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Abstract The linear response of the electronic density of a molecular-based
junction under potential bias conditions to a probing polarizing perturbation
is calculated to model the electronic spectra. It is shown that steady 
ux
conditions lead to dramatic e�ects on the electronic spectra of the con�ned
system. The non-equilibrium conditions enable electronictransitions that are
otherwise forbidden. The implemented methodology uses theKeldysh con-
tour formalism to express the electronic equations of motion. The related
time correlation Green Functions are then solved for in the full frequency
representation and at the linear response level.

1 Introduction

The modeling and experimenting of electron transport (ET) through nanoscale
systems are the focus of intensive research e�orts. Interest in such systems
ranges from possible advances in technology to studies of interesting physical
phenomena. The characterization of time-dependent (TD) electron-transport
is a challenge at the forefront of research e�orts since moststate-of-the-art
computational treatments of ET are limited to describing th e conductance
under steady state conditions [1{8].

TD transport studies provide access to fascinating quantume�ects related
to the conductance. For example, a large body of research considers quan-
tum interferences associated with photoassisted conductance in nanoscopic
systems driving behaviors such as absolute negative conductance, Coulomb
blockade, Kondo e�ects and electron pumping [9{20]. The experimental study
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of the dynamics of ET related to electron pumping is complemented by im-
portant theoretical treatments [21{36].

The challenges underlying molecular conductance studies include the
atomic scale characterization of the junction and association of the measured
conductance to single molecules. Typically, an elaborate experimental pro-
cedure involving large statistical sampling and control schemes is required
for proper investigation of the conductance properties of single molecules.
The combined measurement of both conductance and spectra ofmolecular
junctions has been reported using Raman scattering [37{41]. Conductance
enhancement in the junction has been correlated with changes of the in situ
measured Raman spectra of the molecular junction. This is anexciting devel-
opment that contributes to the characterization of molecular junctions under
bias. The ability to obtain spectral information of the junc tion system under
bias provides the needed probe to con�rm that single molecules are indeed
con�ned between the electrodes and carry the transport in the junction. It
is, therefore, important to proceed and consider the e�ectsof electronic 
ux
due to the bias on the electronic spectra of the molecular junction that is
mediating the electron transport.

In order to understand the dynamical e�ect of electron 
ux on the spectra
or of any other photo driven ET process proper treatment of the electronic
structure of the open systems has to be achieved. For achieving analysis of
the 
ux-a�ected electronic spectra, a TD approach that prob es the response
of the electronic density to a temporal delta function potential pulse can be
used to generate the system's spectra as is performed in traditional widely-
used linear response implementations of TD-DFT. This is extended below
to the analysis of electron 
ow e�ects on the optical excitat ions of a biased
model system.

Our TD approach is based on solving the electronic equationsof motion
(e.o.m.) as expressed by the Kadano�-Baym (K-B) equations derived from
the Keldysh formalism. Most descriptions of dynamic transport, that use
many body Green's Functions (GF)-based formalisms [36,42{44], follow the
seminal work of Jauho et al. [45]. More recent extensions of GFs approaches
to treat the dynamics of ET implement a real time propagation scheme. Other
approaches use a real time propagation of the electron density evaluated at
the DFT level [42, 43, 46{54]. A major limitation or di�culty is related to
treating the coupling of the propagated electronic densityto electron reser-
voirs. Other schemes involve the projection of the electronic structure of the
in�nite system to the device region. Master equations and propagation of the
projected system expressed by density matrix formulationshave been used
to analyze TD transport, where the periodicity of the time perturbation is
used to derive Floquet based expansions [36,55{61]. Of these we note schemes
which combine Floquet-based approaches with NEGF formalisms [36,60,61].

