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• Non-critical string theory exists for c ≤ 1

• For minimal (p, q) conformal matter and for c = 1,

there exists a Double Scaled Matrix Model formulation

Z(ti) =
∫

dA dB eVp(A)+Wq(B)+AB+
∑

i tiOi(A,B)
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These models are exactly solvable

Partition function: (e.g. for (2,1))

Z = τ(t0, t1, t2, ...) = e
t30
6 +t1

24+
t30t1
6 + 1

24t0t2+
t21
48+...

• is the τ -function of p reduced KP heirarchy

• Z(ti) is the generating function for closed string

correlation functions

Reminiscent of Open/Closed String Duality



4

Kontsevich Matrix Model (review, Di Francesco et.al.)

e.g. for (2,1), Z(ti) = C(Λ)−1
∫

dMeTrM3

3 +
√

ΛM2

logZ = − 1
12

(TrΛ−1)3 − 1
48

TrΛ−3

+
1
24

(TrΛ−1)3TrΛ−3 +
1
32

TrΛ−1TrΛ−5 +
1
12

(TrΛ−3)2 + . . .

=
t30
6

+
t1
24

+
t30t1
6

+
1
24

t0t2 +
t21
48

+ . . .

t2k+1 = ckTrΛ−(2k+1) ck = (−2)−(2k+1)/3(2k − 1)!!

http://arxiv.org/abs/hep-th/9306153
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Two distinct matrix formulations:

Both reminiscent of open-closed string duality

m
D-branes in minimal string theory: ZZ, FZZT

• Double Scaled Matrix Model ⇔ ZZ-branes

McGreevy, Verlinde; Klebanov, Maldacena, Seiberg

• Kontsevich Matrix Model ⇔ FZZT-branes

Gaiotto, Rastelli; Maldacena, Moore, Seiberg, Shih

http://arxiv.org/abs/hep-th/0304224
http://arxiv.org/abs/hep-th/0305159
http://arxiv.org/abs/hep-th/0312196
http://arxiv.org/abs/hep-th/0408039
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Observation of Gaiotto and Rastelli

SFT of open strings on FZZT

S = + =
∫

Ψ ∗QΨ+
2
3
Ψ ∗Ψ ∗Ψ

Precisely the Kontsevich Matrix Integral

S = Tr
(√

ΛM 2 +
M 3

3

)
, λi = µB i

http://arxiv.org/abs/hep-th/0312196
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• Kontsevich Matrix Model naturally cubic

• Analogue of Witten’s derivation of Chern-Simons

theory as SFT of open topological A model

• The fact that the matrix model computes closed string

observables is analogous to Gopakumar-Vafa

• FZZT branes are stable

• No double scaling limit

http://arxiv.org/abs/hep-th/9207094
http://arxiv.org/abs/hep-th/9811131
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These are nice observations, but so far, only for

(p, q) = (2, 1) minimal models

• What about (p, 1) models

• What about c = 1 models

• What about ĉ = 1 models

• Further generalizations?
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Generalization to (p, 1)

Generalized Kontsevich Matrix Model:

S = Tr
(

Zp+1

p + 1
− ΛZ

)
Is this a SFT? Unlike (2,1), it is not cubic

• Perhaps this is an effective action after integrating out

all but one open string degrees of freedom

• Perhaps this is like closed SFT or supersymmetric SFT

which somehow truncates at finite order
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To study the SFT along the lines of Gaiotto and Rastelli,

one must investigate topological gravity with boundary,

coupled to minimal topological matter Dijkgraaf, Verlinde,

Verlinde

General case not as trivial as the case of pure topological

gravity (2,1)

SFT/Kontsevich correspondence for (p, 1) is an open

problem.

http://www.slac.stanford.edu/spires/find/hep/www?key=2258749
http://www.slac.stanford.edu/spires/find/hep/www?key=2258749
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Double scaled matrix model approach

