned crystal and loss of radiogenic 
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Fig. 1. An example of random motion of particles.  Initially (the left panel), all A particles (such as Fe2+ ions in 

garnet) represented by filled circles are in the lower side, and all B particles (such as Mg2+ ions in garnet) 

represented by open circles are in the upper side.  Due to random motion, there is a net flux of A from the lower side 

to the upper side, and a net flux of B from the upper side to the lower side (the middle and right panels).  As time 

increases, A and B will eventually become randomly and uniformly distributed in the whole system.  This situation 

for diffusion is often encountered in diffusion experiments and is referred to as a diffusion couple.

Figure 1. An example of random motion of particles. Initially (the left panel), all A particles (such as Fe2+ 
ions in garnet) represented by filled circles are in the lower side, and all B particles (such as Mg2+ ions in 
garnet) represented by open circles are in the upper side. Due to random motion, there is a net flux of A 
from the lower side to the upper side, and a net flux of B from the upper side to the lower side (the middle 
and right panels). As time increases, A and B will eventually become randomly and uniformly distributed in 
the whole system. This situation for diffusion is often encountered in diffusion experiments and is referred 
to as a diffusion couple.
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nuclides (such as 40Ar from the decay of 40K) from a mineral are through diffusion. In silicate 
melts, mass transport can be through either diffusion or flow (or convection). Only diffusion 
is covered in this chapter. Even when convection is present, it is still necessary to understand 
diffusion because in the boundary layer mass transport is through diffusion. Diffusion also plays 
a role during crystal growth and dissolution in a melt, key processes in magma solidification 
and evolution.

One of the most important geological applications of diffusion is the inverse problem, to 
infer the details of thermal histories and factors such as closure temperature, apparent equilibrium 
temperature, and cooling rates from diffusion properties (Zhang 2008). Thermochronology 
and its application to the understanding of tectonic uplift and erosion rates, require a thorough 
understanding of diffusion in minerals.

The mathematics of diffusion is complicated. An excellent reference book is by Crank 
(1975), which provides analytical solutions to many diffusion problems. The mathematical 
description of diffusion is similar to that of heat conduction. Hence, analytical solutions to heat 
conduction problems (e.g., Carslaw and Jaeger, 1959) can also be applied to diffusion. Because 
the mathematical treatment is in itself specialized and can be found in the aforementioned 
treatises, in this chapter, I focus on concepts of diffusion relevant to geological and experimental 
diffusion studies, rather than the mathematical solutions. Solutions for specific diffusion 
problems will be given without derivations. 

FUNDAMENTALS OF DIFFUSION

Basic concepts

The German physiologist Adolf Fick (1829-1901) investigated diffusive mass transport 
and proposed the following phenomenological law that describes diffusion by analogy to 
Fourier’s law of heat conduction 

J = − ∂
∂

D
C

x
( )1

where J is the diffusive mass flux (a vector), D is the diffusion coefficient (also referred to 
as the diffusivity), C is the concentration of the component under consideration (in mass per 
unit volume, such as kg/m3, or number of atoms per m3, or mol/m3), x is distance, ∂C/∂x is 
the concentration gradient (a vector), and the negative sign means that the direction of the 
diffusive flux is opposite to the direction of the concentration gradient (i.e., diffusive flux 
goes from high to low concentration, but the gradient is from low to high concentration). 
Hence, when the concentration gradient is large (i.e., the concentration profile is steep), the 
diffusive flux is also large. The unit of D is length2/time, such as m2/s, mm2/s, and µm2/s (1 
m2/s = 106 mm2/s = 1012 µm2/s). The value of the diffusivity is an indication of the “rate” 
of diffusion and, hence, is essential in quantifying diffusion. Diffusivities depend on several 
factors, including temperature, pressure, composition, and physical state and structure of the 
phase, and sometimes oxygen fugacity. Some general relations between diffusivities and other 
parameters will be presented later in this chapter. Diffusivity values in various systems are the 
main focus of this volume, of which this chapter is a part. 

When diffusion is mentioned without special qualification, it refers to volume diffusion 
occurring inside a phase due to thermally activated random motion (in contrast to grain-
boundary diffusion or eddy diffusion in natural waters). Typical values of diffusion coefficients 
are (see Fig. 2 for diffusivity of a neutral gas species as a function of temperature; see also 
Watson and Baxter 2007 for generalized diffusion behaviors in geological materials): 

•	 In gas, D is large, about 10−5 m2/s in air at 300 K; 
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•	 In aqueous solution, D is intermediate, about 10−9 m2/s in water at 300 K; 

•	 In silicate melts, D is small, about 10−11 m2/s at 1600 K for divalent cations; 

•	 In minerals, D is extremely small, about 10−17 m2/s at 1600 K for divalent cations.

Grain-boundary diffusion is diffusion along interphase interfaces, including mineral-
fluid interfaces (or surfaces) or mineral-mineral interfaces. Eddy (or turbulent) diffusion in 
fluid phases is due to non-thermal random disturbances such as waves, fish swimming, boats 
cruising, etc. Hence, eddy diffusion is fundamentally different from thermally activated volume 
diffusion. Both grain-boundary diffusivities and eddy diffusivities are often several orders of 
magnitude higher than the respective volume diffusivities listed above.

In Fick’s first law, the diffusive flux is related to the concentration gradient. In diffusion 
studies, often we need to determine how a concentration profile would evolve with time given 
the initial concentration distribution. For this purpose, we need an equation (referred to as the 
diffusion equation) to describe how the concentration is related to space and time, such as 
C(x,t) for the one-dimensional case. The one-dimensional diffusion equation often takes the 
following form 

∂
∂

= ∂
∂

C

t
D

C

x

2

2
2( )

where D is independent of C and x. Equation (2) is also referred to as Fick’s second law.

Below is a derivation of Equation (2) from Equation (1) and the mass balance condition. 
Consider diffusion across a thin sheet with the left side at x and the right side at x+dx (thickness 
of dx). Assume that the flux is one-dimensional along the x direction (Fig. 3). Then the total 
mass variation in the volume defined by thickness dx and an arbitrary area S and equals the 
flux into the sheet from the left side (x), JxS, minus the flux out of the sheet from the right side 
(x+dx), Jx+dxS: 
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Fig. 2. Ar diffusion data in air (gas) (calculated using relations in Cussler 1997), water (liquid) (Wise and Houghton 

1966), basalt melt (Nowak et al. 2004), rhyolite melt (Behrens and Zhang 2001) and the mineral hornblende 

(Harrison 1981). 

 

Figure 2. Ar diffusion data in air (gas) (calculated using relations in Cussler 1997), water (liquid) (Wise 
and Houghton 1966), basalt melt (Nowak et al. 2004), rhyolite melt (Behrens and Zhang 2001) and the 
mineral hornblende (Harrison 1981).
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where Jx (a scalar) is the flux along increasing x direction (the vector flux J = Jxi where i is the 
unit vector along the x axis). Hence, 

∂
∂

= − ∂
∂

C

t

J x

x
x ( )

( )4

Combining the above with Fick’s first law (Eqn. 1) leads to: 

∂
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= ∂
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If D is independent of C and x, the above is simplified to Equation (2). 

In three dimensions, the diffusive flux for a component (Eqn. 1) takes the following form: 

J =  – ( )D C∇∇ 6

the mass balance equation (Eqn. 4) becomes:

∂
∂

= − ⋅C

t
∇∇ J ( )7

and the diffusion equation (Eqn. 5) becomes:

∂
∂

= ⋅C

t
D C∇∇ ∇∇( ) ( )8

where ∇ is the gradient operator when it is applied to a scalar C, and the divergent operator 
when it is applied to a vector ∇C (i.e., ∇ turns a scalar to a vector and a vector to a scalar). 

From Equation (2), it can be seen that if ∂2C/∂x2 = 0 at a position (e.g., point 1 in Fig. 4), 
i.e., if C is locally a linear function of x (including the case of constant concentration), then 
∂C/∂t = 0, meaning that the concentration at the position would not vary with time. If ∂2C/∂x2 > 
0 at the position (point 2 in Fig. 4; concave up), then ∂C/∂t > 0, meaning that the concentration 
at the position would increase with time. If ∂2C/∂x2 < 0 at the position (point 3 in Fig. 4; 
concave down), then the concentration at the position would decrease with time.

Although we often talk about diffusion “rate”, and the rate is related to the diffusion coeffi-
cient, diffusion is a peculiar process in which there is no single diffusion “rate”. From solutions 
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Fig. 3. Sketch of fluxes into and out of an element volume.  The flux along the x-axis points to the right (the x-axis 

also points to the right).  The flux at x is Jx, and that at x+dx is Jx+dx.  The net flux into the small volume is (Jx - 

Jx+dx), which causes the mass and density in the volume to vary. 

 

Figure 3. Sketch of fluxes into and out of an 
element volume. The flux along the x-axis 
points to the right (the x-axis also points to 
the right). The flux at x is Jx, and that at x+dx 
is Jx+dx. The net flux into the small volume 
is (Jx − Jx+dx), which causes the mass and 
density in the volume to vary.
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of the diffusion equation, the diffusion distance is proportional not to duration, but to the square 
root of duration; the relation is often written as 

x Dt≈ ( )9

This distance may also be referred to as the mid-concentration distance, or half distance of 
diffusion (Zhang 2008, p. 201-204), which will become clearer later. Defining the diffusion 
“rate” as how rapidly the diffusion distance advances with time (dx/dt), then the “rate” equals 
0.5(D/t)1/2, and is infinity at t = 0 and then decreases gradually with time.

The diffusivity increases rapidly with temperature, following the Arrhenius relation (Fig. 2), 

D D e E RT= −
0 10/ ( )

where T is the absolute temperature in K, D0 is the pre-exponential factor and equals the value 
of D at T = ∞, E is the activation energy and is a positive number, and R is the universal gas 
constant. 

The pressure dependence of diffusivities can be either positive or negative. The following 
equation is often used to describe both the temperature and pressure dependence of diffusivity

D D e E P V RT= − +( )
0 11∆ / ( )

where ∆V is referred to as the activation volume, which can be either positive (leading to a 
decrease of D with increasing P) or negative (leading to an increase of D with increasing P). 
Negative ∆V is not rare. From Equation (11), the activation energy depends on pressure (when 
∆V ≠ 0). Similarly, the activation volume ∆V may also depend on temperature, which would 
change the form of the above equation (see later discussion).

Microscopic view of diffusion

Microscopically and statistically, diffusion can be quantified using random walk of 
particles (atoms, ions, or molecules). Consider, for example, diffusion of Mg2+ (counter-
balanced by Fe2+ in the opposite direction) in garnet along any direction, labeled as the x 
direction. (A cubic crystal is used here so that the effect of diffusional anisotropy does not have 
to be considered.) Consider two adjacent lattice planes (left and right) at distance l apart. If the 
jumping distance of Mg2+ is l and the frequency of Mg2+ ions jumping away from the original 
position is f, then the number of Mg2+ ions jumping from left to right is ½nLfdt and that from 
right to left is ½nRfdt, where nL and nR are the number of Mg2+ ions per unit area on the left and 
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Fig. 4. Concentration profile C versus x, and the corresponding ∂2C/∂x2 versus x (arbitrary units) to illustrate 

whether C increases, decreases or stays the same with time.  At point 1, ∂2C/∂x2 = 0 and hence ∂C/∂t = 0.  At point 2 

(concave up), ∂2C/∂x2 > 0 and hence ∂C/∂t > 0.  At point 3 (concave down), ∂2C/∂x2 < 0 and hence ∂C/∂t < 0. 
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Fig. 4. Concentration profile C versus x, and the corresponding ∂2C/∂x2 versus x (arbitrary units) to illustrate 

whether C increases, decreases or stays the same with time.  At point 1, ∂2C/∂x2 = 0 and hence ∂C/∂t = 0.  At point 2 

(concave up), ∂2C/∂x2 > 0 and hence ∂C/∂t > 0.  At point 3 (concave down), ∂2C/∂x2 < 0 and hence ∂C/∂t < 0. 

Figure 4. Concentration profile C versus x, and the corresponding ∂2C/∂x2 versus x (arbitrary units) to 
illustrate whether C increases, decreases or stays the same with time. At point 1, ∂2C/∂x2 = 0 and hence 
∂C/∂t = 0. At point 2 (concave up), ∂2C/∂x2 > 0 and hence ∂C/∂t > 0. At point 3 (concave down), ∂2C/∂x2 
< 0 and hence ∂C/∂t < 0.
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right planes. The factor ½ in the expressions is due to the fact that the ions in each plane can 
jump to both sides, but we consider only one direction. The jumping frequency f is assumed 
to be the same from left to right or from right to left, i.e., random walk is assumed. Therefore, 
the net flux from the left plane to the right plane is 

J = −( )1

2
12n n fL R ( )

Since nL = lCL and nR = lCR where CL and CR are the concentrations of Mg2+ on the left and 
right planes, then 

J = −( )1

2
13l C C fL R ( )

Because CL – CR = –l∂C/∂x, we have

J = − ∂
∂

1

2
142l f

C

x
( )

Comparing this with Fick’s law (Eqn. 1), we have 

D l f= 1

2
152 ( )

Thus, microscopically, in one-dimensional diffusion, the diffusion coefficient may be 
interpreted as one-half of the jumping distance squared times the overall jumping frequency. 
Since l is of the order 3×10−10 m (the interatomic distance in a lattice), the jumping frequency 
can be roughly estimated from D. For D ≈ 10−17 m2/s, as in a typical mineral at high temperature, 
the jumping frequency is 2D/l2 ~ 220 per second. Because ion jumping requires a site to 
accept the ion, the jumping frequency in minerals depends on the concentration of vacancies 
and other defects. Hence, high defect concentrations lead to high diffusivities. In melts, the 
jumping frequency is much higher (about 108 per second), depending on the flexibility of the 
liquid structure, and may also be related to viscosity. 

The above analysis can be carried forward to the full statistical treatment of random 
walk using either theoretical analysis (Gamow 1961) or computer simulations (Kleinhans and 
Friedrich 2007). If initially a large number (trillions) of particles were at a single position 
(defined as x = 0), after more than 100 jumping steps, the distribution can be approximated 
well by a continuous function. For one-dimensional diffusion, the concentration of particles at 
x (or the probability of finding a particle at x) follows the Gaussian distribution: 

C x t
M

Dt
e x Dt( , )

( )
( )

/
/( )= −

4
16

1 2
42

π

where M is the total number of particles, all of which were initially at x = 0. This diffusion 
problem is known as diffusion from an instantaneous plane source.

Various kinds of diffusion

There are many kinds of diffusion encountered in nature and experimental studies. The 
definitions may differ somewhat in the literature, making it less straightforward to deal with 
the terms. Below is a summary of the various kinds of diffusion described in most of the 
geological literature. Because diffusion involves a diffusing species in a diffusion medium, 
it can be classified based on either the diffusion medium or the diffusing species. When 
considering the diffusion medium, thermally activated diffusion may be classified as volume 
diffusion and grain-boundary diffusion. Volume diffusion is diffusion in the interior of a phase; 
an example is the diffusion of Mg and Fe2+ in a garnet crystal, leading to the homogenization of 
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a garnet crystal initially zoned in Fe2+ and Mg (Ganguly 2010, this volume). Volume diffusion 
is what is typically referred to when we simply say “diffusion” without further qualifiers. In 
volume diffusion, the diffusion medium can be either isotropic or anisotropic. In an isotropic 
diffusion medium, diffusion properties do not depend on direction. Both melts (and glasses) 
and isometric minerals are isotropic diffusion media, but non-isometric minerals are in general 
anisotropic diffusion media (although in some cases, the dependence of diffusivities on the 
direction is weak). Anisotropic diffusion will be treated later in this chapter.

Grain-boundary diffusion is diffusion along interphase interfaces, including mineral-fluid 
interfaces (or surfaces), interfaces between the same minerals, and those between different 
minerals. Because many bonds are not satisfied for atoms on the interface, there are generally 
very high concentrations of defects, leading to very high grain-boundary diffusivities 
compared with volume diffusivities. For example, at 1473 K, the grain-boundary diffusivity 
of Si at forsterite-forsterite boundaries is about 9 orders of magnitude greater than the volume 
diffusivity of Si in forsterite (Farver and Yund 2000). Grain-boundary diffusion will be the 
subject of a chapter in this volume (Dohmen and Milke 2010, this volume).

Considering differences in the diffusing species, diffusion can be classified as self 
diffusion, tracer diffusion, or chemical diffusion that can be further distinguished as trace 
element diffusion, binary diffusion, multispecies diffusion, multicomponent diffusion, and 
effective binary diffusion. Below is a discussion of these terms; first the definition used in this 
work is shown, then alternative definitions are also mentioned.

