Multiple Regression and Collinearity Using SAS
Description of Werner Dataset

For this example we use data from the Werner birth control study. Data for this study were collected from 188 women, 94 of whom were taking birth control pills, and 94 controls, matched on age, who were not taking birth control pills. The raw data are in the WERNER2.DAT file. For this analysis, we ignore the matching between cases and controls. The codebook for this study is shown below. This  dataset was read into a permanent SAS dataset in the lecture on simple linear regression.
	Variable
	Missing  Value 
	Column Location
	Format
	Description

	ID
	
	1-4
	4.0
	ID number

	AGE
	
	5-8
	4.0
	Age in years.  The same for the case and control within a matched pair.

	HT
	999
	9-12
	4.0
	Height in inches

	WT
	999
	13-16
	4.0
	Weight in pounds

	PILL
	
	17-20
	4.0
	1=NO, 2=YES

	CHOL
	
	21-24
	4.0
	Serum cholesterol level

	ALB
	99
	25-28
	4.1
	Albumin level

	CALC
	99
	29-32
	4.1
	Calcium level

	URIC
	99
	33-36
	4.1
	Uric acid level

	PAIR
	
	37-39
	3.0
	Pair number


Create a new variable

We generate a new variable called WTALB, which is the sum of WT and ALB, with random noise added to it. The rannor function will generate a random normal variable, with mean=0 and variance=1, using the number in parentheses as a seed for the process to generate the random variable. We specify an arbitrary seed to make sure we get the same results each time. To allow a different random seed each time, use the value of 0 for the seed, and SAS will base the seed on the clock time when it is run.

libname b510 "c:\documents and settings\kwelch\desktop\b510";
data werner;

  set b510.werner;

  wtalb = weight + alb + rannor(5527);
run;

Descriptive Statisics 

title "Werner Data";

proc means data=werner;

run;
                                            Werner Data        

                                         The MEANS Procedure

           Variable      N            Mean         Std Dev         Minimum         Maximum

           -------------------------------------------------------------------------------

           ID          188         1598.96         1057.09       3.0000000         3519.00

           AGE         188      33.8191489      10.1126942      19.0000000      55.0000000

           HT          186      64.5107527       2.4850673      57.0000000      71.0000000

           WT          186     131.6720430      20.6605767      94.0000000     215.0000000

           PILL        188       1.5000000       0.5013351       1.0000000       2.0000000

           CHOL        187     235.1550802      44.5706219      50.0000000     390.0000000

           ALB         186       4.1112903       0.3579694       3.2000000       5.0000000

           CALC        185       9.9621622       0.4795556       8.6000000      11.1000000

           URIC        187       4.7705882       1.1572312       2.2000000       9.9000000

           wtalb       184     135.6828504      20.5287423      98.8866080     218.6216686

           -------------------------------------------------------------------------------
Correlation
Before we fit a multiple regression model, we examine the correlations among the predictor variables and dependent variable using Proc Corr. We first use the default settings from Proc Corr, which gives us a correlation matrix with pairwise deletion of missing values. In the correlation matrix below the sample size for each pair of variables is based on all available cases for those two variables.

. 

TITLE "PEARSON CORRELATION MATRIX PAIRWISE DELETION";

proc corr data=werner;

     var chol age calc uric alb wt wtalb; 

run;
                     Pearson Correlation Matrix Listwise Deletion                                  

                                      The CORR Procedure

         7  Variables:    CHOL     AGE      CALC     URIC     ALB      WT       WTALB

                                      Simple Statistics

  Variable           N          Mean       Std Dev           Sum       Minimum       Maximum

  CHOL             181     234.81215      44.80722         42501      50.00000     390.00000

  AGE              181      33.49171       9.89086          6062      19.00000      55.00000

  CALC             181       9.96575       0.47227          1804       8.80000      11.10000

  URIC             181       4.74586       1.12558     859.00000       2.20000       9.90000

  ALB              181       4.11878       0.35852     745.50000       3.20000       5.00000

  WT               181     131.19890      20.49103         23747      94.00000     215.00000

  wtalb            184     135.68285      20.52874         24966      98.88661     218.62167

                                Pearson Correlation Coefficients

                                     Prob > |r| under H0: Rho=0

                                        Number of Observations

                 CHOL          AGE         CALC         URIC          ALB           WT        wtalb