Recently we have reported the solution to the e.o.m.'s motion (K-B equa-
tions) of a model open system under the in
uence of a time dependent per-
turbing potential bias applied across the junction. Our approach for treating
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the dynamics was based on a simpli�ed �rst order time-dependent perturba-
tion treatment, where the electronic density of the electrodes is described by
a wide-band limit (WBL) approximation [62]. The transient c onduction of
model electronic channels were analyzed. There we also analyzed the depen-
dence of coherently driven transport on detuning induced byan electrostatic
�eld. This e�ect was characterized by temporal propagation of the current
energy density.

In this report we study the e�ects of non-equilibrium condit ions on the
electronic spectra of a model open channel system. We express the equations
in the full frequency domain and solve them at the linear response level. The
full frequency-space expressions of the e.o.m.'s are used to eliminate the WBL
approximation in treating the electronic structure of the b ulk [62]. Instead
the electrodes are treated exactly at the applied modeling level. Therefore,
an energy dependent DOS of the electrode evaluated by the relevant tight
binding treatment is used. This is a powerful scheme to calculate the elec-
tronic spectra of an open system at non-equilibrium conditions. We use our
methodology to demonstrate that the e�ect of 
ux due to bias c onditions is
to allow electronic transitions that are otherwise forbidden in the equilibrated
system.

2 Modeling Spectra of Open Channels under Bias
Conditions

2.1 Starting Point: Energy Resolved Time-Dependent
Density Matrix

In this study, the e�ect of non-equilibrium conditions on th e electronic spectra
of the coupled and biased system is analyzed at the most fundamental level.
Under equilibrium conditions electronic transitions between states below the
Fermi energy of the electrodes are inhibited due to their steady population.
This is illustrated in Fig. 1(left), where the e�ect of coupl ing to electrodes,
whose electronic structures are characterized by bands, isdepicted. The con-
tinuum of the electrodes' DOS is projected on the device region leading to
broadening of the otherwise discrete energy levels. In thisstudy we consider
the transitions between these states at non-equilibrium condition, where the
bias results in dynamical 
ux coupling the two electrodes through the broad-
ened energy levels. This 
ux as discussed below a�ects the electronic spectrum
of the system greatly. See the non-equilibrium system illustrated in the right
side of the �gure.

The electronic spectrum is calculated from the dynamic electronic den-
sity of a system responding to relevant perturbations. The time-dependent
response of the electronic density� (t) can be expressed in terms of a TD
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energy-resolved response:

� (t) =
Z

dE� (E; t ); (1)

where � (E; t ) is the energy resolved density matrix projected onto the junc-
tion. The energy dependence re
ects the band structure of the system coupled
to electrodes, where scattering states that couple both electrodes contribute
energy bands with a �nite width. For example, in this distrib ution, a peak
centered at E 0 with a �E width describes the e�ectively in�nite number of
states resulting from the projection. In general,� (E; t )dE contributes states
to the density matrix ( � (t)) with energies in the range E to E + dE. This
TD energy density can be used to describe the dynamics of any quantum
mechanical operator (Ô):

hO(t)i =
Z

dETr
h
� (E; t) Ô

i
: (2)

We consider next, in detail, the solution of the electronic equation of mo-
tion as obtained from Keldysh formalism-based expressions. It is, however,
important to note the following change in notation. The density of state en-
ergy variable, E , will be replaced by �! and the time variable, t, by �t, which
corresponds to the notation used in the earlier study [62].

Fig. 1 Scheme of the electronic levels of a device model system coupled to the electron
reservoir at (left) equilibrium (right) non-equilibrium conditions
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3 Linear Response of an Open System: Full Frequency
Space Electronic Equation of Motion

We now use the previously derived electronic e.o.m., in which the extended
nature of the system is projected onto the electronic structure of the device
region [62].

i
@
@�t

�G <
cc(�t; �! ) =

�
hcc; �G <

cc(�t; �! )
�

+
Z

d! 0[vcc (�t; ! 0)G <
cc(�t; �! � ! 0)

� G <
cc(�t; �! + ! 0)vcc (�t; ! 0)]

+
Z 1

�1
dt0[� R (�t � t0)�G cc

< (t0; �! )e� i h cc ( �t � t 0)