Self diffusion. There is no chemical potential gradient in the system in terms of elemental 
composition but there is difference in the isotopic ratios (or chemical potential gradients are 
present only in isotopes) (Lasaga 1998; Zhang 2008). The diffusion is monitored through 
difference in isotopic fractions. For example, in a diffusion couple made of basalt melt, one 
side may have a high 44Ca/SiCa ratio and the other side has normal Ca isotope ratios, but 
the elemental composition of the melts in both sides of the couple is uniform (e.g., in the 
experiments of LaTourrette et al. 1996; LaTourrette and Wasserburg 1997). In Figure 1, 
one may view the solid circles as 44Ca-enriched Ca, and the open circles as normal Ca, and 
the matrix is the haplobasalt melt. Because there are no chemical (or elemental) gradients, 
the diffusivity, which often depends on chemical composition of the system, is assumed to 
be constant. This works well for self diffusion without exceptions. Small differences, ≤1% 
relative, in the diffusivities of different isotopes have been measured by, e.g., Richter et 
al. 2008. Such small differences are important in understanding isotopic fractionation but 
negligible in quantifying the self diffusion coefficient of an element.

Other definitions of self diffusion. Some authors consider self diffusion to be the 
diffusion of the exact same species (not even with isotopic differences) (e.g., Lesher 2010, 
this volume; Mungall, personal communication). Such self-diffusivities cannot be measured, 
however. Others may use self diffusivity to mean the binary diffusivity in the hypothetical 
ideal mixing case (e.g., Lesher 1994; Ganguly 2002, p 275), which was referred to as intrinsic 
diffusivity by Zhang (1993). Still others may use self diffusivity to mean the diagonal 
diffusivity in a multicomponent diffusion matrix (e.g., De Koker and Stixrude 2010, this 
volume); multicomponent diffusion will be explained later. The diffusion described as self 
diffusion in the preceding paragraph is sometimes referred to as isotopic exchange (e.g., 
Lesher, personal communication), or tracer diffusion (e.g., Ganguly 2002, p 275; Mungall, 
personal communication). 

Tracer diffusion. A tracer is introduced into the system with undefined low concentrations 
(e.g., Fig. 5). The tracer is often a radioactive isotope, such as 134Cs used to study Cs diffusion 
in albite melt (Jambon and Carron 1976), but can also be an otherwise detectable trace element 
as long as there are no major concentration gradients. Some authors distinguish tracer diffusion 
using a radioactive isotope versus trace element diffusion (Baker 1989). Zhang et al. (2007) 
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discussed the difference between 14C tracer diffusivities and CO2 trace element diffusivities 
but the difference is likely due to limited spatial resolution in b-particle mapping (International 
Commission on Radiation Units and Measurements 1984; Mungall 2002) when 14C tracer 
diffusivities were determined. In tracer diffusion, the bulk composition of the system is roughly 
uniform, with the only variation being the concentration of the tracer, and the dilution effect by 
the tracer on other elemental concentrations. Hence, the diffusivity is assumed to be constant, 
meaning that the diffusivity does not depend on the concentration of the component itself at 
low concentrations. This is true for many components, but at least for H2O diffusion (using a 
3H tracer), it has been found that the H2O diffusivity depends on its own concentration even at 
low concentration levels of hundreds or even tens of ppm (Drury and Roberts 1963). Hence, 
there may be exceptions to the assumption that a tracer diffusion profile can be well described 
by a constant diffusivity. Another complexity is that the deposited component containing the 
diffusant (e.g., 134Cs is deposited as CsCl in the study of Jambon and Carron 1976) may have 
very high solubility in the material, which would result in compositional variation, for example 
in the case of Jambon and Carron (1976), from almost pure CsCl to the albite melt in a short 
distance, meaning that there could be significant chemical potential gradients. 

Other definitions of tracer diffusion. In the definition of some authors, tracer diffusion 
would include self diffusion (or isotopic exchange) defined above (e.g., Ganguly 2010, this 
volume). Other authors would include the condition that the trace element behaves as Henrian 
(meaning constant activity coefficient) (e.g., Lesher 2010, this volume), which would mean 
that diffusion of 3H2O would not be tracer diffusion because its chemical activity is not 
proportional to its concentration (Drury and Roberts 1963).

Either self diffusion or tracer diffusion. When a radioactive tracer is introduced into a 
system that contains stable isotopes of the tracer, the diffusion may be referred to as either self 
diffusion or tracer diffusion. For example, 24Na tracer diffusion into an albite melt (Jambon 
and Carron 1976) can also be said to be self diffusion.

Chemical diffusion. There is chemical potential gradient in major and minor components. 
Among chemical diffusion, trace element diffusion, binary diffusion (also referred to as 

Figure 5. Thin-source diffusion. (a) Set up of thin-source diffusion. Initially there is no or low diffusant 
in the inside of the cylinder (or disk), but one surface (in the drawing it is the top surface) has a thin layer 
of the diffusant. “Thin” means much thinner than the diffusion distance. (b) The resulting diffusion profile 
(C versus x where x is distance from the upper surface vertically downward) after the experiment for two 
different times. Both the surface concentration and the length of the diffusion profile depend on time.

   

   

(a) (b)
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interdiffusion or mutual diffusion), multispecies diffusion, multicomponent diffusion, and 
effective binary diffusion may be distinguished. 

Trace element diffusion. Some authors separate trace element diffusion from tracer 
diffusion (e.g., Baker 1989), where a trace element means that the concentration is no more 
than thousands of ppm). Baker (1989) discussed tracer versus trace element diffusion in which 
trace elements diffusion occurs in the presence of concentration gradients of major oxides 
such as SiO2 and MgO. If the concentration gradient is only in the trace element and the 
concentration variation of other components is due to the dilution effect of the trace element, 
the trace element diffusion is similar to tracer diffusion. If there are concentration gradients in 
major components, trace element diffusion often show uphill diffusion and must be treated in 
the framework of multicomponent diffusion. In this work, trace element diffusion is arbitrarily 
limited to the diffusion of an element with concentrations of up to1 wt% (that is, it includes 
minor elements) when the other concentration gradients are due to dilution by the diffusion 
component, so that it is similar to tracer diffusion. 

Binary diffusion (also referred to as interdiffusion, or mutual diffusion) refers to 
diffusion in a binary system (such as MgO-SiO2 diffusion in MgO-SiO2 binary melts, or Fe-
Mg diffusive exchange in olivine). Self diffusion may be viewed as a special type of binary 
diffusion (no chemical composition gradient), such as 18O-16O exchange in dry quartz. Tracer 
diffusion may also be viewed as another special type of binary diffusion (the tracer exchanges 
with the rest of the system). Furthermore, tracer diffusion is the limiting case of binary 
diffusion. Consider Fe-Mg interdiffusion in olivine. As the system composition approaches 
pure forsterite, Fe concentration becomes low, and hence the case approaches Fe tracer 
diffusion in forsterite. As the system approaches pure fayalite, Mg concentration is low, and 
the case approaches Mg tracer diffusion in fayalite. 

Multispecies diffusion. When the diffusing component can be present in two or more 
species, such as diffusion of H2O that is present as H2O molecules and hydroxyl groups 
(Doremus, 1969, 1995; Zhang et al. 1991a,b), or diffusion of CO2 that may be in the form 
of carbonate ions and CO2 molecules (Nowak et al. 2004), the diffusion is referred to as 
multispecies diffusion. The understanding of multispecies diffusion is one of the contributions 
made by geologists to the theory of diffusion (Zhang et al. 1991a,b; Zhang and Behrens 2000; 
Behrens et al. 2007).

Multicomponent diffusion. If diffusive transport involves three or more components 
in the system, the diffusion is referred to as multicomponent diffusion (e.g., Cussler 1976; 
Lasaga 1979; Ghiorso 1987; Trial and Spera 1994; Kress and Ghiorso 1993, 1995; Liang et 
al. 1997; Mungall et al. 1998). Natural melts and many minerals are multicomponent systems. 
Because of the complexity in treating multicomponent diffusion, simple treatments, which 
work well in some cases, but not in others, have often been applied. The most often applied 
simple treatment is effective binary diffusion, discussed below. 

Effective binary diffusion. When diffusion of a component in a multicomponent system 
is treated as simply due to its own concentration gradient (equivalent to either (i) treating all 
other components as one combined component, or (ii) ignoring the cross diffusivities in the 
multicomponent diffusion matrix), the diffusion of the component is referred to as effective 
binary diffusion (Cooper 1968). In the case of tracer or trace element diffusion without major 
elemental concentration gradients, strictly speaking, if there is a chemical potential gradient 
in the tracer component, there will also be chemical potential gradients in other components, 
however small they may be. Therefore, tracer diffusion may be viewed as a special type of 
effective binary diffusion. Later in this chapter, I will classify effective binary diffusion further 
into the first kind of effective binary diffusion (FEBD) and second kind of effective binary 
diffusion (SEBD). 
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Equation (2) describes binary (as well as self and tracer) diffusion with a constant diffusivity 
and along one direction (often in an isotropic system, but can also be an anisotropic system 
along a principal axis of diffusion, as explained later). Measurable diffusion effects require at 
least a binary system, because diffusion in a one-component system, even though theoretically 
conceivable, does not lead to measurable or macroscopic consequences: the system is always 
uniform in composition (100% of the component). Two measurably different components (e.g., 
18O-enriched versus 16O-enriched materials, or Fe2+ and Mg2+ exchange) are a minimum for 
diffusion to lead to detectable elemental or isotopic concentration profiles. Binary diffusion 
is the simplest diffusion when the mathematics of diffusion is discussed (i.e., when diffusion 
problems are solved). Many other types of diffusion problems, if mathematically more 
complicated, are often transformed into a binary diffusion equation. 

The distinction between isotropic versus anisotropic (different diffusivities along different 
directions on an interphase interface) diffusion and among self diffusion, tracer diffusion, and 
chemical diffusion can also be made for grain-boundary diffusion (Dohmen and Milke 2010, 
this volume). 

General mass conservation and various forms of the diffusion equation

Even though some simple forms of the diffusion equation have been presented earlier 
(Eqns. 2, 5 and 8), to understand the general diffusion problem, it is necessary to examine 
general mass conservation and diffusion. Mass conservation means that mass is conserved 
except during nuclear reactions. Even during nuclear decay, mass loss from a radioactive 
nuclide is still only < 0.03%. Hence, total mass is conserved for the whole system. On the 
other hand, mass conservation for an element or nuclide must include sinks due to radioactive 
decay and sources due to radiogenic growth. For each chemical species, reactions producing or 
consuming it must be included in the mass balance equations.

For a closed system, mass conservation means that total mass in the system is constant. For 
an open system, mass conservation means that the mass increase or decrease is quantitatively 
due to mass flux into or out of the system. The differential form for total mass conservation in 
a representative element volume is as follows: 

∂
∂

= − ⋅ρ
t

∇∇ J ( )17

where r is density, J is total mass flux (whereas J in Eqn. 7 is the flux of a component), and ∇·J 
is the divergence of J. The total mass flux J is related to the bulk flow and can be written as ru, 
where u is the flow velocity of the bulk material. Hence, the above equation can also be written 
in the following form: 

∂
∂

= − ⋅ρ ρ
t

∇∇ ( ) ( )u 18

which is the mass conservation equation, also known as the continuity equation in fluid 
mechanics.

For a given species, the flux can be divided into convective (or advective) flux (i.e., flow) 
and diffusive flux. As clarified by Richter et al. (1998), the distinction between diffusive flux 
and convective flux is a matter of reference frame. In a barycentric (or mass-fixed) reference 
frame, the convective velocity u is defined as: 

u u=
=
∑wi i
i

N

1

19( )

where N is the number of components, wi is the mass fraction of component i, ui is the flow 
velocity of i. (Similarly, volume fixed and molar fixed reference frames can be defined by 
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interpreting wi in Eqn. 19 to be volume fraction of i or mole fraction of i.) The diffusive flux 
of any component i, or more generally, any species k, relative to the motion of the local center 
of mass, can be written as follows:

( )J u u u uk k k k kw C= −( ) = −( )ρ  20

The conservation equation for a species depends on whether other species can react to 
form or consume the species under consideration. Without reaction terms, the mass balance 
equation is Equation (7). In the presence of reaction terms, the conservation for species k can 
be written as: 

∂
∂

= − ⋅ +
=

∑C

t

d

dt
k

k kj
j

m
j∇∇ J ν

ξ

1

21( )

where Ck is the mole concentration of k (such as mol/m3) because reaction terms are expressed 
in mole concentrations, dxj/dt is the net chemical reaction rate (i.e., rate of forward reaction 
minus rate of backward reaction) of reaction j, nkj is the stoichiometric coefficient of species 
k in reaction j, and m is the total number of reactions, including not only the independent but 
also the dependent reactions. The value of nkj is positive when component k is a product and 
negative when component k is a reactant. Positive reaction terms are also called sources, and 
negative reaction terms are also called sinks. Specific examples of the reaction terms can be 
found below. For a binary system without reaction terms, combining the above equation with 
Fick’s law in three dimensions, Jk = −D∇Ck, leads to Equation (8). 

One famous example with a reaction term is mass conservation of radiogenic 40Ar in a 
mineral (such as hornblende). Because 40K decays to 40Ar at a rate of le

40K = le
40K0e−lt, where 

40K0 is the initial concentration of 40K, l is the overall decay constant of 40K, and le is the 
branch decay constant of 40K to 40Ar, the concentration of 40Ar can be expressed as 

∂
∂

= ∂
∂

+
40 2 40

2
40 22

Ar ( Ar)
Ke  

t
D

x
λ ( )

where 40Ar and 40K are atomic concentrations (such as mol/m3).

Another example is OH groups in a silicate melt. OH and molecular H2O (H2Om) can 
convert to each other through the following reaction (Stolper 1982a,b):

H O melt O melt OH meltm2 2 23( ) ( ) ( ) ( )+ 

where “melt” indicates the melt phase. Assuming the above reaction is elementary, meaning 
it is accomplished by a single step (which may not be correct), with forward and backward 
reaction rate coefficients of kf and kb, respectively, the concentration variation of OH with time 
may be expressed as 

∂
∂

= ∂
∂

+ −C

t
D

C

x
k C C k COH OH

f H O O b OH
2

2 m

2

2
2 2 24( )

where CH2Om
, COH, and CO are mole concentrations (mol/m3) of H2Om, OH, and anhydrous 

oxygen, and the factor 2 is the stoichiometric coefficient in Reaction 23. Experimental studies 
show that the diffusive term above is negligible, and the OH concentration change is almost 
entirely due to Reaction (23) (Zhang et al. 1991a).

One way to avoid dealing with chemical reactions in the diffusion equation is to use 
components whose concentrations are independent of chemical reactions. One choice is to use 
elemental concentrations (such as H concentration). For H2O diffusion, the convention is to use 
total H2O concentration (H2Ot where CH2Ot 

= COH/2 + CH2Om
). Then the diffusion equation would 

not include reaction terms, but will include diffusive fluxes of different species, as follows:
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Hence, in treating the diffusion of a multispecies component, two approaches may be used. 
In the first approach, the diffusion equation of a non-conservative species is used, with only 
one diffusion term but with extra reaction terms. In the second approach, the diffusion for the 
total component is considered, which contains diffusive contributions from different species 
but does not contain the reaction terms. In the literature, the second approach is often used 
(e.g., Zhang et al. 1991a,b; Zhang and Behrens 2000; Behrens et al. 2007). The most often-
encountered multispecies diffusion problems in geology are H2O, CO2, and oxygen diffusion in 
silicate melts, which will be reviewed by Zhang and Ni (2010, this volume). Similar diffusion 
problems that have been examined to some degree include diffusion of multivalent elements, 
such as Fe (Fe2+ and Fe3+), S (S2−, S4+ in SO2, and S6+ in SO4

2−), Eu (Eu2+ and Eu3+), Sn (Sn2+ 
and Sn4+), etc. (e.g., Behrens et al. 1990; Behrens and Hahn 2009).

There are other variants of the diffusion equation. The concentration in the fundamental 
diffusion equation is mole per unit volume (mol/m3), especially when there are reactions 
because the stoichiometric coefficients are in terms of moles. If there are no reaction terms, 
the concentration unit can also be mass per unit volume (such as kg/m3). Often concentrations 
are measured as mass fractions (or wt%), or mole fractions. If the mass density of the diffusion 
medium of a binary system is roughly constant, i.e., r = C1+C2 in kg/m3, is constant, then 

( )
∂
∂

= ⋅ ( )w

t
D w∇∇ ∇∇ 26

where w is mass fraction C/r (or wt%) of either component. One rough example is diffusion 
in silicate melts. If the bulk molar density of a binary system, i.e., r = C1+C2 in mol/m3, is 
constant, then 

( )
∂
∂

= ⋅ ( )X

t
D X∇∇ ∇∇ 27

where X is mole fraction of either component. One rough example is Fe2+-Mg2+ exchange in 
olivine. In reality, neither molar density nor mass density is perfectly constant in a system, 
but if the variation is small (e.g., < 10%), the approximations are often made in literature for 
simplicity and the errors from such approximations are small. The choice of the equations is 
based on convenience instead of rigorousness. In minerals, mole fractions are usually used. In 
melts, mass fractions are often used. When there is large variation in density (e.g., > 10%, such 
as from a mineral to a melt), concentrations in mol/m3 or kg/m3 should be used. 