   CHOL       1.00000      0.36923      0.25609      0.28622      0.07064      0.11978      0.12143

                            <.0001       0.0004       <.0001       0.3393       0.1044       0.1015

                  187          187          185          186          185          185          183

   AGE        0.36923      1.00000     -0.03259      0.17758     -0.07202      0.25211      0.26363

               <.0001                    0.6596       0.0150       0.3286       0.0005       0.0003

                  187          188          185          187          186          186          184

   CALC       0.25609     -0.03259      1.00000      0.19486      0.45345      0.07029      0.07021

               0.0004       0.6596                    0.0079       <.0001       0.3444       0.3476

                  185          185          185          185          183          183          181

   URIC       0.28622      0.17758      0.19486      1.00000      0.00719      0.30433      0.30180

               <.0001       0.0150       0.0079                    0.9226       <.0001       <.0001

                  186          187          185          187          185          185          183

   ALB        0.07064     -0.07202      0.45345      0.00719      1.00000     -0.25335     -0.23790

               0.3393       0.3286       <.0001       0.9226                    0.0005       0.0011

                  185          186          183          185          186          184          184

   WT         0.11978      0.25211      0.07029      0.30433     -0.25335      1.00000      0.99857

               0.1044       0.0005       0.3444       <.0001       0.0005                    <.0001

                  185          186          183          185          184          186          184

   wtalb      0.12143      0.26363      0.07021      0.30180     -0.23790      0.99857      1.00000

               0.1015       0.0003       0.3476       <.0001       0.0011       <.0001

                  183          184          181          183          184          184          184

Correlation with nomiss option

Next, we examine the correlations using the nomiss option, which gives us a correlation matrix with listwise deletion of cases. That is, only those cases that have complete data for all variables (n=181)  will be included in the correlation matrix. This corresponds to the method used in Proc Reg, which requires complete data on all variables for a case to be included in the analysis.
title “Pearson Correlation Matrix Listwise Deletion”;

proc corr data=werner nomiss;

     var chol age calc uric alb wt wtalb;

run;
                                     Simple Statistics

      Variable           N          Mean       Std Dev           Sum       Minimum       Maximum

      CHOL             181     234.81215      44.80722         42501      50.00000     390.00000

      AGE              181      33.49171       9.89086          6062      19.00000      55.00000

      CALC             181       9.96575       0.47227          1804       8.80000      11.10000

      URIC             181       4.74586       1.12558     859.00000       2.20000       9.90000

      ALB              181       4.11878       0.35852     745.50000       3.20000       5.00000

      WT               181     131.19890      20.49103         23747      94.00000     215.00000

      wtalb            181     135.21072      20.29079         24473      98.88661     218.62167
                            Pearson Correlation Coefficients, N = 181

                                      Prob > |r| under H0: Rho=0

                 CHOL          AGE         CALC         URIC          ALB           WT        wtalb

   CHOL       1.00000      0.36650      0.25979      0.29461      0.07506      0.11762      0.12006

                            <.0001       0.0004       <.0001       0.3153       0.1148       0.1074

   AGE        0.36650      1.00000     -0.00494      0.21414     -0.07437      0.24973      0.25314

               <.0001                    0.9474       0.0038       0.3197       0.0007       0.0006

   CALC       0.25979     -0.00494      1.00000      0.17155      0.45498      0.06047      0.07021

               0.0004       0.9474                    0.0209       <.0001       0.4187       0.3476

   URIC       0.29461      0.21414      0.17155      1.00000      0.03736      0.29291      0.29228

               <.0001       0.0038       0.0209                    0.6175       <.0001       <.0001

   ALB        0.07506     -0.07437      0.45498      0.03736      1.00000     -0.23812     -0.22244

               0.3153       0.3197       <.0001       0.6175                    0.0012       0.0026

   WT         0.11762      0.24973      0.06047      0.29291     -0.23812      1.00000      0.99852

               0.1148       0.0007       0.4187       <.0001       0.0012                    <.0001

   wtalb      0.12006      0.25314      0.07021      0.29228     -0.22244      0.99852      1.00000

               0.1074       0.0006       0.3476       <.0001       0.0026       <.0001
Scatterplot Matrix