� ei h cc ( �t � t 0) �G cc (t0; �! )� A (t0 � �t)]: (3)

In this equation h is the Hamiltonian, and G< is the GF from which the TD
electronic density can be extracted. In the above equation,the subscript cc
refers to the device central subspace andG<

cc(�t; �! ) = G0;<
cc (�! ) + �G <

cc(�t; �! ).
We note that this is written in atomic units, where ~ � 1. The projection
is based on using the electrode's self-energy [62] expressed by � . Finally,
vcc (�t; ! 0) is the energy resolved TD perturbation expressed in terms of the
actual perturbation, v(t). In this representation vcc (�t; ! 0) is also unit-less:

v(�t; �! ) =
1
�

e� i 2�! �t
Z 1

�1
dtei (2�! ) t v(t) =

1
�

e� i 2�! �t ~v(2�! ): (4)

The full derivation of Eq. (3) is provided in Ref. [62].
To directly propagate the e.o.m.'s as expressed above in themixed repre-

sentation (�t; �! ) is computationally demanding at moderate to long times due
to the memory kernel, which must be recalculated for every time and fre-
quency. We, instead, solve the e.o.m. after expressing it inthe full frequency
domain. This corresponds to a transformation from the mixedrepresentation
to:

G< (�!; �! ) �
Z 1

�1
d�tei�! �t G< (�t; �! ): (5)

This transformation leads to the following form of the e.o.m. in the full
frequency domain:
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X

k;l

H ijkl (�! )�G <
CC;kl (�!; �! ) =

1
2�

h
vCC (�! )G 0;<

CC (�! � �!= 2) � G 0;<
CC (�! + �!= 2)vCC (�! )

i

ij

+
1
�

Z
d! 0�

vCC (2! 0)�G <
CC (�! � 2! 0; �! � ! 0)

� �G <
CC (�! � 2! 0; �! + ! 0)vCC (2! 0)

�
ij ;

(6)

where
H ijkl (�! ) � (�! + i� � �� ij )� ik � jl � � ijkl (�! ) (7)

and �� ij � � i � � j is the di�erence between the i -th and j -th eigenvalues
(� i , � j ) of H cc. The implemented formalism includes a broadening factor (� )
in de�ning the tensor H . It is required that the factor be su�ciently small
and that the temporal range of the calculation is large enough to include the
system's return to equilibrium. Namely, that the turn o� of t he perturbation
is included in the simulation.

For simplicity of both the notation and the computation, we n ow express
the tensor and matrices in Eq. (6) by reduced rank representation (tetradic
notation). In this representation, the rank four tensor is expressed as a rank
two matrix and the matrices are represented as vectors. Thus, a tensorH with
elementH ijkl is rewritten as an n2 � n2 matrix H , with elements H ni + j;nk + l .
Likewise, an n � n matrix A with elements A ij is rewritten as a vector jAii
with elements jAii ni + j .

The resulting simpler expression of the equation of motion is inverted and
solved by a perturbation expansion. After inverting H (�! ),

G(�! ) � H � 1(�! ); (8)

and using the reduced notation, the e.o.m. becomes

j�G <
CC (�!; �! )ii =

G(�! )jB (1)
CC (�!; �! )ii +

1
�

G(�! )
Z

d! 0jBCC (! 0; �!; �! )ii ;
(9)

where

jB (1)
CC (�!; �! )ii ni + j �

h
vCC (�! )G 0;<

CC (�! � �!= 2) � G 0;<
CC (�! + �!= 2)vCC (�! )

i

ij

(10)

and

jBCC (! 0; �!; �! )ii ni + j �
�
vCC (2! 0)�G <

CC (�! � ! 0; �! � 2! 0) � �G <
CC (�! + ! 0; �! � 2! 0)vCC (2! 0)

�
ij :