Equation (8) is the general equation for diffusion in a binary system without reaction 
terms or multiple species. If D is constant, Equation (8) becomes 

( )
∂
∂

=C

t
D C∇∇2 28

If diffusion is one-dimensional, Equation (8) becomes Equation (5). If diffusion is one-
dimensional and D is independent of C and x, then Equation (8) becomes Equation (2). 

All the above equations are for binary systems and isotropic diffusion media. Diffusion in 
multicomponent systems or anisotropic diffusion media is more complex and will be discussed 
in later sections (and chapters). Diffusion equations in three dimensions in isotropic media are 
discussed below.
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Diffusion in three dimensions (isotropic media)

In general, three-dimensional diffusion is much more complicated unless the boundary 
shape is simple (such as spherical surfaces) and there is high symmetry (such as spherical 
symmetry). The forms of the diffusion equations are summarized below (for details, see Crank 
1975; Carslaw and Jaeger 1959). 

The three-dimensional diffusion equation takes the following form in Cartesian 
coordinates:
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If D is constant, then the above becomes
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In cylindrical coordinates, defining x = r cosq, and y = r sinq, where r is the planar radial 
coordinate, then the diffusion equation becomes:
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If (i) concentration is uniform along z (i.e., only two dimensional radial diffusion is considered), 
(ii) there is rotational symmetry (i.e., C is independent of q), and (iii) D is constant, then the 
above equation becomes: 
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In spherical coordinates, defining x = r sinq cosf, y = r sinq sinf, and z = r cosq, where r 
is the three-dimensional radial coordinate, then the diffusion equation becomes: 
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If there is spherical symmetry (meaning C is independent of q and f) and D is constant, the 
above equation is simplified to: 
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Comparing the last terms in Equations (32) and (34), the difference between cylindrical 
and spherical diffusion is only the factor of 1 or 2 in front of (1/r)∂C/(∂r), but this seemingly 
trivial difference leads to completely different solutions. Equation (34) can also be written as 
(for r > 0): 
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Defining u = rC, then the above equation becomes: 

∂
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which has the same form of the basic equation for one-dimensional diffusion (Eqn. 2). That is, 
three-dimensional diffusion in the case of spherical symmetry can be simplified to one-dimen-
sional diffusion. However, two-dimensional diffusion cannot be simplified in a similar way.

SOLUTIONS TO BINARY AND ISOTROPIC DIFFUSION PROBLEMS

This section presents solutions to binary diffusion problems in isotropic media, which are 
often encountered in experimental studies and in natural systems. Solving a diffusion problem 
requires knowledge of initial and boundary conditions. Experimental studies are often designed 
so that the analytical solutions to extract diffusivities are simple. Geological diffusion problems 
in nature are often much more complicated. The solutions below are for relatively simple 
diffusion problems, and are presented without derivation, but the experimental or geological 
aspects to which the solution can be applied will be explained. 

For constant D, two methods are commonly applied to solve diffusion problems. One is 
the Boltzmann transformation method, which is widely applied to diffusion in infinite or semi-
infinite media. The second method is separation of variables, which is applied to boundary value 
problems (finite diffusion media). In addition, Laplace and other integral transforms, Green’s 
function methods, and numerical methods can all be employed to solve diffusion equations. 
These and other methods are covered in Carslaw and Jaeger (1959), Crank (1975), Lasaga 
(1998), Glicksman (2000), and Zhang (2008). When D is not constant, analytical solutions are 
often not available, and numerical solution is necessary.

Thin-source diffusion

This diffusion problem belongs to the class of problems referred to as “instantaneous 
source” diffusion in infinite or semi-infinite space in which the source can be a plane (one 
dimensional diffusion), a line (two dimensional), or a point (three dimensional). Mathematically, 
this class of solutions is also useful in deriving other solutions. Experimentally, this is the basis 
of the thin-source diffusion method, also called thin-film method, which was widely used in the 
past to determine diffusivities (e.g., Jambon and Carron 1976; Hofmann and Magaritz 1977; 
Behrens 1992). Thin-source diffusion means diffusion proceeds from the surface of a material 
(a plane source) into the interior of a material, but with the diffusion distance much smaller than 
the extent of the material (Fig. 5) so that the medium can be treated as semi-infinite. 

In the jargon of diffusion mathematics, the thin-source diffusion problem is diffusion in 
a semi-infinite space with the initial condition that all of the diffusant is at a single location 
of x = 0; and C = 0 at x > 0. There is no additional flux from either side of the sample, which 
means that ∂C/∂x = 0 at both ends (the end with the thin film is x = 0, and the other end is x = 
∞ if diffusion has not reached this end). This mathematical problem is similar to that of random 
walk in one dimension (Eqn. 16), except that in the thin source problem, diffusion goes in only 
one direction instead of both directions. Hence, the resulting concentration profile (i.e., the 
solution to this diffusion problem) is two times that in Equation (16): 

C x t
M

Dt
e C ex Dt x Dt( , )

( )
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/
/( ) /( )= =− −
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37

where x is distance measured from the surface on which the tracer was applied, C is the con-
centration of the diffusant (e.g., measured by counting the number of decays in the case of a 
radiotracer), M is the initial mass of the diffusant in the thin film per applied area, C0 is the con-
centration of the diffusant at the surface (x = 0), which decreases by half as time is quadrupled. 
Defining the mid-concentration distance (x1/2) as the distance at which C = C0/2, then 

 x1/2 = 1.6651(Dt)1/2 (38)
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The above is similar to the general form of Equation (9). If the thin film thickness is < 0.1x1/2, 
then the solution (Eqn. 37) applies well. Otherwise, the solution may not be accurate. If the 
“thin” film thickness is > 0.2x1/2, the source is not thin any more, and the problem should 
be treated as extended source diffusion or finite-medium diffusion (e.g., Zhang 2008). If the 
“thin” film thickness is > 2x1/2, then the tracer diffusion is almost equivalent to a diffusion 
couple (discussed in a later section), with one half being the “thin” film, and the other half 
the diffusion medium of interest. In this case, the tracer diffusion becomes chemical diffusion 
across two very different compositions (effective binary diffusion in a diffusion couple). 

When a radiotracer is used as the diffusing species, the integrated concentrations are 
often measured using the residual activity method (e.g., Jambon and Carron 1976; Behrens 
1992). After the experiment, the radioactive nuclide on the surface is washed away, and the 
radioactivity in the whole sample is measured. Then a thin layer of the sample (e.g., 0.005 
mm) is polished off, and the total residual radioactivity of the remaining sample is measured. 
And another layer is polished off, and the residual activity measured, and so on. Hence, every 
measurement is total radioactivity from x to ∞ where x starts at zero (the first measurement) 
and gradually increases. Hence, the solution is the integration of Equation (37): 
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where A is defined as the measured residual radioactivity, and erfc is the complementary error 
function. To the uninitiated, the shapes of the two profiles (Eqns. 37 and 39) may appear 
similar, but there are important differences between the two profiles. For example, the slope is 
zero at x = 0 for Equation (37), but the slope is the steepest at x = 0 for Equation (39).

Comments about fitting data

When analytical data are fit by Equation (37) or (39), one may choose to carry out 
nonlinear fit using the equations directly. In the past, this was difficult because one would have 
to write a software program to do so (e.g., Press et al. 1992). More recently, nonlinear fitting 
has become easier because many commercially available programs can carry out such fitting. 
Another approach is to linearize the relations and do a linear fitting; an advantage is that it is 
simple and visually easy to verify such relations. Hence, many authors have used linearized 
fitting. Equation (37) is linearized as follows: 

ln ln ( )C C
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A plot of lnC versus x2 would be a straight line and D can be found from the slope. Equation 
(39) is linearized as follows:
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where erfc−1 means the inverse of the complementary error function. A plot of erfc−1(A/A0) 
versus x would be a straight line and D can also be found from the slope. 

If analytical errors are much smaller than every measured concentration (e.g., 1% relative 
precision for all measured concentrations), linearized fitting will work well. However, the 
relative uncertainty of measurements at low concentrations is often large. Therefore, the 
error in lnC (which is the relative error for C) increases as x increases in Equation (40), and 
error in erfc−1(A/A0) also increases as x increases. One must be careful either to do an error-
weighted fitting, or only use data with high relative precision (e.g., Fig. 3-29b in Zhang 2008). 
Otherwise, the fit might be dominated by data with large errors and D from the fitting would 
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not be accurate. Hence, nonlinear fitting has the advantage of handling errors much better (the 
data with small concentrations and consequently large errors are not emphasized in nonlinear 
fitting) and is the preferred method, especially since nonlinear fitting programs are now more 
readily available. The above comments about fitting data also apply to fitting other kinds of 
diffusion profiles discussed below.

Sorption or desorption

Sorption or desorption of gases into or from a mineral occurs often in nature. For example, 
loss of radiogenic Ar and He (important for thermochronology) as well as other volatiles from 
minerals can be considered desorption. Sorption of water into minerals and glasses occurs in 
nature and can change the properties of the mineral and glasses. In diffusion studies, sorption 
and desorption experiments are often undertaken to obtain effective binary diffusivities of 
volatile components in melts and minerals (e.g., Dingwell and Scarfe 1985). The method has 
also been applied to determine 18O diffusivities in melts and minerals under hydrous conditions 
(e.g., Giletti et al. 1978). 

In desorption experiments, a mineral or glass initially containing volatiles is heated in 
a gas medium that is devoid of the volatile component of interest. The surface condition is 
hence a zero concentration (or some low equilibrium concentration). In sorption experiments, a 
mineral or glass initially free (or almost free) of the volatile component of interest is heated in 
a gas or fluid containing the component of interest in the diffusion study. The surface boundary 
condition is a fixed concentration of the volatile component.

Mathematically, the two problems (sorption and desorption) are similar, with the only 
difference being the initial and surface concentrations. This diffusion problem is known as the 
half-space diffusion problem with constant initial and surface concentrations. If the diffusivity 
D is constant, and diffusion from one surface has not reached the center of the sample (hence a 
semi-infinite medium), the resulting diffusion profile is as follows: 

C C C C
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s i s= + −( ) ( )erf
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where erf is the error function, Ci is the initial concentration of the volatile component in the 
sample, and Cs is the surface concentration. Figure 6 shows a diffusion profile during sorption 
of Ar into a rhyolite melt. 

For desorption experiments, if the surface concentration is zero, the solution becomes: 

C C
x
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i= erf

4
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For sorption experiments, if the initial concentration is zero, the solution becomes: 

C C
x

Dt
s= erfc

4
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If concentration profiles can be measured, the above equations can be used to fit data and D can 
be obtained. The mid-concentration distance for sorption and desorption is: 

 x1/2 = 0.9539(Dt)1/2 (45)

In sorption or desorption experiments, the concentration of the volatile component often 
only changes by hundreds or thousands of ppm, meaning the concentration gradients of major 
components are small. Hence, the diffusivity is often constant across the profile and the above 
solutions can be applied. For some diffusant such as H2O in glass or minerals, even when the 
concentration is low (thousands of ppm, even down to tens of ppm), the concentration profiles 
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cannot be fit by the above equations (e.g., Drury and Roberts 1963; Delaney and Karsten 1981; 
Zhang et al. 1991a; Wang et al. 1996), signifying that D must depend on the concentration itself.

After sorption or desorption experiments, sometimes the concentration profiles cannot 
be measured, but only the total mass gain or loss as a function of time is measured. If D is 
constant, the total mass gain or loss from both surfaces of a parallel plate (if loss from other 
surfaces is negligible) can be described by the following equation (Crank 1975): 
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where Mt and M∞ are the amount of the volatile component of interest entering (or exiting) 
the plate of thickness L at time t and time ∞, and ierfc is the integrated complementary error 
function. For small times (more specifically, when Mt/M∞ ≤ 0.6), diffusion has not reached the 
center yet and the above equation can be simplified as (Crank 1975):
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That is, a plot of Mt versus t1/2 is a straight line. If D depends on concentration, the linearity 
between Mt and t1/2 still holds, but the diffusivity derived from such data is an average 
diffusivity, and depends on whether sorption data are averaged (from which one obtains the 
diffusion-in diffusivity, Din), or desorption data are averaged (from which one obtains the 
diffusion-out diffusivity, Dout). Din and Dout can be different, depending on how D depends on 
concentration. 

In some experiments, one single sphere, or more often, many spheres of roughly equal 
radius a, are investigated for mass gain or loss to obtain diffusivities. The equation to describe 
such results is (Crank 1975): 
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Fig. 6. Diffusion profile for Ar sorption into a rhyolite melt (experiment RhyAr4-0 at 1375 K and 0.5 GPa of Ar 

pressure; Behrens and Zhang 2001). 

Figure 6. Diffusion profile for Ar sorption into a rhyolite melt (experiment RhyAr4-0  
at 1375 K and 0.5 GPa of Ar pressure; Behrens and Zhang (2001).
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where Mt and M∞ are the amount of diffusant (for example, 18O in the case of oxygen diffusion 
studied using an 18O tracer) entering (or exiting) the sphere of radius a at time t and time ∞. 
The above equation converges rapidly for small times. Furthermore, if Mt/M∞ ≤ 0.9, the above 
equation can be simplified as (Zhang 2008, p 291): 
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In the literature (e.g., Muehlenbachs and Kushiro 1974), the following equation is also used to 
fit experimental data for spheres, which converges rapidly at large diffusion times (Crank 1975):
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The sorption problem and the thin-source diffusion problem are similar in that in both 
cases diffusion starts from a surface, but they are different in that in the sorption problem, the 
surface concentration is constant, whereas in the thin-source diffusion problem, a fixed amount 
of diffusant is applied on a surface so that the surface concentration decreases with time. The 
solutions to the two problems are different. In fact, the solution to the sorption problem (Eqn. 
44) is similar to the integration (Eqn. 39) of the thin-source problem.

Diffusion couple or triple

The diffusion couple problem is also often encountered in nature and in experimental 
studies conducted to obtain self diffusivities (e.g., LaTourrette et al. 1996), interdiffusivities 
(e.g., Freda and Baker 1998), effective binary diffusivities (e.g., Koyaguchi 1989; Zhang and 
Behrens 2000), and multicomponent diffusion matrix (Kress and Ghiorso 1995; Liang et al. 
1996). In this method, two cylinders (each is called a half) of the same phase but different 
composition (for self diffusion studies the difference is only in the isotopes of the element(s) 
of interest) are joined together at flat and sometimes polished and annealed surfaces (Fig. 7). 
For studying diffusion in melts, the two halves are oriented vertically so that the interface is 
horizontal to minimize convection. Assuming diffusion has not reached either end yet, the 
diffusion problem is one-dimensional diffusion in infinite space. If the diffusivity is constant, 
the concentration at the interface is the simple (not weighted) average concentration of the two 
halves. One may view each half as behaving as a sorption or desorption problem with constant 
concentration at the interface, so the solution would be an error function.

Define the vertical direction as z, z = 0 at the interface, and z > 0 in the upper half. The 
combined solution of both halves is: 

C
C C C C z

Dt
U L U L= + + −

2 2 4
51erf ( )

where the CU and CL are the initial concentrations in the upper and lower halves. Measured 
concentration profiles can be fit to the above equation to obtain D. In such fitting, CU and CL 
can often be obtained from measured concentrations at the two ends (each can be obtained 
by averaging many points) and can be fixed in the fitting. Hence, there is essentially only one 
unknown parameter, D, to be obtained from the fitting. However, often the interface position is 
not known accurately, although it may be roughly estimated. Hence, the fitting often takes the 
following form: 
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where z0 (the position of the Matano interface, defined by mass balance so that the diffusant 
loss from one side is equal to the diffusant gain on the other side; see Eqn. 54 below) is also 
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a fitting parameter and allowed to vary to optimize the fitting. The value of z0 does not have 
much meaning; it only indicates how well one estimated the interface position before the 
fitting.

The definition of the mid-concentration distance takes some thought for a diffusion couple. 
If it were defined as the mid-concentration between the two halves, then it would not move 
at all, inconsistent with diffusive flux into a medium. The adopted definition is to consider 
diffusion in each half as having a constant surface concentration. Then the mid-concentration 
distance is the same as in sorption or desorption experiments, with x1/2 = 0.9539(Dt)1/2.