Next, we examine a scatterplot matrix for the variables: Chol, Calc, Uric, and Age, Wt and Wtalb.

proc sgscatter data= werner;

  matrix Chol Age Calc Uric Alb Wt WtAlb;

run;
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Multiple Regression Model

Now we fit a multiple regression model with cholesterol (CHOL) as the dependent variable, and age, calcium, uric acid, albumin and weight as predictors. We request the standardized coefficients with the stb option, and examine collinearity with the three options: tol, vif, and collin. We also request the influence diagnostic, Cook’s Distance (a summary measure of the influence of each observation on the parameter estimates).
title1 "MULTIPLE REGRESSION ANALYSIS";

title2 "WITH COLLINEARITY DIAGNOSTICS";

proc reg data= werner;

     model chol = age calc uric alb wt / stb tol vif collin;

     plot rstudent. * predicted.;
     output out=outreg1 p=predict1 r=resid1 rstudent=rstud1

             cookd = cookd1;

run;quit;
                                MULTIPLE REGRESSION ANALYSIS    

                                 WITH COLLINEARITY DIAGNOSTICS

                                       The REG Procedure

                                         Model: MODEL1

                                   Dependent Variable: CHOL

                    Number of Observations Read                        188

                    Number of Observations Used                        181

                    Number of Observations with Missing Values           7

                                     Analysis of Variance

                                            Sum of           Mean

        Source                   DF        Squares         Square    F Value    Pr > F

        Model                     5          85352          17070      10.82    <.0001

        Error                   175         276032     1577.32432

        Corrected Total         180         361384

                     Root MSE             39.71554    R-Square     0.2362

                     Dependent Mean      234.81215    Adj R-Sq     0.2144

                     Coeff Var            16.91375

                                     Parameter Estimates

                    Parameter      Standard                        Standardized

 Variable    DF      Estimate         Error   t Value   Pr > |t|       Estimate     Tolerance

 Intercept    1     -55.66568      65.84364     -0.85     0.3990              0             .

 AGE          1       1.51731       0.31310      4.85     <.0001        0.33494       0.91375

 CALC         1      23.13256       7.23435      3.20     0.0016        0.24382       0.75069

 URIC         1       7.77395       2.82519      2.75     0.0066        0.19529       0.86656

 ALB          1      -3.61701       9.72612     -0.37     0.7104       -0.02894       0.72069

 WT           1      -0.09809       0.16119     -0.61     0.5436       -0.04486       0.80319

                                     Parameter Estimates

                                                     Variance

                                 Variable    DF     Inflation

                                 Intercept    1             0

                                 AGE          1       1.09439

                                 CALC         1       1.33210

                                 URIC         1       1.15399

                                 ALB          1       1.38755

                                 WT           1       1.24504

                                     Collinearity Diagnostics

                                                         Condition

                               Number    Eigenvalue          Index

                                    1       5.87226        1.00000

                                    2       0.06389        9.58714

                                    3       0.03985       12.13989

                                    4       0.01979       17.22558

                                    5       0.00317       43.03127

                                    6       0.00104       75.16465

                                            Collinearity Diagnostics

            -----------------------------Proportion of Variation-----------------------------

   Number     Intercept           AGE          CALC          URIC           ALB            WT

        1    0.00005791       0.00200    0.00004819       0.00129    0.00015438    0.00054274

        2       0.00127       0.93760       0.00128       0.01076       0.00570       0.00210

        3       0.00310       0.01098       0.00228       0.91410       0.01133    0.00055001

        4    0.00084135       0.04094       0.00162       0.06181       0.04116       0.75326

        5       0.19460       0.00311       0.07113    0.00089968       0.87927       0.24347

        6       0.80013       0.00537       0.92366       0.01113       0.06239    0.00008896
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Check residuals for normality
We examine the distribution of the residuals to check for normality. We see that there is no apparent skewness, and that the residuals appear to be reasonably normally distributed.

title "Residuals from Multiple Regression";

proc univariate data=outreg1;

  var rstud1;

  histogram / normal;

  qqplot / normal(mu=est sigma=est);

run; 
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Tests for normality indicate that we do not reject H0, and conclude that the residuals are normally distributed.