(11)
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3.1 Models

The model system considered in this study is composed of a pair of sites
aligned perpendicular to the direction of 
ow coupling two one-dimensional
wires. The graphical representation of this model system isprovided in Fig. 2,
where only the surface atom of the wire is depicted. The two central sites and
the surface sites de�ne the core region of the system. We use asimple tight
binding model for the electronic structure, where each siteis represented by
a single s type basis function. Relative to the center of a given atom A, this
basis function is expressed in spherical coordinates as� (rA ; � A ; � A ) � e� �r 2

A .
The "tightness" parameter, � , is determined by setting hrA i to the electronic
radius of the given atom. The sites of the electrode have beenparametrized
to represent gold atoms and the device sites are each representing a single
carbon atom. The corresponding region is designated below as AuC2Au.

Fig. 2 Illustration of the model composed of two sites bridging two one-dimensional semi-
in�nite wires. Only the surface atom of each wire is depicted

The atomic orbital Hamiltonian matrix is parametrized based on the ion-
ization potential and evaluated using the following Huckel-type expressions:

HA;A = � I A ; (12)

HA;B = �
1
2

K (I A + I B )SA;B ; (13)

where SA;B is the atomic orbital overlap between the s-electron basis func-
tions centered on atomsA and B , I A is the ionization potential for atom
A, and K is a constant set to 1:75. The numerical values for these pa-
rameters are provided in Table 1. The Hamiltonian is then orthogonalized
(H ! S� 1=2HS � 1=2) followed by the imposition of a tight-binding condition
within the electrode regions, where only site and nearest-neighbor hopping
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elements are non-zero. All site and hopping elements are kept in the four-site
region of the orthogonalized Hamiltonian that correspondsto the AuC 2Au
region of the pre-orthogonalized Hamiltonian. This Hamiltonian is padded
with electrode wires of nine Au atoms on each side of the perpendicular C2

system to ensure that edge e�ects are minimized in the orthogonalization
procedure.

Table 1 Radii, ionization potentials, I A , and Gaussian basis set coe�cients, � , for C and
Au

Atom radius �A I A (eV) � ( �A � 2 )
C 0.77 11.26 1.074
Au 1.44 9.22 0.307

We now calculate the electronic density and spectrum of thissystem, where
we include the surface atoms in the con�ned device region. This de�nes the
core device region as a four state space. The electronic DOS is generated
from G0;< (�! ). The electrodes' e�ects on the electronic DOS of the junction
are represented as usual by adding to the Hamiltonian the projection of the
surface GF onto the central region using the TB coupling terms.

Next, we consider the system prior to probing its spectroscopy. In all cases,
we note that for simplicity the Fermi energy is shifted to be zero and is located
in the middle of the HOMO-LUMO gap. This is schematically ill ustrated in
Fig. 1(left). The steady state description is derived from atime independent
perturbation perspective, where any bias has been turned onfor a su�ciently
long time to dissipate any transient or TD aspects.

The time independent perturbation v(t) � v � is Fourier transformed as in
Eq. (5) to the frequency domain:

v(�! ) = 2 �� (�! )v � ; (14)

We use the two-frequency representation of the time-dependent equations
of motion to derive a time-independent correction to G0;< . The resulting
expression is

jG 0;<
CC (�! )ii ! j G 0;<

CC (�! )ii + G(0)jB (1)
CC (�! )ii ; (15)

where B (1)
CC is reduced and simpli�ed in the steady state limit to

jB (1)
CC (�! )ii ni + j �

h
v � G 0;<

CC (�! ) � G 0;<
CC (�! )v �

i

ij
: (16)

Equation (15) is used as an initial guess for the steady statelesser Green
function that introduces the e�ects of weak bias v � .
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If v � is energetically on the order of the transition energies in the Hamil-
tonian, a �rst order expansion will not su�ce. In this case we turn on the
bias adiabatically (compared to the time evolution of the Hamiltonian) in n
small increments. This amounts to applying Eq. (15) iteratively n times,

jG 0;<; (m +1)
CC (�! )ii ! j G 0;<; (m )

CC (�! )ii +
1
n

G(0)jB (1) ;(m )
CC (�! )ii ; (17)

where

jB (1) ;(m )
CC (�! )ii ni + j �

h
v � G 0;<; (m )

CC (�! ) � G 0;<; (m )
CC (�! )v �

i

ij
: (18)

This ensures that, for every iteration, the perturbing Hamiltonian v � =n can
be made small for large enoughn.