Some authors use diffusion triples (e.g., Behrens and Hahn 2009), which are essentially 
two diffusion couples sharing one common half, in one experiment. In a diffusion triple, three 
glass or mineral cylinders are stacked together as upper, middle and lower thirds, making two 
diffusion couples. 

In nature, diffusion between two layers of a crystal differing in elemental or isotopic 
compositions may be viewed as a diffusion couple, as can diffusion between two layers 
of melts (though it is difficult to avoid convection in natural systems). For the complete 
homogenization of a diffusion couple, the initial concentration evolution is similar to Equation 
(51), but the concentration evolution after the diffusant has reached at least one end of the 
material depends on the boundary conditions at the ends (e.g., whether the ends are kept at 
constant concentration or there is no flux from the outside) as well as the dimensions of the 
initial two layers.

Diffusive crystal dissolution

Crystal dissolution and growth are common in magma chambers. Diffusive crystal 
dissolution has been applied to obtain chemical diffusivities and to treat multicomponent 
diffusion (Harrison and Watson 1983; Zhang et al. 1989; Liang 1999). Crystal dissolution 
rather than crystal growth is adopted in diffusion studies because crystal dissolution can be 
controlled well; for crystal growth experiments, where new crystals form cannot be well-
controlled. The modifier “diffusive” is also important: it means that convection needs to be 
avoided to study diffusion. 

  

  
Figure 7. The diffusion couple setup and the resulting concentration profiles. On the left is a drawing of the 
diffusion couple configuration with high concentration of the component of interest in the upper half, and 
low concentration in the lower half (see also Fig. 1). The evolution of the concentration with time is shown 
on the right for three different times (arbitrary unit).
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In the design of diffusive crystal dissolution, a gem-quality crystal disk and a glass cylinder 
are joined vertically with a horizontal interface to minimize convection (Fig. 8). If the melt due 
to the dissolution of the crystal has a higher density than the ambient (or initial) melt, the crystal 
is placed at the bottom; otherwise the crystal is placed on the top to minimize convection. Thus 
mass transport is entirely controlled by diffusion. At a fixed high temperature, the dissolution 
of the crystal often rapidly establishes a constant melt composition at the interface (Zhang et 
al. 1989; Chen and Zhang 2008, 2009), and diffusion carries the flux into the melt interior. The 
diffusion is often complicated due to (i) multicomponent effects and (ii) major compositional 
variation in the melt.

For the dissolution of low-solubility minerals such as zircon, the concentration gradients 
in major oxides are often negligible, and the diffusivity of the main mineral component is 
roughly constant along a profile. The solution to this diffusion problem is (Zhang et al. 1989): 
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where Ci is the initial concentration of the main mineral component (such as ZrO2) in the melt, 
Cs is the concentration of the component in the interface melt, which is a fitting parameter, 
and L is the melt growth distance, which is often negligible for dissolution of low-solubility 
minerals (which are also slowly dissolving minerals) such as zircon. 

For the dissolution of high-solubility minerals such as pyroxenes and olivine, the 
concentration gradients in major oxides are significant and the above equation does not 
work well for most components because of the multicomponent effects. However, for the 
major mineral component (the component whose concentration in the mineral is much higher 
than that in the melt, such as MgO during olivine dissolution), it is often possible to treat 
its diffusion as effective binary diffusion. In such cases, Equation (53) may be applied to fit 
the data to estimate the effective binary diffusivity. Furthermore, for high-solubility minerals 
(which are also rapidly dissolving minerals), the melt growth distance L must be determined 
independently (often from the mineral dissolution distance multiplied by the ratio of the 
mineral density over the melt density) to apply Equation (53) to fit data.

In earlier experimental studies of crystal dissolution, convection was often present (e.g., 
Brearley and Scarfe 1986), but was either not considered or incorrectly treated (see Zhang et 

 

 

Figure 8. Setup of an olivine dissolution 
experiment. Because the dissolution of 
olivine produces a melt (interface melt) with 
greater density than the initial melt, olivine 
is placed at the bottom of a melt to minimize 
convection in the melt. In this case, the 
olivine crystal is larger in diameter than the 
melt so that the edge of olivine is preserved 
for the accurate determination of the olivine 
dissolution distance (Chen and Zhang 2008).
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al. 1989 for more discussion). Hence, the extracted diffusivities based on crystal dissolution 
experiments in these studies were often incorrect.

Theoretically, there is also a short diffusion profile in the crystal, which is too short to 
be measured. Furthermore, the dissolution of the crystal shortens the diffusion profile in the 
crystal (Zhang 2008, p 378-389).

Variable diffusivity along a profile

In some diffusion experiments, the diffusivity may vary along a concentration profile. 
This can happen in at least two scenarios. One is when the major element composition changes 
significantly along a diffusion profile, such as in the case of Fe-Mg interdiffusion in olivine 
(Chakraborty 2010, this volume), in which diffusion has a strong compositional dependence. 
The other is in the case of components such as H2O, where the diffusivity varies with its 
own concentration due to the effects of speciation even when the compositional variation of 
major components is negligible. To solve the diffusion equation with concentration-dependent 
diffusivity, numerical methods are necessary (e.g., Crank 1975; Press et al. 1994), which often 
is only slightly more difficult than working on complicated analytical solutions to a diffusion 
problem. In experimental studies, however, the interest is in obtaining the diffusivities from 
the measured concentration profiles, which is an inverse problem.

There are two methods to extract diffusion coefficients if the diffusivity varies along a 
concentration profile. In one method, the functional form of the variation of the diffusivity 
with concentration is known, even though some parameters in the function are not known. 
For example, the diffusivity might be proportional to the concentration: D = aC, where a is 
the value of D when C = 1. Or the diffusivity may be linear in C: D = aC+b. Or the diffusivity 
might be an exponential function of concentration: D = b exp(aC) (i.e. lnD is linear in C), 
where b is the value of D when C = 0. If the functional form is known but not the parameters 
a and b, the diffusion equation can be solved for given values of a and b, and the solution is 
compared with the experimental profile. By adjusting a and b to fit the concentration profile, 
the parameters can be found, so that the way in which D varies with C can be determined. The 
fitting can be complicated but specific programs have been written to accomplish this task 
(e.g., Zhang et al. 1991a; Zhang and Behrens 2000; Ni and Zhang 2008).

If the functional form of the dependence of D on C is not known and cannot be guessed, 
then Boltzmann-Matano method, based on an application of the Boltzmann analysis by Matano 
(1933), can be applied to obtain diffusivities at every point along a profile. This method is 
most often applied to diffusion couples. In the original method, it is necessary to first find the 
Matano interface between the two halves of the diffusion couple (which may or may not be 
the physically marked initial interface between the two halves), so that x defined relative to the 
Matano interface (i.e., x = 0 at the Matano interface) satisfies: 
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where CL and CU are the concentrations at the two ends, x < 0 in the lower half of the couple, and 
x > 0 in the upper half of the couple. After obtaining the Matano interface, then the diffusivity 
at any x = x0 (which also means at a C corresponding to x0) can be found (Crank 1975):
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where t is the experimental duration. The key in minimizing the errors in extracting D using 
the above expression is to obtain accurate integrals and slopes, which requires smooth 
concentration profiles. Often the experimental data are smoothed objectively, either manually 
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or by some kind of piecewise fitting (because it is not known what function can fit the whole 
profile). Furthermore, D values obtained using the above method near the two ends often 
have large errors. If the method is applied carefully, the general trend of D versus C is often 
acceptable, but small undulations may be artifacts of inaccurate slopes and integrations.

A trivial variation of Equation (55) is
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A modified approach based on the Boltzmann analysis is provided by Sauer and Freise 
(1962). The advantage of this method is that there is no need to find the Matano interface. 
Define
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which may be referred to as the normalized concentration. D can be found as follows: 
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Again, the key in obtaining reliable D is to obtain accurate integrals and slopes, which requires 
smooth concentration profiles.

The Boltzmann analysis can also be adapted for use in studies of diffusive crystal 
dissolution in order to extract diffusivities. The equation is (Zhang 2008):
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where the upper limit of the integration Ci is the initial concentration in the melt, x is the 
distance from the crystal-melt interface, x0 is the position at which the diffusivity is obtained, 
and L is the melt growth distance.

Homogenization of a crystal with oscillatory zoning

In nature, a crystal (such as plagioclase) may be oscillatorily zoned. Idealize the initial 
oscillatory zones as follows: the concentration in the zones can be described by a sine or cosine 
function (which also implies constant width of every zone): 
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where a is the average An content in a plagioclase crystal, b is the peak amplitude (or half of 
peak-to-peak amplitude), and p is the width of each zone (or period of the oscillation), e.g., 
from one maximum to the neighboring maximum in Figure 9. As diffusion proceeds in a 
closed system (nothing entering or leaving the system), the concentration profile would evolve 
as·
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where D is the diffusivity of the coupled cation exchange Ca+Al ↔ Na+Si, which changes the 
concentration of the An component in plagioclase. That is, both the average An content and the 
period of the zoning stay the same, but the compositional amplitude of the zoning decreases 
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exponentially with time (Fig. 9). If the initial oscillatory zoning is periodic but has sharp 
boundaries, the solution would be an infinite series of sine or cosine functions.

One dimensional diffusional exchange between two phases at constant temperature

Often, two minerals in contact have common components that may be exchanged. For 
example, garnet and olivine both contain Fe2+ and Mg2+, and the two cations can exchange 
through diffusion (Fig. 10). Garnet and spinel may exchange Mn-Fe2+-Mg in divalent sites, 
and Al-Cr-Fe3+ in the trivalent sites. The following results are from Zhang (2008, p 426-430). 
Assume (i) each phase is initially uniform in composition, (ii) the exchange is between only 
two components (binary diffusion), (iii) the contact interface between the two minerals is flat 
(planar), (iv) either the mineral is isotropic or diffusion in an anisotropic mineral is along a 
principal axis of diffusion (see below on diffusion in anisotropic medium), (v) diffusion has 
not proceeded to the center of either mineral yet, and (vi) D in each mineral phase is constant. 
Then, the problem is one dimensional and has analytical solutions. Furthermore, assume that 
there is instantaneous equilibrium at the contact between the surfaces of two minerals and that 
the equilibrium condition is described by a constant exchange coefficient KD (which depends 
on temperature):
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where X means mole fractions, superscripts A and B are the two mineral phases (e.g., A = 
olivine and B = garnet), subscripts 1 and 2 are the two components (e.g., 1 = Mg and 2 = Fe), 
X1

A is the mole fraction of component 1 in mineral A, the interface is at x = 0, mineral B is on 
the side of x > 0, mineral A is on the side of x < 0, “x = +0” means the surface of mineral B (x 
approaches zero (interface) from x > 0 side), and “x = –0” means the surface of mineral A (x 
approaches zero (interface) from x < 0 side). 

The solution for the concentration evolution as a function of time is: 
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where X i1
A and X i1

B are the initial mole fractions of component 1 in minerals A and B, X1, 0
A

−  and 
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Fig. 9. Homogenization of an oscillatorily zoned crystal with time.  
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Figure 9. Homogenization of an oscillatorily zoned crystal with time. 
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X1,+0
B  are the mole fractions of component 1 at the interfaces of minerals A and B, DA and DB 

are interdiffusivities between components 1 and 2 in minerals A and B. The mole faction of 
component 2 in each mineral can be found by stoichiometry (e.g., the sum of mole fractions of 
1 and 2 in every mineral is 1). Given initial conditions X i1

A and X i1
B, and diffusivities, there are 

still two unknowns (X1, 0
A

−  and X1,+0
B ) in the above two equations, which can be solved from two 

equations: Equation (62) (surface equilibrium) and the following (mass balance): 
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where rA and rB are the molar densities of components 1 and 2 in minerals A and B. For 
example, ρFe+Mg

olivine  = 43.48 mol/L and ρFe+Mg
garnet  = 25.64 mol/L if there are no other divalent cations. 

Calculated profiles are shown in Figure 10b.

Spinodal decomposition

Spinodal decomposition is the spontaneous decomposition of a single phase to two phases. 
For example, alkali feldspar at high temperature can be a single phase. As the temperature 
becomes lower, it may spontaneously separate into two phases, albite and orthoclase. The 
intergrowth of the two phases is called perthite. The separation of a single uniform phase 
into two phases of similar structure is called spinodal decomposition. It is accomplished by 
diffusion and thermal fluctuation. In the process, diffusion may transport elements from low 
concentration to high concentration (referred to as uphill diffusion), opposite to the transport 
direction during normal diffusion.

Spinodal decomposition in a binary system illustrates that diffusion is not simply 
responding to concentration differences to homogenize the system, but is a response to 
the chemical potential (or chemical activity) difference. Diffusion reduces the Gibbs free 
energy of the system. In ideal or close to ideal binary mixtures, the entropy portion of the 
Gibbs free energy dominates the total Gibbs free energy of mixing. The chemical potential 
of a component increases as the concentration of the component increases. Hence, diffusion 
homogenizes the system, which minimizes the Gibbs free energy of the system. In highly 
non-ideal binary mixtures, the chemical potential (or activity) may decrease as concentration 
increases when the enthalpy part of the Gibbs free energy dominates the total mixing energy. 

Figure 10. Fe-Mg exchange between olivine and garnet.  The figure on the left shows the geometry of the 
diffusional exchange, with the horizontal direction being along c-axis of olivine. The figure on the right 
shows the calculated diffusion profile in the two phases using Equations (63a) and (63b). KD = (Fe/Mg)Gt/
(Fe/Mg)Ol = 1.7.
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Then, diffusion would still be downhill in terms of the chemical potential (or activity) gradient, 
but can be uphill in terms of concentration gradient. Hence, Fick’s law is an approximation of 
the following more accurate diffusion law in a binary system (Zhang 1993): 

J = − D
γ

∇∇a ( )65

where a and g are the chemical activity and activity coefficient of either of the two components 
with a = gC, and D is the “intrinsic” binary diffusivity, different from the normal binary 
diffusivity D. When g is constant, the above equation reduces to Equation (6). Comparing 
Equations (65) and (6), the “intrinsic” effective binary diffusivity and the normal effective 
binary diffusivy are related as: 
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The “intrinsic” binary diffusivity D is always positive, but D calculated from the above equation 
is negative in the compositional range when the phase is unstable, leading to uphill diffusion.

In binary systems, uphill diffusion occurs rarely, only in cases when the phase is 
unstable. On the other hand, in multicomponent systems, uphill diffusion often occurs even 
when the phase is stable. Furthermore, in binary systems, diffusion is always downhill of the 
chemical potential gradient of any given component, even in uphill diffusion. However, in 
multicomponent systems, the diffusive flux may also be uphill against the chemical potential 
gradient.

Diffusive loss of radiogenic nuclides and closure temperature

Diffusive loss of radiogenic nuclides is probably the most common application of 
diffusion in geology, with critical implications for geochronology. One example is the loss of 
40Ar (produced by the decay of 40K) from minerals. Another is the loss of 4He (produced by the 
decay of 238U, 235U and 232Th, and other nuclides) from minerals. 40Ar is used in the following 
examples for clarity. The decay of 40K is a branched decay, with 10.48% to 40Ar and the rest 
to 40Ca. Because 40Ar as a noble gas is not readily incorporated in any mineral structure, it is 
especially prone to diffusive loss from a mineral, and the process is similar to desorption.

The diffusive loss occurs at high temperature and during cooling, in which the diffusivity 
depends on time since the temperature varies with time. At high temperature, the diffusivity 
is high, leading to extensive 40Ar loss and little 40Ar accumulation in the mineral. As the 
temperature decreases, the diffusivity becomes lower, until it becomes sufficiently low 
that there is little 40Ar loss, and essentially all radiogenic 40Ar accumulates. A numerical 
example is as follows. For hornblende, Ar diffusivity depends on temperature as D = 2.4×10−6 
exp[−268000/(RT)] = exp(−12.94 − 32257/T) where R is 8.3144 J·mol−1·K−1, T is in K, D is in 
m2/s (Harrison 1981). Consider the average hornblende crystal radius to be 0.5 mm. A plutonic 
rock typically cools at 10 K/Myr (e.g., Harrison and McDougall 1980), or 1 K per 100,000 
years. First, consider diffusion at a typical magmatic temperature of 1200 K, at which the Ar 
diffusivity is 5.1×10−18 m2/s. In 100,000 years, the diffusion distance estimated from x1/2 = 
(Dt)1/2 would be 4 mm, much larger than the radius of hornblende, meaning that essentially 
all radiogenic 40Ar would be lost from the hornblende. Next, consider diffusion at 300 K. The 
extrapolated Ar diffusivity is 5×10−53 m2/s (which may not be accurate because of the large 
down-temperature extrapolation from the experimental data range of 773-1173 K, but can 
nonetheless used for an order of magnitude estimate). In 4.5×109 years (the age of the Earth; 
Patterson 1956), the diffusion distance estimated from x1/2 = (Dt)1/2 is 3×10−18 m, much less 
than the atomic distance of 10−10 m. That is, Ar atoms would not have moved even one atomic 
layer by staying at 300 K for the whole history of the Earth, meaning all radiogenic Ar would 
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have been kept inside the hornblende. As the rock cools down from 1200 K to 300 K, the 
hornblende would become closed to Ar loss at some intermediate temperature, which is called 
the closure temperature (Fig. 11).