                             Fitted Normal Distribution for rstud1

                               Parameters for Normal Distribution

                                 Parameter   Symbol   Estimate

                                 Mean        Mu       0.000745

                                 Std Dev     Sigma    1.012283

                        Goodness-of-Fit Tests for Normal Distribution

                Test                  ----Statistic-----   ------p Value------

                Kolmogorov-Smirnov    D       0.04090563   Pr > D       >0.150

                Cramer-von Mises      W-Sq    0.04840613   Pr > W-Sq    >0.250

                Anderson-Darling      A-Sq    0.39849078   Pr > A-Sq    >0.250

Examine the output dataset

Next we take a look at descriptives for the output dataset.
title "DESCRIPTIVES ON OUTREG1 DATA SET";

proc means data=outreg1;

run;

                               DESCRIPTIVES ON OUTREG1 DATA SET                            

                                      The MEANS Procedure

  Variable    Label                                         N            Mean         Std Dev

  -------------------------------------------------------------------------------------------

  AGE                                                     188      33.8191489      10.1126942

  HT                                                      186      64.5107527       2.4850673

  WT                                                      186     131.6720430      20.6605767

  PILL                                                    188       1.5000000       0.5013351

  CHOL                                                    187     235.1550802      44.5706219

  ALB                                                     186       4.1112903       0.3579694

  CALC                                                    185       9.9621622       0.4795556

  URIC                                                    187       4.7705882       1.1572312

  WTALB                                                   184     135.7978261      20.6557047

  AGEGRP                                                  188       2.5425532       1.1106186

  AGEDUM1                                                 188       0.2340426       0.4245295

  AGEDUM2                                                 188       0.2446809       0.4310457

  AGEDUM3                                                 188       0.2659574       0.4430215

  AGEDUM4                                                 188       0.2553191       0.4372048

  predict1    Predicted Value of CHOL                     181     234.8121547      21.7756052

  resid1      Residual                                    181    9.048624E-15      39.1600531

  cookd1      Cook's D Influence Statistic                181       0.0058677       0.0127657

  rstud1      Studentized Residual without Current Obs    181     0.000744985       1.0122833

  -------------------------------------------------------------------------------------------

     Variable    Label                                            Minimum         Maximum

     ------------------------------------------------------------------------------------

     AGE                                                       19.0000000      55.0000000

     HT                                                        57.0000000      71.0000000

     WT                                                        94.0000000     215.0000000

     PILL                                                       1.0000000       2.0000000

     CHOL                                                      50.0000000     390.0000000

     ALB                                                        3.2000000       5.0000000

     CALC                                                       8.6000000      11.1000000

     URIC                                                       2.2000000       9.9000000

     WTALB                                                     98.1000000     219.3000000

     AGEGRP                                                     1.0000000       4.0000000

     AGEDUM1                                                            0       1.0000000

     AGEDUM2                                                            0       1.0000000

     AGEDUM3                                                            0       1.0000000

     AGEDUM4                                                            0       1.0000000

     predict1    Predicted Value of CHOL                      194.6955859     296.5743030

     resid1      Residual                                    -149.2035999     133.0281760

     cookd1      Cook's D Influence Statistic                1.8457396E-6       0.0953966

     rstud1      Studentized Residual without Current Obs      -3.9868078       3.5413323

     dffits      Standard Influence on Predicted Value         -0.7757284       0.7811065

     ------------------------------------------------------------------------------------
Cook's Distance 
We examine a plot of Cook’s Distance vs. the observation number, so we can identify influential observations. To do this, we first modify the outreg1 dataset to add a new variable called OBSNUM, which is equal to the special variable _n_, which is actually just the observation number.

data outreg1;

  set outreg1;

  obsnum = _n_;

run;
title "Cook's Distance vs. Observation Number";

proc sgplot data=outreg1;

  scatter y=cookd1 x=obsnum;

run;
We see that there are a number of observations with very high values of Cook’s Distance, relative to the other observations.
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Examine influential observations
We can examine these observations by using Proc Print, and selecting those cases with high values of Cook’s Distance, by using a where statement.

proc print data=outreg1;

  where cookd1 > .05;

  var id chol age calc uric alb wt predict1 resid1 rstud1 cookd1;

run;
Note that these cases are influential, and that observation 4 and observation 182 are also not well fit by the regression model (they both have studentized residuals that are greater than 3 in absolute value). We might want to check the values of the variables for these cases to verify that there are no problems with them, and then possbibly fix these values, and rerun the analysis.