3.2 Results

The electronic spectrum is obtained by tracing the dipole moment operator
oriented along the device (C2) axis (designated asz). This is aligned perpen-
dicular to the gold wires axis:

Im [h� z (�! )i ] =
Z

d�!T r
�
G< (�!; �! ) � �̂ z

�
; (19)

where the dipole operator matrix representation (f � g are the basis functions)
is:

� z;ij =
Z

d3r � i (r )ẑ� j (r ): (20)

The projected electronic DOS of the device region is calculated for several
related models. These models di�er in the number of the wire gold atoms
included in the device region. Following the tight-binding picture the most
distant atom included in the device region from the core pair of atoms is
assumed to well represent the surface site of the wire. The electronic DOS
and the corresponding spectra are provided in Fig. 3.

We note that the DOS of the device region, which is shown on theright
panel, converges with respect to the number of gold atoms included in the
central region. Namely, adding gold atoms to the device region does not
greatly a�ect the four major peaks in the distribution. Thes e additional wire
atoms mainly a�ect the DOS by further broadening the electronic density
within the HOMO-LUMO gap. This is a re
ection of the strongly delocalized
nature of the electrode model used in our calculations. The e�ects of these
broadening aspects on the modeled spectra are considered next.

Orbitals related to the main four bands of the core region areillustrated
in Fig. 4. The core region includes the two carbon atoms and a gold atom
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(a) Electronic DOS (b) Electronic spectra

Fig. 3 (a) The electronic density of states of the device region at equilibrium conditions
with models including 1,2 and 3 wire sites in the central regi on. (b) The corresponding
electronic spectra with the di�erent inclusion of gold atom s in the central region (The
spectra are given in atomic units as Bohr radius/Hartree)

from each wire which is most adjacent to the carbons. We have shifted the
energies to be centered about the Fermi energy which has beenchosen to be
zero for simplicity. In the chosen geometry, we assign the lowest state (occ1)
to a bonding interaction between the carbon atoms. The second state, which
is also occupied (occ2 or HOMO) corresponds to an antibonding interaction
between the carbon atoms. The next state, is unoccupied (virt1 or LUMO),
which at the considered equilibrium conditions involves antibonding interac-
tions between the two carbon atoms and with additional bonding interaction
between the two gold surface atoms across the device region.Finally the
highest state (virt2) is dominated by electron density localized on the gold
atoms with an anti-bonding node separating the two sites.

Fig. 4 Orbitals are plotted organized according to their energy le vels from left to right
in an increasing order. Left most panel illustrates the mole cular model of the core system
used in the calculations
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The corresponding electronic spectra show a strong dependence on the
model used. The models di�er by the number of gold atoms included in the
device region. First, we assign the dominant peak in all non biased spectra
to the HOMO-LUMO transition. We also note that there is no tra nsition
noted coupling into state virt2 due to the symmetry of the involved orbitals.
However, an unconverged response (peak) is generated for the limited model,
where only a single gold atom is included in the junction's space. For this
smaller model, a peak corresponding to the energy di�erencebetween states
occ1 and occ2 is generated. These electronic states, however, which lie ener-
getically below the Fermi energy, are both populated upon coupling to the
two wires.

Clearly electronic transitions that couple two occupied states are forbid-
den at equilibrium conditions. This indicated forbidden tr ansition is (almost
completely) removed upon including additional wire sites in the device at
equilibrium. It is shown that this peak in the spectra is gradually eliminated
at the equilibrium conditions by expanding the central region to include one
or two additional gold atoms from each wire. We also note thatthe di�erences
in the broad bands between the di�erent models result from the projection
of the in�nite electrodes onto the device region. This also leads to the broad-
ening observed on the electronic spectra (see Fig. 3).