A rigorous definition of the closure temperature is as follows. For a given cooling history 
(Fig 11a), the accumulation of 40Ar in a given mineral is a continuous function. Initially, there 
is little accumulation because of fast diffusion of Ar at high temperatures. Gradually, as the 
temperature becomes lower, there is some accumulation, but not complete retention of all 
radiogenic 40Ar. As the rock cools down further, new radiogenic 40Ar is completely retained 
in the mineral. The accumulation of 40Ar in the mineral as a function of time is shown as the 
thin solid curve in Figure 11b. After a geochemist collects the rock, the thermal history is 
not known and the age of the rock is calculated based on the present-day 40Ar and 40K ratio 
assuming the rock was a closed system from the beginning (the thick dashed line in Fig. 11b). 
The calculated age is called the closure age. All geochronology methods give the closure age. 
As can be seen from the difference of the thin solid curve and the thick dashed line in Figure 
11b, the difference between the real age and the closure age in this case is about 5 Myr. The 
temperature corresponding to the closure age is defined to be the closure temperature, which is 
about 850 K in this case. In this case, the thermal history is assumed and forward calculation is 
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Fig. 11. Closure temperature (Tc) and closure time (closure age, tc).  The solid curve in (a) shows the temperature 

history of the mineral.  The solid curve in (b) corresponds to the accumulation of 40Ar in the mineral with time.  The 

dashed curve in (b) shows the assumed 40Ar accumulation in the age calculation, with the calculated age at tc, which 

corresponds to the time when the mineral temperature was Tc. 

Figure 11. Closure temperature (Tc) and closure time (closure age, tc). The solid curve in (a) shows the 
temperature history of the mineral. The solid curve in (b) corresponds to the accumulation of 40Ar in the 
mineral with time. The dashed curve in (b) shows the assumed 40Ar accumulation in the age calculation, 
with the calculated age at tc, which corresponds to the time when the mineral temperature was Tc.
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carried out so that the closure temperature can be readily determined. When rocks are studied, 
the thermal history is not known and is to be determined from geochronology and other studies, 
which requires the estimation of the closure temperature given the diffusion properties.

To treat 40Ar retention, it is necessary to consider diffusive loss during continuous cooling. 
Solving the diffusion equation in which the diffusivity depends on time is relatively easy in 
most cases by simply replacing Dt in the solutions by ∫Ddt where the integration is from t = 0 
to the time of interest. Hence, the mid-concentration diffusion distance is roughly:

x Ddt
t
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Now consider a mineral in a continuously cooled rock. The cooling rate is often high 
initially at high temperature and then slower at lower temperature. One function to approximate 
the temperature history is the so-called asymptotic cooling (Ganguly 1982; Zhang 1994):
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where T is temperature, T0 is the initial temperature (at t = 0), and t1 is the time for the rock 
to cool from T0 to T0/2. This function is often used because it leads to simple expressions in 
treating diffusion during cooling. The initial cooling rate (cooling rate at T0) q is 

q
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The diffusivity as a function of temperature is given by the Arrhenius equation (Eqn. 10), and 
can be expressed as a function of time:

D D D DE RT E t RT
T

t= = =− − + −
0 0

1 1 0

0

2 70e e e/( ) ( / ) /( ) / ( )τ τ

where DT0
 = D0e−E/(RT0) is the initial D at T = T0, and t2 = t1(RT0/E) is the characteristic time for 

D to decrease from the initial value to 1/e of the initial value. 

Combining Equations (70) and (67), the diffusion distance during cooling can be found as:
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The upper integration limit is set to be infinity because (i) it makes the final result simple, and 
(ii) the upper limit can be treated as ∞ because diffusion at room temperature and slightly above 
room temperature is negligible over the whole history of the Earth for Ar and most other species. 

At the closure temperature, the mineral roughly becomes closed, implying that the 
mineral size must be significantly larger than the diffusion distance at and below the closure 
temperature Tc (i.e., treating the initial temperature to be Tc in Eqn. 71)

a D2
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where Dc is the diffusivity at Tc, a is the half thickness for a platy mineral, radius for a cylinder 
and sphere. To quantify, the above condition is written as: 
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where q is the cooling rate when the temperature of the rock was Tc. G is greater than 1 and 
the exact value depends on the shape of the mineral and must be determined by solving the 
diffusion equation. Rearranging the above equation leads to Dodson’s famous equation for 
closure temperature (Dodson 1973, 1979): 
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The value of G has been determined by Dodson (1973) to be 55 for spheres (where a is the 
radius), 27 for infinitely long cylinders (a is the radius) and 8.65 for plates (a is the half-
thickness). 

The closure temperature of a mineral can be estimated using the above equation given the 
diffusion parameters (D0 and E), the shape and radius of the mineral grains, and the cooling rate. 
The dependence of the closure temperature on the cooling rate makes it necessary to estimate 
the cooling rate before inferring the closure temperature, making it more complex to infer 
thermal histories. For slowly cooled plutonic rocks, the closure temperature and closure age 
can be obtained using different minerals and different isotopic systems, hence a temperature-
time history (thermal history) may be obtained. For rapidly cooled rocks, the application of the 
closure temperature concept can confirm that the age obtained from a radiogenic system is the 
true rock formation age. Below are two examples.

Consider a hornblende grain (a = 0.2 mm) in a rapidly cooled volcanic rhyolite lava 
(Lewis-Kenedi et al. 2005). The estimated cooling rate is 100 K/year. Using D = exp(−12.94 
− 32257/T) and Equation (74) with iteration, the closure temperature is 1304 K. That is, if the 
initial temperature is below 1304 K, there would be essentially no Ar loss. Because a typical 
eruption temperature for rhyolite lava is about 1200 K or lower, little Ar would be lost from 
hornblende at this cooling rate and the Ar-Ar age is the eruption age. Such high cooling rates 
cannot be inferred from geochronology because small age differences cannot be determined 
from isotopic dating (but cooling rates of rhyolite lavas can be estimated by other methods, 
e.g., Zhang 1994; Zhang et al. 2000; Xu and Zhang 2002).

Now consider a hornblende grain (a = 0.3 mm) in a slowly cooled granitoid (Harrison 
and McDougall 1980). Start by assuming a cooling rate of 10 K/Myr. Using D = exp(−12.94 
− 32257/T) and Equation (74) with iteration, the closure temperature is 825 K. Hence, the 
Ar-Ar age of hornblende (about 110 Ma) corresponds to a temperature of about 825 K. The 
zircon age of this rock is about 116 Ma. The Pb closure temperature in 60-µm zircon is about 
1200 K (Cherniak and Watson 2000), higher than the placement temperature of about 1050 K 
(Harrison and McDougall 1980). Hence, the U-Pb age reflects the intrusion age, and the rock 
cooled from 1050 K to 825 K in about 6 Myr, about a factor of four times the assumed cooling 
rate of 10 K/Myr. More closure temperature and closure age data can be obtained from other 
dating systems to further constrain the cooling history and cooling rate. If necessary, better 
constrained cooling rates can be used to recalculate the closure temperatures to obtain more 
accurate temperature versus time histories. 

The above results are for whole mineral grains when the initial temperature is sufficiently 
high to have full equilibration of the diffusant in the mineral grain. Dodson (1979) has 
extended the theory to individual points inside a mineral, in anticipation that age profiles may 
be measured in many different points in a mineral grain. Ganguly and Tirone (1999) extended 
the theory to cases when the initial temperature is not high enough to achieve full equilibration 
of the diffusant in the mineral grain at the onset of cooling.

DIFFUSION IN ANISOTROPIC MEDIA

The above solutions are all for isotropic diffusion media, such as melts, glasses and 
isometric minerals. In such media, the diffusivity is a scalar. Most minerals are not isometric, 
and hence most diffusion problems geologists encounter are anisotropic diffusion although 
diffusional anisotropy is not necessarily pronounced in many cases. Such diffusion is 
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complicated and almost never treated with full rigor. Rather, simplifications are made so that 
the problems can be handled with reasonable effort as well as reasonable usefulness. In this 
section, diffusion in anisotropic media is reviewed.

Diffusional anisotropy means that diffusivity depends on the crystallographic directions 
in a mineral. For example, the diffusivity of 18O in quartz under hydrothermal conditions 
along the c-axis is about two orders of magnitude greater than that along a direction in the 
plane perpendicular to the c-axis (Giletti and Yund 1984). In mathematical terms, diffusivity 
is a tensor, more specifically, a second-rank symmetric tensor representable by a 3×3 matrix. 
Only when the diffusion medium has high internal structural symmetry, would the matrix 
be simplified. For melts, glasses and isometric minerals, the diffusivities along all directions 
are the same, and the tensor can be simplified to a single number, a scalar. Generally, the 
diffusivity tensor is denoted as D, and its matrix form is: 
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where underlined terms are tensors or elements in a tensor, rather than elements in a “normal” 
matrix, such as the diffusivity matrix for multicomponent diffusion (to be discussed next). 
The second equal sign in the above equation utilizes the property that the diffusivity tensor is 
symmetric. The diffusivity tensor in different crystallographic symmetries and the calculation 
of diffusivities along a given direction (that is, measured along the direction of the concentration 
gradient) are summarized in Appendix 1. 

Fick’s first law of diffusion (Eqn. 1) for an anisotropic medium is written as: 

J D= − ∇∇C ( )76

where J is the flux vector, and ∇C is the concentration gradient (a vector). In matrix form, the 
above equation can be written as: 
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Based on mass balance (Eqn. 7), ∂C/∂t can be written as: 
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Therefore, the full diffusion equation for a binary system becomes
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If all the tensor components are constant, then
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The above equation can be simplified using coordinate transformation to become:
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where a, b, and g are the principal axes of diffusion, and Da, Db and Dg are the principal 
diffusivities (diffusivities along the principal axes). For the above equation to be applicable, 
the boundary conditions must also be transformable. The fluxes along a principal axis of 
diffusion can be written as: 
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One-dimensional diffusion equation along each principal axis of diffusion can be written 
as: 
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Diffusion along each principal axes is hence unaffected by diffusion in other directions. 
In melts, glasses and isometric minerals, any direction can be taken as the principal diffusion 
direction. In non-isometric minerals, the crystallographic axes can be taken as the principal 
diffusion axes if the symmetry is at least orthorhombic. In addition, in hexagonal, tetragonal, 
and trigonal minerals, diffusion along any direction in the plane perpendicular to the c-axis can 
be taken as a principal axis and can be treated simply as one-dimensional diffusion. Diffusion 
along a direction that is not a principal axis cannot be treated as one-dimensional diffusion, 
because diffusion along other directions would also contribute to the flux along the direction 
of consideration; i.e., the diffusive flux J is not parallel to −∇C. 

The three-dimensional diffusion equation (Eqn. 81) can be simplified further with the 
following axis transformation: 
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The transformed diffusion equation becomes
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which is identical to the diffusion equation in isotropic media with D = 1. Hence, after convo-
luted transformations, the complicated diffusion equation in anisotropic media with a constant 
diffusivity tensor (Eqn. 80) is simplified to the diffusion equation in isotropic media. Hence, 
in theory, analytical solutions for diffusion in anisotropic media can be obtained using these 
transformations. However, the three-dimensional initial and boundary conditions must also be 
transformed, which is not always easy. Furthermore, the transformations may have drastically 
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changed the shape of a crystal, from 
the physical shape in natural coor-
dinates to the effective shape in the 
transformed coordinates. The effec-
tive shape might be highly unintui-
tive. Figure 12 gives an example.

Diffusion in anisotropic media 
is often treated with major simpli-
fications. If total loss or gain of the 
diffusant is of interest, as in the dif-
fusive loss of radiogenic nuclides in 
understanding closure temperature 
and closure age, the shape of the 
mineral grains (necessary for deter-
mining the shape factor) is the ef-
fective shape. For example, Fortier 
and Giletti (1991) showed that under 
hydrothermal conditions the 18O dif-
fusivity in mica parallel to the c-axis 
is about 4 orders of magnitude slower 
than diffusion in the plane perpendicular to the c-axis (even though mica is monoclinic, it is 
approximately hexagonal in terms of many of its properties). Hence, the physical shape of mica 
is platy, but the effective shape of mica in terms of 18O diffusion under hydrothermal conditions 
is an “infinitely” long cylinder, meaning that bulk mass loss or gain is through diffusion in the 
plane perpendicular to the c-axis (Fig. 12).

MULTICOMPONENT DIFFUSION

Diffusion in multicomponent systems (having three or more components) is also 
complicated. In-depth treatment of multicomponent diffusion will be covered in other chapters 
(Liang 2010; Ganguly 2010) in this volume. The general aspects and some simple treatments 
are covered here.

Fick’s law (Eqn. 1) is for binary systems only. When three of more components (such 
as A, B, C and D) are present, experiments show that the diffusion of a given component A 
depends not only on the concentration gradient of A, but also on the concentration gradients 
of B and C. Consider a melt with N components. Because the summation of concentrations 
(such as mole fractions or mass fractions) of all components is 100%, there are only N−1 
independent components in an N-component system. (For example, in a binary system, only 
the concentration of one component is independent.) Let n = N−1. If the N-component system 
is a stable phase (i.e., no spinodal decomposition), the diffusive flux of components can be 
written as (De Groot and Mazur 1962): 
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where Dij’s are diffusion coefficients for component i due to concentration gradients of 
component j. Dii’s are referred to as the main or on-diagonal diffusivities, and Dij’s when i≠j 
are referred to as the off-diagonal or cross diffusivities. In matrix notation, the above becomes:

 

 

 

         

 

 

 

         

Figure 12. Comparison of the physical 
shape and effective shape in terms of 
diffusion. The upper diagram shows the 
physical shape of mica (plane sheet), and 
the shape on the right hand side is the 
shape after transformation to lengthen the 
vertical axis by a factor of 100 (because the 
difference in oxygen diffusivities is 4 orders 
of magnitude). Hence, diffusion along the 
z direction can be ignored, and the mica 
can be treated as a cylinder in terms of 18O 
diffusion.
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The diffusivity matrix is not to be confused with the diffusivity tensor; they are different in 
at least two aspects: (i) the meanings are different, one refers to diffusion in a multicomponent 
system but isotropic medium, and the other refers to binary diffusion in an anisotropic medium; 
(ii) the diffusivity tensor in anisotropic system is always represented by a 3×3 symmetric matrix, 
but the diffusivity matrix (always a square matrix) is n by n where n ≥ 2 and is nonsymmetrical. 
For diffusion in a multicomponent system in an anisotropic medium, the full rigorous description 
would require a diffusivity matrix in which every element is a tensor. Such a diffusion problem 
has not yet been solved. Even if the mathematical complexity can be overcome in the foreseeable 
future, it would be impossible to obtain all the coefficients in the tensor matrix experimentally. 
Because multicomponent and anisotropic minerals are common (e.g., mica, hornblende, 
pyroxenes, etc), diffusion in nature is truly complicated. Hence, simplifications are usually 
made out of necessity because requiring theoretical rigor would simply mean getting nowhere 
in understanding geological problems which otherwise can be approximately quantified. Even 
for diffusionally isotropic natural silicate melts with typically four or more major components 
and numerous minor and trace components, no reliable diffusivity matrix has been obtained. 
In the near future, it may be possible to extract diffusivity matrices of the major components. 
However, unless theories can be developed to calculate the diffusivity matrix for trace elements 
in natural melts, the diffusivity matrix approach is unlikely workable for trace elements because 
it is impractical to experimentally obtain diffusivity matrices involving both major and trace 
elements (about 80 components in total). Hence, in the foreseeable future, the simple effective 
binary approach, or some modified simple approach, will be necessary.

In this section, the various approaches and their advantages and disadvantages are briefly 
outlined.