  Obs    ID    CHOL   AGE   CALC   URIC   ALB    WT   predict1    resid1     rstud1     cookd1

   4   1797     50    25    9.6    3.0   3.8   150    199.204   -149.204   -3.98681   0.092426

  60    152    317    27    9.8    8.4   3.7   180    246.263     70.737    1.89177   0.065697

  70   2830    305    28    9.3    2.4   4.1   113    194.696    110.304    2.89051   0.052719

 182   3134    390    50    9.7    5.5   4.6   140    256.972    133.028    3.54133   0.095397
Mulitiple Regression Model with collinearity:
Now, we fit a multiple regression model in which we deliberately include a variable, WTALB, which is almost perfectly collinear with weight (it is the sum of weight and albumin, plus some random noise). Notice that the VIF for WT and WTALB are both very large, and that the condition number for the model is also very large (Condition Index=475).
TITLE1 "MULTIPLE REGRESSION ANALYSIS";

TITLE2 "WITH ALMOST PERFECT COLLINEARITY";

proc reg data= werner;

     model chol = age calc uric alb wt wtalb/ stb tol vif collin;

run;      
                                    MULTIPLE REGRESSION ANALYSIS                                    

                                   WITH ALMOST PERFECT COLLINEARITY 

                                          The REG Procedure

                                            Model: MODEL1

                                      Dependent Variable: CHOL

                        Number of Observations Read                        188

                        Number of Observations Used                        181

                        Number of Observations with Missing Values           7

                                         Analysis of Variance

                                                Sum of           Mean

            Source                   DF        Squares         Square    F Value    Pr > F

            Model                     6          85395          14233       8.97    <.0001

            Error                   174         275988     1586.13938

            Corrected Total         180         361384

                         Root MSE             39.82637    R-Square     0.2363

                         Dependent Mean      234.81215    Adj R-Sq     0.2100

                         Coeff Var            16.96095

                                         Parameter Estimates

                   Parameter     Standard                     Standardized                  Variance

  Variable   DF     Estimate        Error  t Value  Pr > |t|      Estimate    Tolerance    Inflation

  Intercept   1    -55.63036     66.02771    -0.84    0.4006             0            .            0

  AGE         1      1.52197      0.31522     4.83    <.0001       0.33596      0.90649      1.10315

  CALC        1     23.20095      7.26628     3.19    0.0017       0.24454      0.74827      1.33642

  URIC        1      7.74615      2.83804     2.73    0.0070       0.19459      0.86353      1.15804

  ALB         1     -3.21948     10.04429    -0.32    0.7490      -0.02576      0.67953      1.47159

  WT          1      0.36616      2.80784     0.13    0.8964       0.16745      0.00266    375.66671

  wtalb       1     -0.46806      2.82621    -0.17    0.8687      -0.21196      0.00268    373.19616

                                       Collinearity Diagnostics

                                                            Condition

                                   Number   Eigenvalue          Index

                                        1      6.85962        1.00000

                                        2      0.06446       10.31553

                                        3      0.04001       13.09409

                                        4      0.03159       14.73493

                                        5      0.00324       46.01321

                                        6      0.00104       81.23728

                                        7   0.00003041      474.95229

                                       Collinearity Diagnostics

           ---------------------------------Proportion of Variation---------------------------------

   Number    Intercept          AGE         CALC         URIC          ALB           WT        wtalb

        1   0.00004242      0.00145   0.00003518   0.00093872   0.00010651   0.00000132   0.00000123

        2      0.00101      0.95092      0.00101      0.00595      0.00413   0.00000982   0.00000951

        3      0.00240      0.00969      0.00167      0.95455      0.00722   0.00001084   0.00001203

        4      0.00313      0.02137      0.00347      0.02283      0.03246   0.00069664   0.00057397

        5      0.19381      0.00417      0.07006   0.00031266      0.83559   0.00015596   0.00019089

        6      0.79958      0.00534      0.92096      0.01103      0.05915  1.463101E-7  7.586863E-7

        7   0.00002208      0.00705      0.00279      0.00439      0.06135      0.99913      0.99921
PAGE  
12