The appearance of the additional and unphysical transition at an equi-
librium state is a re
ection of using a too restrictive model in the response
theory. This di�culty in converging the calculated spectra is due to the de-
localized nature of the electronic states that participate in the considered
transition. These states have a large gold atom component intheir electronic
DOS. The delocalized nature of the metal related electronicdensity is rep-
resented by self energies and is associated with the broadening e�ects. For
example, the strong delocalization of the HOMO results with an artifact
as noted above due to the self energy used in the spectra calculation. We,
therefore, use the model that includes three gold atom sitesin analyzing the
spectra under bias conditions to allow for proper treatmentof the electrodes'
e�ects on the electronic density of the con�ned system. Next, we analyze the
spectra at non zero bias-voltage conditions.

In Fig. 1(right) the e�ect of the potential bias is schematic ally represented.
The bias is shifting the e�ective Fermi energies of the two electrodes. In
the illustration the resulting energy window of non-equilibrium occupations
between the two electrodes is large enough to include both bands of the
HOMO and LUMO electronic states. In Figs. 5 and 6 the voltage dependent
spectra are provided. In Fig. 5 we provide the spectra of the low (left) and
high (right) bias regimes. In Fig. 6 we provide an overview ofoverall bias
e�ect. It is shown that for strong enough bias voltages the otherwise forbidden
transition becomes allowed. This is a 
ux induced transition. This is shown
in the �gure, where the peak corresponding to the transition between the
two lowest states only starts to develop for strong enough applied voltages. It
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becomes a dominant peak in the spectra, when the non-equilibrium conditions
are further enhanced by even higher applied potential biases.

(a) Low Bias (b) High Bias

Fig. 5 The dependence of the electronic spectra on the voltage: (a) Low voltage (b) High
voltage. The model used for these results includes 3 gold ato ms in the device region for
each electrode. (The spectra are given in atomic units as Boh r radius/Hartree)

Overall Bias
Fig. 6 The dependence of the electronic spectra on the voltage: Ove rall bias range. The
model used for these results includes 3 gold atom in the devic e region for each electrode.
(The spectra are given in atomic units as Bohr radius/Hartre e)

We observe the opposite trend on the higher peak in the spectra. This peak
corresponds to the transition of states occ2 to virt1 (HOMO-LUMO in the
equilibrium state). It becomes weaker as the two states experience stronger
non-equilibrium conditions, where both bands are populated by the dynamic
electron 
ux 
owing through them. This is another important consequence of
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the spectra due to the non-equilibrium conditions that is nicely demonstrated
by the implemented calculations.

4 Concluding Comments

A recently developed approach for the propagation of the electronic density
of a system coupled to electron reservoirs under dynamic non-equilibrium
conditions is used to study electrode biasing e�ects on the electronic spectra.
The projected equations of motion represent the e�ect of theelectrodes on
the dynamics expressed on the Keldysh contour, where the full time corre-
lation is represented by two time variable propagators, theGreen functions.
The projection is achieved by using self-energy expressions to represent the
e�ect of electrode coupling. In this report, the general equation of motion is
reexpressed in the full frequency domain and is solved at thelinear response
level to obtain the electronic response to electronic perturbations represented
in the dipole approximation.

This method is implemented on a model system involving two carbon
atoms sandwiched by and aligned perpendicular to two gold atom wires.
Exposing the system to steady non-equilibrium conditions,where the poten-
tials of the two electrodes are shifted, leads to electron 
ux that dynamically
a�ects the electronic spectra. Electronic transitions between conducting elec-
tronic channels, which are fully populated at equilibrium, become allowed
upon applying voltage bias. It is shown that a transition involving two occu-
pied states (at equilibrium) becomes stronger with the increase of the voltage
bias, whereas the electronic 
ux can lead to some reduction of the transition
for a transition coupling an occupied level to a virtual level.
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