Effective binary approach, FEBD and SEBD

The effective binary diffusion approach (Cooper 1968) is the most widely used simple 
treatment of diffusion in a multicomponent system. In this approach, the diffusion of a 
component in a multicomponent system is treated as diffusion in a binary system, of which 
one is the component of interest and the other is all the other components combined. That is, 
the flux of component i in one dimension is simply expressed as (Eqn. 6): 

Ji
i iD C

x
( )= − ∂

∂
88

The diffusion equation is hence Equation (5). Compared to the multicomponent diffusivity 
matrix approach (one dimensional form of Eqn. 87) in which Ji = −SDij∂Cj/∂x, it can be seen 
that
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Hence, the effective binary diffusivity depends on the on-diagonal and off-diagonal diffusivities 
involving the component of interest, as well as the concentration gradients of all components. 

With the effective binary approach, the solutions for binary diffusion are used for diffu-
sion of a component in a multicomponent system and to extract effective binary diffusivities. 
Almost all chemical diffusion data in minerals and melts are obtained using this approach. 
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These chemical diffusivities are called effective binary diffusivities (EBD, which can also 
mean effective binary diffusion). The approach only works when there is no uphill diffusion 
(e.g., Fig. 13); otherwise, the effective binary diffusivity would change from positive to nega-
tive in a single profile.

Because the EBD approach does not work for uphill diffusion profiles, authors typically 
ignore uphill diffusion profiles in data treatment, often simply marking them as “uphill”. 
In binary systems, the presence or absence of uphill diffusion can be predicted from 
thermodynamics: uphill diffusion would occur when the phase is not stable and undergoes 
spinodal decomposition. However, in multicomponent systems, whether uphill diffusion would 
occur for a given element (such as Ca or Ce) in a diffusion couple or during crystal dissolution 
(Zhang et al. 1989) cannot be predicted yet.

Even in the absence of uphill diffusion, the EBD approach is still prone to many limitations. 
The most serious one is that effective binary diffusivity of an element may depend not only on 
the major oxide concentrations, but also on their gradients (Liang 2010, this volume). This may 
sound strange but can be understood in the following example. The SiO2 diffusivity in CaO-Al2O3-
SiO2 melts along constant CaO concentration (the CaO concentration gradient is nearly zero, 
and the Al2O3 concentration gradient roughly compensates the SiO2 concentration gradient) is 
essentially the SiO2-Al2O3 interdiffusivity, but is essentially the SiO2-CaO interdiffusivity along 
a constant Al2O3 concentration. It is hence understandable that the two are different even at the 
same bulk composition, as shown by Liang et al. (1996). Along other compositional directions, 
even though the diffusivity cannot be simply viewed as an interdiffusivity, the effective binary 
diffusivity is expected to also depend on other compositional gradients. Because compositional 
gradients can change as diffusion proceeds, especially in a finite system, the EBD can also 
change as diffusion proceeds (Liang 2010, this volume).

Even knowing that it has limitations, EBD approach is still the most widely used approach 
in treating diffusion in multicomponent systems because other approaches are too complicated. 
In the foreseeable future, the EBD approach will still likely be the method of choice for trace 
element diffusion even if the diffusivity matrix for major components could be obtained. 
Hence, it is necessary to understand under what conditions the EBD approach is more reliable 
than others. Cooper (1968) summarized that the EBD approach is meaningful when (i) the 
concentration gradients of all components are in the same direction; and (ii) either a steady 
state exists or the diffusion media is infinite or semi-infinite.  However, there could still be 
uphill diffusion even when the two conditions are satisfied, and uphill diffusion is difficult to 
treat using the EBD approach.  Below, some specific situations are discussed: 
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Fig. 13.  Uphill diffusion in a diffusion couple experiment (Van Der Laan et al. 1994).  

 

Figure 13. Uphill diffusion in a diffusion couple experiment (Van Der Laan et al. 1994).
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(a) The EBD approach works well if the base composition of a diffusion system is the 
same, but there is one relatively minor component (or a few minor to trace components) 
up to several percent that diffuses in or out, such as in cases of sorption or desorption, 
hydration or dehydration, bubble growth, or a diffusion couple between two rhyolite 
melts with only small difference in Sr concentration. That is, the compositional 
difference in the system is due to the dilution effect of the presence (or absence) of this 
component under consideration. If the component diffuses more rapidly than other 
components, the effective binary diffusion approach works even better. Diffusivities 
from such experiments can be applied accurately to similar situations when the base 
compositions are the same.

(b) In a multicomponent system, if the initial compositional difference is only between 
two components such as Na2O and K2O, the diffusion of each of the two components 
can be treated as effective binary diffusion. In fact, this case is similar to interdiffusion 
between two components, and hence the two components should have the same inter-
diffusivity. Diffusion of other components in the system may not be treated as EBD.

(c) Even if there are major concentration gradients in multiple components, as long as 
they are consistent in the direction and relative magnitude, the EBD approach can be 
applied to the component with the largest concentration gradient. Examples include 
dissolution of a specific mineral in a specific melt (such as olivine dissolution in a 
basalt melt, or quartz dissolution in an andesite melt). In this case, the component with 
the largest concentration gradient (such as MgO during olivine dissolution in a basalt 
melt, or SiO2 during quartz dissolution in an andesite melt, referred to as the principal 
equilibrium determining component by Zhang et al. 1989) can be treated as EBD. 
Such effective binary diffusivities can be applied to the identical situations in nature 
under similar boundary conditions such as semi-infinite diffusion media, meaning 
MgO EBD extracted from olivine dissolution experiments in basalt melt can be 
applied to predict MgO diffusion in nature during olivine dissolution in a basalt melt, 
but it may not be applicable to MgO diffusion during clinopyroxene dissolution in a 
similar melt, or olivine dissolution in a different melt. Diffusion of other components 
may or may not be treated as EBD.

(d) In diffusion couple studies when two different melts are placed together, effective 
binary diffusivities may be extracted for components showing large concentration 
differences between the two halves. These EBD values may be applied to diffusion 
couples with similar compositions in the two halves. However, if the concentration 
gradient is switched for some major component (e.g., in one diffusion couple, Al2O3 
concentration is 13 wt% in the basalt half and 17 wt% in the andesite half, whereas 
in the other diffusion couple, Al2O3 is 17 wt% in the basalt half and 13 wt% in the 
andesite half), EBD from one case may not be applied to the other. Liang et al. (1996) 
(their Fig. 5) showed an example of this.

As can be seen from the above, effective binary diffusivities are a large category and cover 
many different situations. Some EBD values are more reliable than others. For easy reference, 
I propose three types of effective binary diffusivities based on their consistency and reliability: 

(1) Interdiffusivity or interdiffusion (ID). Binary diffusion is interdiffusion. In multicom-
ponent systems, if the concentration gradients are primarily in two components, and 
concentrations of all other components are roughly uniform (case (b) above), then it 
can be referred to as multicomponent interdiffusion. In this case, the diffusivities of 
the two components are roughly the same, and can be treated well and consistently 
using the effective binary approach. The interdiffusivity would depend on the bulk 
composition but not on the concentration gradients of other components (these are es-
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sentially zero). Diffusion of other components may not be treated well by the effective 
binary approach (e.g., often there can be uphill diffusion for other components).

(2) FEBD (first type of effective binary diffusion, or first type of effective binary 
diffusivity). FEBD corresponds to the diffusion situation of case (a) above. Because 
this situation is often encountered in experiments and nature (especially sorption/
desorption, bubble growth, and explosive volcanic eruptions), and because of the 
high degree of consistency of this type of effective binary diffusivity, it is considered 
to be a special type of EBD, called the first type of effective binary diffusion, with 
the acronym FEBD. In principle, when the concentration of the component of interest 
becomes low enough, FEBD approaches the tracer diffusivity (or trace element 
diffusivity in the absence of major concentration gradients). 

(3) SEBD (second type of effective binary diffusion, or second type of effective binary 
diffusivity): All other types of effective binary diffusivities are less reliable and are 
grouped as SEBD, even though some may be more consistent than others. SEBD 
values can be applied to systems very similar to experimental systems in terms of 
bulk composition as well as the direction and size of concentration differences. In 
studies of diffusion in multicomponent systems, often all monotonic concentration 
profiles (no uphill diffusion) are treated using the effective binary diffusion approach, 
assuming a constant SEBD. The fits may not be perfect (e.g., the SEBD of MgO during 
olivine dissolution in an andesite melt seems to increase with increasing SiO2 content; 
Fig. 14). In such a case, one is tempted to make efforts to determine how the SEBD 
varies along the profile and associate the variation with SiO2 or other concentration 
changes. However, this may not be correct, because the SEBD variation might be due 
to concentration gradient variations, rather than the compositional variations. Hence, 
in treating SEBD profiles, the simplest approach is to fit the profile with a constant 
SEBD and ignore the small misfits because of the complexity of SEBD.

Modified effective binary approach (activity-based effective binary approach)

The modified effective binary approach (also called the activity-based effective binary 
approach) was proposed by Zhang (1993) and based on rough chemical activity estimation 
in silicate melts. It is assumed that the diffusive flux of a component i is proportional to the 
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Fig. 14. MgO diffusion profile in the melt during olivine dissolution in andesite melt (Zhang et al. 1989).  The fit 

curve, assuming constant SEBD, does not match the data well, e.g., at the region near x = 1 mm.  The slower 

decrease of the concentration implies higher diffusivity in this region even though the SiO2 concentration here is 

high (about 57 wt%) compared to SiO2 near x = 0 (about 52 wt%).  This misfit is most likely due to the dependence 

of the SEBD of MgO on concentration gradients rather than on the bulk composition itself. 

  

Figure 14. MgO diffusion 
profile in the melt during ol-
ivine dissolution in andesite 
melt (Zhang et al. 1989). The 
fit curve, assuming constant 
SEBD, does not match the data 
well, e.g., at the region near x 
= 1 mm. The slower decrease 
of the concentration implies 
higher diffusivity in this region 
even though the SiO2 concen-
tration here is high (about 57 
wt%) compared to SiO2 near x 
= 0 (about 52 wt%). This misfit 
is most likely due to the depen-
dence of the SEBD of MgO on 
concentration gradients rather 
than on the bulk composition 
itself.
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activity gradient of the component alone (Eqn. 65): 
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where ai and gi are the chemical activity and activity coefficient of component i with ai = giCi, 
and Di is the “intrinsic” effective binary diffusivity, different from the normal effective binary 
diffusivity. The above equation reduces to Equation (88) when gi is constant. The difference 
between the effective binary approach and the modified effective binary approach is that the 
concentration gradient is replaced by the activity gradient. From Equation (66) (or comparing 
Eqns. 88 and 90), the “intrinsic” effective binary diffusivity and the normal effective binary 
diffusivity are related as: 
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Zhang (1993) showed that the approach could fit and predict uphill diffusion profiles during 
crystal dissolution experiments (Fig. 15), which cannot be treated by effective binary diffusion. 
Lesher (1994) developed a similar model to treat uphill diffusion of trace elements in a 
diffusion couple. Even though the model can handle uphill diffusion profiles and may also fit 
monotonic diffusion profiles better, the approach has two disadvantages: (i) it is complicated, 
and (ii) the activity model for silicate melts is uncertain. The applicability (or inapplicability) 
of the approach needs to be explored further.

Diffusivity matrix approach

The diffusivity matrix approach is the classical and rigorous method to describe 
multicomponent diffusion (Eqns. 86 and 87; see in-depth discussion by Liang 2010, this volume). 
This approach works well if the N-component mixture is not very non-ideal. The approach fails 
when the mixture is unstable, leading to spinodal decomposition because some eigenvalues 
would change from positive to negative, similar to the case of spinodal decomposition in a 
binary system. When the system is highly non-ideal, the individual diffusivity values would 
be highly variable with composition even if the mixture is stable. For ideal and nearly ideal 
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Fig. 15. Fitting an uphill diffusion profile of FeO in an andesite melt during olivine dissolution using the modified 

effective binary diffusion model (from Zhang 1993). 

Figure 15. Fitting an uphill 
diffusion profile of FeO in an 
andesite melt during olivine 
dissolution using the modified 
effective binary diffusion 
model (from Zhang 1993).
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systems, the diffusion equation for an N-component system (n = N−1) is of the following form:
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For one-dimensional diffusion and constant Dij values, the diffusion equation becomes:
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Therefore, the concentration evolution of component i depends on the concentration gradients 
of other components. Equation (93) contains coupled equations. Hence, it is necessary to solve 
the concentration evolution of all n components simultaneously in the N-component system. In 
the matrix form, the concentrations can be solved as follows.

The one-dimensional diffusion equation with constant diffusivity matrix can be written 
as:
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where C is the concentration vector, or the transpose of (C1, C2, ..., Cn), and D is the diffusivity 
matrix. If the N-component mixture is stable, it can be shown that all n eigenvalues of the D 
matrix are real and positive (e.g., De Groot and Mazur 1962), and D can be diagonalized:

 D = TlT−1 (95)
where l is a diagonal matrix made of the eigenvalues of D, and T is a matrix made of the 
eigenvectors of D. Replacing Equation (95) into Equation (94) leads to
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where u = T−1C is the transformed composition vector. Because l is a diagonal matrix, the 
above equation is equivalent to: 
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where i can be 1, 2, ..., n. Hence, in the transformed compositional space, the diffusion 
equation for each ui depends only on its own concentration gradient with a real and positive 
diffusivity of li. If the initial and boundary conditions can also be transformed, Equation (97) 
is in the same form as binary diffusion and ui can be solved. After solving for every ui, the 
final solution is

 C = Tu (98)
When the diffusivity matrix is not constant (e.g., some of the elements in the matrix depend 
on concentration, which is common), the above analytical solution is not possible, and the 
multicomponent diffusion equation must be solved numerically (this complexity also exists 
for the effective binary treatment). 

In principle, the diffusivity matrix (i.e., diffusion of all elements in a diffusivity matrix) 
can be obtained from experimental diffusion studies, similar to binary or effective binary 
diffusivities, by fitting experimental concentration profiles using the diffusivities of elements 
as fitting parameters. This has been done for some simple melts (e.g., Vignes and Sabotier 
1969; Sugawara et al. 1977; Liang et al. 1996; Liang and Davis 2002). However, for natural 
silicate melts, due to the large number of fitting parameters involved (e.g., the diffusivity matrix 
of a 10-component system is made of 81 individual values), this is a daunting task. Strategies 
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have been proposed (Trial and Spera 1994) and bold attempts have been made (Kress and 
Ghiorso 1995; Mungall et al. 1998), but the diffusivity matrices have not been verified and 
more follow-up work is necessary. More on multicomponent diffusion as well as empirical 
models for multicomponent diffusion matrices can be found in Liang (2010, this volume).

Activity-based diffusivity matrix approach

Even the complicated treatment of multicomponent diffusion using diffusivity matrices 
is not enough to treat phase separation in multicomponent systems. A more fundamental 
approach is to use the activity-based diffusivity approach as in the binary system (Eqn. 65). 
The diffusive flux is expressed as (Zhang 2008)
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where Dij are the “intrinsic” diffusivities. The diffusion equation for component i is hence
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The advantage of this approach is that it can treat highly non-ideal mixtures as well as spinodal 
decompositions smoothly without invoking negative diffusivities. The disadvantage of this 
approach is its complexity. Even the concentration-based diffusivity matrix approach is 
already too complicated to be carried out for melts and many minerals. When accurate activity 
models become available, it may be possible to contemplate the activity-based diffusivity 
matrix approach. 

Origin of the cross-diffusivity terms

In the concentration-based diffusivity matrix, the cross diffusivities are significant, often 
resulting in uphill diffusion of many components. Uphill diffusion is the most clear demonstra-
tion of the cross diffusivities, and the need to include the cross diffusion terms. Furthermore, 
uphill diffusion is also the best example of the failure of the concentration-based effective bi-
nary approach. One fundamental question is what factors contribute to the cross-diffusivity 
terms of Dij (i≠j).

The cross-diffusivities may arise from two sources, one is non-ideality of the multicomponent 
mixture (thermodynamic effect), and the other is a purely kinetic effect. Some uphill diffusion 
profiles in a stable phase may be attributed to non-ideal mixing, i.e., the thermodynamic effects, 
and can be modeled using activity-based diffusivities (e.g., Zhang 1993). It is not clear how 
much contribution to the cross terms is from kinetic effects, although there has been some 
discussion (e.g., Liang et al. 1997). One rigorous way to separate the two effects is to consider 
diffusion in a perfectly ideal mixing system of different isotopes. At least three isotopes (such as 
28Si, 29Si, and 30Si) are needed so as to make a multicomponent system, with each isotope being 
a component. For example, diffusion in two chemically identical haplorhyolite melt halves, one 
normal in silicon isotopes, and one enriched in 30Si, can be investigated. The fraction of 29Si 
out of all Si can be kept constant in both halves. After diffusion experiments, silicon isotope 
fractions are measured. Because the chemical composition is uniform and mixing between 
the three silicon isotopes is expected to be perfectly ideal, the cross diffusivities would be 
zero if cross diffusivities are entirely due to thermodynamic contributions. In such a case, the 
29Si fraction would stay as a constant across the whole profile because there was no initial 
29Si gradient and hence no 29Si flux. However, if there is a kinetic contribution to the cross 
diffusivities, the cross terms would cause 29Si fluxes, leading to uphill diffusion profiles when 
the fraction of 29Si is plotted against distance. 
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DIFFUSION COEFFICIENTS

Over the years, diffusivities in many systems have been determined experimentally. Many 
authors have examined how the diffusivities vary with experimental conditions, and developed 
numerous relations. Some of them have strong theoretical basis and are widely applicable, but 
others are largely empirical and also uncertain. Experimentally determined values of diffusion 
coefficients in minerals and melts are reviewed and summarized in later chapters of this 
volume. In this section, various relations relating diffusion coefficients and other parameters 
are reviewed. 

Diffusivity values and activation energy depend on the phase in which diffusion occurs 
(Watson and Baxter 2007). Figure 2 shows Ar diffusivities in gas, aqueous solutions, basalt 
melt, rhyolite melt, and the mineral amphibole for comparison. The diffusivity decreases and 
the activation energy increases from air to water to melt to mineral. From one species to 
another in a liquid or melt, the diffusivity depends on the bond strength as well as the size of 
the diffusing species. From one liquid to another, the diffusivity depends on both the diffusing 
component as well as the liquid composition. Similarly, in minerals, from one species to 
another, diffusion can depend on size and charge of the diffusing species, and the sites on 
which they diffuse; from one mineral to another, diffusivities of a particular species may 
depend on properties such as mineral composition, structure and bond strengths.

Temperature dependence of diffusivities; Arrhenius relation

The temperature dependence of diffusivities is well known and works well almost without 
exceptions. This relation is the Arrhenius equation (Eqn. 10) D = D0e−E/(RT), meaning that logD 
(or lnD) versus 1/T (or 1000/T) is a straight line with a negative slope, as shown in Figure 2 
for Ar diffusivities in water, basalt melt, rhyolite melt and the mineral hornblende. (Fig. 17a in 
a later section also shows some diffusion data in an Arrhenius plot.) The Arrhenius equation 
can be derived from either the collision theory or the transition state theory (e.g., Lasaga 
1998), in which the activation energy is identified to be the necessary enthalpy for forming the 
activated complex. The preexponential factor D0 is proportional to T1/2 in the collision theory 
and to T in the transition state theory. There were efforts in the early years to test how the 
preexponential factor D0 depends on temperature (e.g., Perkins and Begeal 1971; Shelby and 
Keeton 1974), but it requires high-quality data (e.g., with ≤ 10% relative error in D) in a large 
temperature range (e.g., 400-1200 K), and the results are inconclusive: high-quality data over 
a large temperature range may show a small curvature in lnD versus 1/T, indicating that either 
D0 or E depends on temperature, but the exact relation is not well constrained. On the other 
hand, for most diffusion data in melts and minerals in the geological literature, the uncertainty 
in D is often of the order of 30% and the temperature range is not large enough, so that the 
Arrhenius relation works well within uncertainty. In limited cases when the temperature range 
is large from glass to melt, the Arrhenius equation fits the data well and it is rarely necessary to 
invoke dependence of D0 on T, or E on T, or a discontinuity due to glass transition (e.g., Zhang 
et al. 1991a; Zhang and Behrens 2000; Behrens and Zhang 2009). In minerals, although some 
authors proposed discontinuities in lnD versus 1/T (e.g., Buening and Buseck 1973 for Fe-Mg 
interdiffusion in olivine), later studies show no such discontinuity is present (e.g., Chakraborty 
2010, this volume). In summary, the temperature dependence of all experimental diffusivity 
data in the geological literature can be summarized well by the Arrhenius relation in the form 
of D = D0e−E/(RT) with positive D0 and E.

Pressure dependence of diffusivities

The dependence of diffusivities on dry pressure (P) is more complicated than the 
temperature dependence. (Hydrous pressure, on the other hand, has two effects: one is pressure, 
and the other is the presence of water, which may accelerate diffusion.) In a small pressure 
range, lnD is often linear in P. Such a relation is consistent with the transition state theory 
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because the enthalpy is linear to pressure in liquid and solid phases, leading to Equation (11),  
D = D0e−(E+P∆V)/RT, in which E is the activation energy at zero pressure, ∆V is the activation 
volume (identified as the volume difference between the activated complex and the non-
activated state), and E+P∆V is the activation energy at pressure P. Even though the activation 
energy for diffusion is always positive, the activation volume can be either positive (meaning 
D decreases with increasing pressure, such as Ar diffusivity in rhyolite melt — Behrens and 
Zhang 2001, see Fig. 16a; H2O diffusivity in rhyolite and dacite melts — Zhang and Behrens 
2000, Ni and Zhang 2008, Ni et al. 2009; divalent cation diffusivities in garnet and in oxide 
minerals — Ganguly 2010, this volume, Van Orman and Crispin 2010, this volume) or negative 
(meaning D increases with increasing pressure, such as oxygen self diffusivity in dacite melt 
below 4 GPa; Tinker and Lesher 2001, see Figure 16b; Mg self diffusion above 60 GPa, Van 
Orman and Crispin 2010, this volume).

Whereas the activation energy E is a large positive value and hence small changes due to 
temperature and pressure variations do not affect E noticeably, the activation volume ∆V as the 
volume difference between the activated complex and the ground state is small and hence can 
change significantly as pressure or temperature changes. Such changes produce at least two 
effects (or complexities) when compared with the temperature dependence of D: 

(1)  The dependence of ∆V with temperature means more terms are needed in fitting 
lnD as a function of T and P. For example, if ∆V is linear to T as ∆V = a + bT, then 
Equation (11) becomes 

ln ( )D a
E P V

RT
a

E aP bPT

RT
a b P

a b P

T
= − + = − + + = +( ) − +

0 0 0 0 101
∆

 1 1

   where a0 = lnD0, b0 = -b/R, a1 = E/R, and a1 = a/R. That is, the preexponential term 
would depend on pressure even though this is not in the original equation derived 
from the transition state theory (Eqn. 11). If ∆V is a more complicated function of T, 
there may be more terms in fitting lnD versus T and P. When fitting diffusion data as a 
function of T and P, usually Equation (11) is used. However, if the fitting quality is not 
good enough, then Equation (101) or even more complicated function may be used. 

(2)  The activation volume ∆V can also change with pressure, even from positive to nega-
tive or vice versa as pressure increases (Fig. 16b). Therefore, at a given temperature, 
in a large pressure range (several GPa), lnD versus P may not be linear: lnD may first 
increase with P and then decrease with P, or first decrease with P and then increase 
with P. Large changes in ∆V, especially from positive to negative or vice versa, may 
be associated with structural changes in silicate melts. 

In addition to dependence on total pressure, H2O pressure may have a disproportionally 
large effect on diffusivity of some components in hydrothermal diffusion experiments. For 
example, 18O diffusivities in nominally anhydrous felsic minerals are roughly proportional 
(rather than exponential) to H2O pressure or fugacity (e.g., Yund and Anderson 1978; Farver 
and Yund 1990), increasing by two orders of magnitude as H2O fugacity increases from 
0.001 GPa to 0.2 GPa. This dependence on pressure is different from the dependence on 
total pressure, and is related to H2

18O molecules entering a mineral and carrying 18O into 
the mineral (Zhang et al. 1991b; McCornell 1995). The contribution by H2O diffusion to the 
diffusion of 18O has been quantified (Zhang et al. 1991b) and is related to the product of H2O 
concentration and diffusivity in the mineral. For some minerals (e.g., zircon), however, there 
is little dependence of 18O diffusion on H2O pressure in hydrothermal experiments, although 
there is a difference between oxygen diffusivities for dry and hydrothermal experiments (e.g., 
Watson and Cherniak 1997), probably due to the saturation of mobile H2O in the mineral. 
For cations such as Na and Sr in feldspar, because H2O does not carry them, H2O diffusion 
would not directly contribute to their diffusion (although H2O in a mineral may weaken the 
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structure, enhancing diffusion). For example, H2O pressure of 200 MPa does not change the 
diffusivity of cations in feldspar compared to room pressure dry experiments (Behrens et al. 
1990; Cherniak 2010, this volume).

In summary, the dependence of D on pressure is more complicated than on temperature, 
and for many systems such dependence has not been investigated well. Because pressure can 
vary widely from the surface to the deep Earth, understanding the pressure effect quantitatively 
so that diffusivities can be predicted remains an important task for geochemists. 

Diffusion in crystalline phases and defects

Crystals contain various defects where the periodicity of the lattice is locally disturbed. 
In crystalline phases, diffusion often occurs through defects in the crystalline structure. For 
example, a cation may jump into a nearby vacancy (one kind of point defect), leaving another 
vacancy defect in its original position (into which another cation may jump), and then jump 
into another vacancy as it comes nearby, and so on. Hence, the diffusivity is often proportional 
to defect concentrations.

For a review of defect theory as well as its applications to minerals, readers are referred 
to Schock (1985) and Lasaga (1998). Defects may be classified as point defects and extended 

Figure 16.  Different pressure dependences of diffusivities.  (a) The diffusivity decreases with pressure (pos-
itive activation volume); (b) The diffusivity first increases with pressure and then decreases with pressure.
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defects. Point defects include vacancies (unoccupied sites that are normally occupied), 
interstitials (atoms occupying normally unoccupied sites), and impurities (atoms occupying 
sites that are normally occupied by other types of atoms, such as Al occupying an Si site). If a 
defect is caused by impurities, it is called an extrinsic defect. Otherwise, it is called an intrinsic 
defect. The number of defects in a material must satisfy the condition of charge neutrality. A 
nearby pair of vacancy and interstitial is called a Frenkel defect. A stoichiometric proportion 
of cation and anion vacancies is called a Schottky defect. Extended defects include line defects 
(such as dislocations), plane defects, domain boundaries, grain boundaries, and bulk defects 
or impurities (such as a melt inclusion). Point defects play the most important role in volume 
diffusion, but extended defects may produce fast diffusion paths.

In treating defects, the Kröger-Vink notation is conventionally used. The format of the 
notation takes the form Mb

p
 where M is the species, including (1) elements such as Fe, Mg, Si, 

O, etc, (2) vacancies (either V or v since V is also the element symbol for vanadium), (3) 
electrons (e), and (4) electron holes (h). The subscript b indicates the lattice site that the species 
M occupies, such as Na site in NaCl, Fe site in olivine, or an interstitial site (indicated as i). 
The superscript p indicates the electronic charge relative to the site it occupies (so that if the 
site is occupied by its normal occupant, the charge is zero, indicated by x), with positive 
charges indicated by •  (the number of •  indicates the number of positive charges), and 
negative charges indicated by ′. 

At a given temperature, there is an equilibrium concentration of intrinsic defects. For 
Schottky defects when cation to anion ratio is 1:1, such as MgO, the reaction can be written 
as (in Kröger-Vink notation): 

Ø v vMg O
′′ + •• ( )102

where Ø means nothing, ′′vMg  means a vacant magnesium site with an effective charge (relative 
to that of the occupied site) of −2, and vO

••  means a vacant oxygen site with an effective charge 
of +2. If this kind of defects dominate, the equilibrium constant is

K1 Mg O Mg O
2[v v v v= ′′ = ′′ =•• ••][ ] [ ] [ ] ( )2 103

where brackets mean mole fractions. Hence, the equilibrium concentration of vacancy pairs is: 

[v v   Mg O
f1 f1 f1′′ = = = =•• − −] [ ] / /( ) /( ) /( )K e e eG RT S R H RT

1
1 2 2 2 2∆ ∆ ∆ (( )104

where ∆Gf1, ∆Sf1, and ∆Hf1 are the formation free energy, entropy and enthalpy for the pair of 
vacancies.

For Frenkel defects, the reaction can be written as (using Mg in MgO as an example): 

Mg v MgMg
x

Mg i
′′ + •• ( )105

where MgMg
x  means a magnesium ion sitting on a magnesium lattice site, and Mgi

•• means an 
interstitial magnesium ion. If this kind of defects dominate, the equilibrium constant is: 

K2 Mg i Mg i
2[v Mg v Mg= ′′ = ′′ =•• ••][ ] [ ] [ ] ( )2 106

Hence, the expression for the equilibrium concentration of Frenkel defects is similar to the 
case of Schottky defects: 

[v Mg   Mg i
f2 f2 f2′′ = = = =•• − −] [ ] / /( ) /( ) /(K e e eG RT S R H RT

2
1 2 2 2 2∆ ∆ ∆ )) ( )107

where ∆Hf2 is the formation energy for the pair (i.e., moving Mg from a lattice position to an 
interstitial position, leaving behind a vacancy). 



Theoretical Background of Diffusion in Minerals and Melts 47

Because ions with higher valence are more strongly bonded, it is expected that ∆Hf increases 
with valence. Other factors, such as oxygen fugacity, can also affect defect concentrations (see 
below). 

Diffusivities and oxygen fugacity

Variation in oxygen fugacity in a system results in at least two effects, one is to change the 
oxidation state of multivalent elements, and the second is to change (often induce extra) defect 
sites in the structure. The two effects are somewhat correlated at the atomic level, but the 
resulting effects in terms of diffusivity are different. The first effect is important especially in 
melts and minerals when the element of interest can be present in multiple valences, such as Fe 
(Fe2+ and Fe3+), S (S2−, S4+ in SO2, and S6+ in SO4

2−), Eu (Eu2+ and Eu3+), Sn (Sn2+ and Sn4+), 
etc (e.g., diffusion of Fe in feldspars, Behrens et al. 1990; diffusion of Eu in orthopyroxene, 
Cherniak and Liang 2007; and diffusion of Eu in melts, Behrens and Hahn 2009). The 
diffusivity of the lower valent species is often higher than the higher valent species because 
of weaker bonding between the low valent ion and the rest of the structure. Hence, as oxygen 
fugacity increases, the diffusivity of the element of interest often decreases. The diffusion of 
the element can be quantified using multispecies diffusion equations following the approach 
of Zhang et al. (1991b), e.g., for Fe diffusion: 

D X D X DFe Fe Fe Fe Fe2+ 2+ + += + 3 3 108( )

where XFe2+ = Fe2+/(Fe2++Fe3+). 

The second effect has been observed and examined largely in mafic minerals, and can 
be understood by examining the defect concentration in a mineral structure. For example, 
increasing oxygen fugacity would oxidize a small fraction of Fe2+ to Fe3+, producing vacancy 
defects (because two Fe3+ ions are equivalent to three Fe2+ in terms of charges). In wüstite, the 
reaction in Kröger-Vink notation can be written as: 

6 4 2 2 1092Fe O (gas) Fe v FeOFe
x

Fe Fe+ + +•
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The equilibrium constant can be written as:
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From stoichiometry in Reaction 109, [FeFe
• ] = 2[ ′′vFe]. Hence, Equation (110) can be written as:
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Because the activities of FeFe
x  and FeO in wüstite are roughly constant, it can be seen that the 

concentration of this type of vacancy is proportional to the 1/6 power of oxygen fugacity. 
In other ferromagnesian minerals, the fO2

1 6/  relation also holds (e.g., Lasaga 1998), which is 
consistent with the increase of Fe-Mg interdiffusivity in olivine with oxygen fugacity (Dohmen 
and Chakraborty 2007a,b). If other defects are present, their effect on diffusivity must also be 
quantified to obtain the full effect of oxygen fugacity.

Compositional dependence of diffusivities

Diffusivity of a component depends on the major chemical composition, and occasionally 
also on the minor element composition. For example, the effect of oxygen fugacity on diffusion 
may be viewed as a compositional effect. The effects of H2O content (or H2O pressure) on 
diffusivities in melts and minerals have been investigated: Minor amounts of H2O may affect 
the diffusivity of some components in minerals significantly as in the case of the dependence 
of 18O diffusivity in feldspars and quartz on H2O pressure (Farver and Yund 1990, 1991; Zhang 
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et al. 1991b), as well as diffusivities in melts, especially silicic melts (Mungall and Dingwell 
1997; Behrens et al. 2007). The effects of SiO2 and alkalies on diffusivities in melts have 
also been investigated to some degree. In general, more effort is needed to understand the 
compositional effects on diffusivities.

Limited data often indicate that D is an exponential function of some concentration (that 
is, lnD is linear with respect to concentration). For example, Behrens and Zhang (2001) showed 
that the Ar diffusivity in rhyolite melts increases exponentially with H2O content. Dohmen and 
Chakraborty (2007a,b) showed that the Fe-Mg interdiffusivity in olivine increases exponentially 
with the mole fraction of fayalite (lnD is linear to XFa). Other relations have also been found. 
For example, for 22Na tracer diffusivity in plagioclase melts, lnD is not linear with respect to 
XAn (Behrens 1992) but requires a second-order term (Zhang et al. 2010, this volume). For 
Th and U diffusion in a haplorhyolite melt, lnD seems to be linear with respect to the square 
root of the H2O concentration, rather than the H2O concentration itself (Mungall and Dingwell 
1997; Zhang et al. 2010, this volume). Diffusivity of the hydrous component in orthopyroxenes 
depends strongly on the composition of orthopyroxenes (Farver 2010, this volume).

In addition, the relation between diffusivity and concentration may be modified by the 
role of speciation of the diffusing component. For example, molecular H2O diffusivity in 
rhyolite and dacite melts conforms well with the exponential relation (Zhang and Behrens 
2000; Liu et al., 2004; Ni and Zhang 2008; Ni et al. 2009), but the diffusivity of total H2O 
(which includes both molecular H2O and hydroxyls) increases first proportionally with total 
H2O content and then exponentially. Diffusivity of the hydrous component in pyrope shows 
complicated behavior, due to both the speciation effect and the oxygen fugacity in pyrope 
affecting the H2O/H2 ratio (Wang et al. 1996).

SiO2 is the dominant component in silicate melts, and its effect on diffusivities can be 
complicated. Diffusivities of most components decrease as SiO2 content increases (and the 
degree of polymerization increases), and often the relation between lnD and SiO2 concentration 
is roughly linear (e.g., Lesher and Walker 1986; Behrens et al. 2004; Ni et al. 2009). However, 
diffusivities of some components (such as He, Li, and Na) increase as SiO2 content increases 
(Behrens 2010; Zhang et al. 2010). 

Overall, compositional effects on diffusivities are complicated, especially in silicate melts, 
but also in complicated minerals such as hornblende and pyroxenes. We have only scratched 
the surface for such effects. One complexity is due to the numerous components in natural 
melts and many minerals because we often can only examine the effect of one component at 
a time. Another complication arises because there are no theoretical relations to guide studies 
on the compositional effects although empirical models are available (Mungall 2002) in which 
the diffusivities of non-alkalies are related to viscosity, but those of alkalies are not related to 
viscosity. It is anticipated that in the future much more effort will be devoted to understanding 
the compositional effects on diffusion in melts and minerals. 

Relation between diffusivity, particle size, particle charge, and viscosity

There are famous relations between diffusivity, particle size and viscosity, all of which 
only have limited applicability to diffusion in silicate melts. One such famous relation is based 
on Einstein’s analyses of Brownian motion of neutral and spherical particles in a continuous 
fluid medium (Einstein 1905), resulting in the following relation between diffusivity, viscosity, 
particle radius and temperature:

D
k T

a
= B

6
112

π η
( )

where kB is the Boltzmann constant (1.3807×10−23 J/K), a is the radius of the particle, and h is 
the viscosity of the fluid. The above equation is often referred to as the Einstein equation, or 
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Stokes-Einstein equation. There are other variations of this equation, such as the Sutherland 
equation (Sutherland 1905) differing from the above equation by a factor of 1.5, and the 
Glasstone equation (Glasstone et al. 1941), differing from the above equation by a factor of 
3π. Another equally famous equation is the Eyring equation (Glasstone et al. 1941), relating 
self diffusivity, viscosity, diffusive jump distance and temperature: 

D
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l
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where l is the diffusive jump distance. The jump distance is often estimated to be interatomic 
distances or diameter of the diffusing species. If the diameter of the diffusing species is used 
as the jump distance, then the Eyring equation becomes the same as the Glasstone equation, 
and the Eyring diffusivity is 3p times the Einstein diffusivity. The assumptions employed in 
deriving the Einstein equation and the Eyring equation are different: the Einstein equation is 
derived for the diffusion of large neutral species, whereas the Eyring equation is derived for the 
case when the diffusion of the species is also responsible for the viscous flow. Both equations 
claim that D is inversely proportional to viscosity.

The Einstein equation seems to work well (within a factor of 2) for diffusion of relatively 
large neutral molecules (e.g., heavier noble gases) in aqueous solutions, but does not work 
at all (orders of magnitude difference) for the diffusion of any known neutral species in 
silicate melts (e.g., Ni and Zhang 2008). The Eyring relation appears to work well for O (and 
possibly Si) self diffusion in dry silicate melts (but see Lesher et al. 1996; Liang et al. 1996; 
LaTourrette and Wasserburg 1997), but does not work at all (orders of magnitude difference) 
for 18O diffusion in hydrous silicate melts (Behrens et al. 2007). Because most natural melts 
are hydrous, the applicability of the Eyring relation to natural melts is very limited. For other 
components, especially for rapidly diffusing components, the Eyring relation does not apply. 
For example, when 3.5 wt% H2O is added to a dry rhyolite at 1000 K, the viscosity decreases 
by 7 orders of magnitude (Zhang et al. 2003), but 22Na tracer diffusivity only increases by a 
factor of about 2 (Watson 1981).

Not only is the diffusivity of most components in melts not inversely proportional to 
melt viscosity, but the negative correlation between D and h is also violated sometimes. For 
example, tracer diffusivities of Li and Na increase as viscosity increases from basalt to dacite 
to andesite to rhyolite melts (Jambon and Semet 1978; Jambon 1982; Zhang et al. 2010). 

There is also no universal relation between the size of the diffusing species and the 
diffusivity, contrary to the Einstein equation. For example, for the alkali elements, the ionic 
radius increases from Li+ to Na+ to K+ to Rb+ to Cs+, but the tracer diffusivity decreases from 
Na to Li to K to Rb to Cs by orders of magnitude (e.g., Jambon 1982). On the other hand, for 
alkaline earth elements, the ionic radius increases from Be2+ to Mg2+ to Ca2+ to Sr2+ to Ba2+, 
but the tracer diffusivity decreases from Sr and Ba to Ca to Mg to Be (Mungall et al. 1999), 
with smaller cations having greater diffusivity, completely opposite to the prediction of the 
Einstein equation. Even though the opposite trend may be rationalized by the diffusing species 
of a component being different from the cations, it does show that even for isovalent cations, 
the size effect cannot be predicted a priori.

Diffusivities of ionic species in general decrease with increasing positive or negative 
charge, from 0 valence (neutral atoms or molecules) to ±1, to ±2, etc., although the trend is not 
perfect either. The relation is covered by Brady and Cherniak (2010, this volume) for minerals 
and Zhang et al. (2010, this volume) for melts. 

Mungall (2002) developed empirical relations to predict cation diffusivities in silicate 
melts as a function of cation radius and compositional parameters for alkali elements, and 
of melt viscosity, ionic strength, and compositional parameters for other elements. These are 
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the best predictive models available currently although the uncertainty can still be orders of 
magnitude (Behrens and Hahn 2009; Zhang et al. 2010, this volume). 

Diffusivity and ionic porosity

Diffusion is driven by random motion of particles. If there is more “empty” space in a 
mineral or melt, a given species should diffuse more rapidly, and vice versa. Based on this 
concept, it has been proposed that diffusivity of a species depends on the ionic porosity (IP), 
a measure of the “empty” space in a structure. Ionic porosity is defined as the unoccupied 
volume divided by the total volume: 

– ( )IP ions

total

=1 114
V

V

where Vions is volume occupied by the ions. Below is an example to calculate IP of quartz. The 
molar volume of quartz is 22.69×10−6 m3/mol. In one mole of quartz, there are two moles of 
O2− and one mole of Si4+. Ionic radius of O2− is taken to be 1.38×10−10 m. Ionic radius of Si4+ 
in a tetrahedral site is 0.26×10−10 m (Shannon 1976). Hence, volume occupied by the ions is: 

Vions = (6.02214×1023)(4π/3) × (2×1.383 + 0.263)×10−30 = 13.30×10−6 m3/mol

Therefore, IP = 0.414. Ionic porosity of some common minerals can be found in Zhang (2008, 
p. 310). Fortier and Giletti (1989) applied this approach to relate 18O diffusivity in different 
minerals under hydrothermal conditions. This issue is discussed further by Brady and Cherniak 
(2010) in this volume.

Compensation “law”

The compensation “law” is an empirical “law” proposed by Winchell (1969). This “law” 
states that the logarithm of the preexponential factor D0 is linear to the activation energy E for 
the diffusion of different components in a single phase (Hofmann 1980; Hart 1981), or the 
same diffusion species in different phases (Bejina and Jaoul, 1997; Zhao and Zheng 2007):

 lnD0 = a + bE (115)

where a and b are two fitting parameters. From the above equation, one may derive the 
following (Hart 1981; Lasaga 1998) 
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Hence, in the context of the compensation “law”, a compensation temperature Tcomp can be 
defined as Tcomp = 1/(bR). At this temperature, diffusivities of all components would be the 
same, exp(a). In other words, when plotted in lnD vs. 1/T, all lines would intersect a common 
point at the compensation temperature. Examination of experimental data shows that the “law” 
has large uncertainties even for a single group of elements. Figure 17 shows that for tracer 
diffusion of alkali elements in a rhyolite melt, the compensation “law” does not work well 
(there is no single compensation temperature). In some other systems, the “law” works better, 
but the uncertainty in predicting D is still about an order of magnitude. 

Interdiffusivity and self diffusivity

There are two models relating the interdiffusivity DAB in a binary system between 
components A and B, and the self diffusivities DA and DB in the same system with the same 
composition. The models depend on whether diffusion is ionic or neutral atomic. 

For ionic interdiffusion between isovalent ions (e.g., Na-K interdiffusion between albite 
and orthoclase melts, or Fe-Mg interdiffusion in olivine), Helfferich and Plesset (1958) and 
Barrer et al. (1963) derived the following relation: 
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where XA and XB are mole concentrations of A and B, and gB is the chemical activity coefficient 
of component B. Note that DA and DB are those at the same composition at which DAB is 
estimated (DA and DB may depend on composition). For ionic diffusion between ions with 
different valences, there is a relation accounting for the valence difference (e.g., Zhang 2008) 
but more assumptions on how charges are balanced must be made. Lasaga (1979) and Liang 
et al. (1997) extended the ionic model to multicomponent ionic diffusion for the calculation 
of the multicomponent diffusivity matrix. (Note that dlngA/dlnXA = dlngB/dlnXB from 
thermodynamics, meaning that A and B can be exchanged in Eqn. 117.)

For neutral atomic interdiffusion (such as in alloys), the following equation has been 
formulated (Darken 1948; Shewmon 1989; Kirkaldy and Young 1987)
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Fig. 17. Diffusivities of alkalis in rhyolite melts.  Data sources: Li: Jambon and Semet (1978) and Jambon (1982). 
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Equation (118) is often referred to as the Darken-Hartley-Crank equation. Cooper (1965), 
Richter (1993), and Liang et al. (1997) extended the above model to multicomponent systems 
for the calculation of the multicomponent diffusivity matrix.

By comparing Equation (66) with either Equation (117) or Equation (118), and recognizing 
that binary diffusivity is the interdiffusivity, it can be seen that the intrinsic diffusivity in 
Equation (66) is related to the self diffusivities of the two components, and the exact relation 
depends on whether the diffusion is ionic or neutral atomic.

To illustrate the dependence of DAB on composition in ideal and nonideal systems, Figure 
18a shows calculated DAB in an ideal solution (equivalent to a regular solution with W = 0 
where W is the interaction parameter) and Figure 18b shows that in a regular solution with W/
(RT) = 2.4 using Equations (117) and (118). When W/(RT) > 2 for a regular solution, the binary 
mixture would decompose into two phases in the compositional region centered at XA = XB = 
0.5. It can be seen that (1) DAB values from Equations (117) and (118) can be very different 
although the two equations may look similar; and (2) DAB values depend strongly on how ideal Youxue Zhang (Ch 2) Page 18  
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the mixture is. In nonideal solutions, DAB values are negative in the compositional region in 
which the mixture would spontaneously decompose into two phases, as expected.

Before applying either of the above equations to a mineral or melt, it is necessary to 
decide whether diffusion is ionic or through neutral species because the two seemingly similar 
equations produce rather different interdiffusivities. For diffusion in minerals, it is relatively 
easy to decide whether the diffusion is ionic or neutral. For example, Ca-Mg interdiffusion in 
garnet is ionic, but Cu-Au interdiffusion in gold is through neutral atoms. For silicate melts, 
however, it is more difficult to determine which of the two models to apply, or whether any 
would apply. For example, Kress and Ghiorso (1995) used the diffusivity matrix they obtained 
for a basalt melt to test the model of Richter (1993) and found that the model does not work.

CONCLUSIONS

Diffusion theory is well developed. Nonetheless, diffusion in minerals and melts are 
complicated and difficult to describe mostly due to (i) multiple components in melts as well 
as many minerals, (ii) diffusional anisotropy of many minerals, and (iii) highly non-ideal 
mixing (including the miscibility gap) of some mixtures. For a given geologic problem, the 
complexities may also be due to complex boundary conditions and unknown or complicated 
initial conditions. Hence, in treating diffusion in minerals and melts, simplifications are 
usually made. These simplifications have led to successful understanding of many geological 
processes, although not complete understanding of the diffusion behavior of the whole system. 
Some problems (such as crystal growth and dissolution; Liang 1999, 2000) do require more 
rigorous treatment of diffusion.

On the other hand, there is much room to improve theories and models regarding diffusion 
coefficients, especially how they should depend on the composition and structure of the system. 
Such work would provide guidelines on future diffusion work. For example, the understanding 
of the role of speciation in the diffusion of some components has allowed us not only to gain 
insights into the diffusion mechanism but also to describe the diffusion behavior of these 
components well so that practical problems such as bubble growth in melts can be addressed 
(Proussevitch and Sahagian 1998; Liu et al. 2000; Zhang 2009).
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APPENDIx 1.  
ExPRESSION OF DIFFUSION TENSOR IN CRYSTALS  

wITH DIFFERENT SYMMETRY

This appendix gives explicitly the representation of the diffusion tensor in crystals with 
different symmetry following similar analyses in Nye (1985). Note that the diffusion tensor is 
a symmetric tensor based on the Onsager Reciprocal Principle (De Groot and Mazor 1962). 
Hence, a maximum of 6 coefficients are needed to describe the diffusion tensor in crystals with 
the lowest symmetry. 

In glasses and crystals of cubic systems, the D tensor in any arbitrary orthogonal axes can 
be written as a diagonal matrix with equal diagonal elements (or simply written as a scalar D): 

D =
















=
D

D

D

D

0 0

0 0

0 0

( )A1

The diffusivity along any direction is D. 
In hexagonal, tetragonal and trigonal systems, the D tensor can be written as follows (2 

independent coefficients) by choosing the z-axis along c direction, and x- and y-axes as any 
two mutually orthogonal axes in the plane perpendicular to c:

D =
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⊥

D

D
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c
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0 0
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( )

The diffusivity along the direction of the concentration gradient (diffusion direction) is D(q) = 
D^csin2q + D||ccos2q, where q is the angle between the diffusion direction and c.

In orthorhombic systems, the D tensor can be written as follows (3 independent 
coefficients) by choosing the x-, y-, and z-axes along the crystallographic a, b, and c directions:

D =
















D

D

D

a

b

c

0 0

0 0

0 0

3( )A

The diffusivity along any direction is D = Dacos2qa + Dbcos2qb + Dccos2qc, where qa, qb, and 
qc are the angles between the diffusion direction and the respective crystallographic axes a, b 
and c.

In monoclinic systems, the D tensor can be written as follows (4 independent coefficients) 
by choosing the y-axis along b direction, and x- and z-axes to be two mutually perpendicular 
directions in the a-c crystallographic plane: 

D =



















D D

D

D D

11 13
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13 33

0

0 0

0

( )A4

Triclinic systems (6 independent coefficients) (x-, y- and z-axes can be any three mutually 
perpendicular directions): 
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D =



















D D D

D D D

D D D
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12 22 23

13 23 33

( )A5

In monoclinic and triclinic systems, diffusion tensors (A4) and (A5) can be transformed 
to the diagonal form: 

D =
















D

D

D

1

2

3

A6

0 0

0 0

0 0

( )

which is similar to Equation (A3) but the axes are the principal diffusion axes 1, 2, 3 for 
diffusion (not necessarily the crystallographic directions a, b and c), and D1, D2 and D3 are the 
principal diffusivities along the principal axes. (In the monoclinic system, principal diffusion 
axis 2 is the same as the crystallographic direction b, and D2 = Db.) The diffusivity along any 
direction is D = D1cos2q1 + D2cos2q2 + D3cos2q3, where q1, q2, and q3 are the angles between 
the diffusion direction and the respective principal diffusion axes 1, 2 and 3. 