FZZT = Macroscopic loop operator

Disk =
∂

∂µB
Z(µB) = 〈Tr

1
µB −M

〉

eDisk = 〈eTr log(µB−M)〉 = 〈det(µB −M)〉 = 〈
∫

dχdχ̄eχ̄(µB−M)χ〉

(2,1) model is just a Gaussian

〈. . .〉 =
∫

dM(. . .)e−
M2

2g

Integrate out M , integrate in (s− χ̄χ)2, and integrate out χ, and

double scale ⇒ Kontsevich Matrix Integral s



12

This is the observation of Maldacena, Moore, Seiberg, Shih

• Tests Kontsevich Matrix Model at the quantum level

• General lesson: Double scaled matrix model approach easier and

more powerful

This approach turns out to be readily generalizable to (p, 1) case

Two-Matrix Model Daul, Kazakov, Kostov

Z(ti) =
∫

dA dB eVp(A)+Wq(B)+AB+
P

i tiOi(A,B)

FZZT: 〈det(λ−B)〉 ⇒ Generalized Kontsevich Matrix Model

http://arxiv.org/abs/hep-th/0408039
http://arxiv.org/abs/hep-th/9303093
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That was essentially the idea of AH, Huang, Klemm, Shih

• Also issue of FZZT as a probe of target space geometry and

Stokes’s phenomena which de-singularizes the space time

• More importantly, it provides reasurances that SFT and

Generalized Kontsevich Matrix Model should eventually come out.

What about the c = 1 model?

Matrix model of Imbimbo and Mukhi

Zn(A, t̄) = (det A)ν

∫
dM eTr(−νMA+(ν−n) log M−ν

P∞
k=1 t̄kMk)

Is this also open/closed string duality?

http://arxiv.org/abs/hep-th/0501141
http://arxiv.org/abs/hep-th/9505127
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• SFT for Dirichelt FZZT in c = 1 at self dual radius: Ghoshal,

Mukhi, Murthy

∞-states from winding modes: did not resemble Imbimbo-Mukhi

• Determinant operator in Normal Matrix Model: Mukherjee, Mukhi

Normal Matrix model is a matrix representation of the Toda

integrable heirarchy. No double scaling. Already very close to

Imbimbo-Mukhi.

Not clear how FZZT and the determinant of Normal Matrix Model

are related

http://arxiv.org/abs/hep-th/0406106
http://arxiv.org/abs/hep-th/0406106
http://arxiv.org/abs/hep-th/0505180
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Lesson from before: Approach from the Double Scaled Matrix Model

S = Tr
∫ β

0

dx

(
iP (∇AΦ)− 1

2
P 2 +

1
2
Φ2

)
In the Light-cone/Chiral formulation: (Kostov)

S = Tr
∫ β

0

dx(−iX+∇AX− + X+X−), X± =
Φ± P√

2

FZZT-Dirichlet brane is realized by Macroscopic Loop operator

det(Φ(x)− µB) = det
(

(X+(x) + X−(x))/
√

2− µB

)
= det

(
(eix/RX+(x = 0) + e−ix/RX−(x = 0))/

√
2− µB

)

http://arxiv.org/abs/hep-th/0208034
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Apriori depends on both X+ and X−. If one continues x = −it, and

scale µB = etµ′B, t →∞, this approaches

eW →
∏

i

det
(

1− X+

µ′B i

)
,

The upshot of Ellwood and AH is that the expectation value of this

operator can be massaged to take on the Imbimbo-Mukhi form.

• Explains why Ghoshal, Mukhi, Murthy didn’t work. Needs scaling

• Physical meaning of scaling not 100% clear. c.f. Gaiotto, Itzhaki,

Rastelli

http://arxiv.org/abs/hep-th/0512217
http://arxiv.org/abs/hep-th/0406106
http://arxiv.org/abs/hep-th/0304192
http://arxiv.org/abs/hep-th/0304192
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An interesting observation: the method applicable away from
self-dual radius

Zn(A, t−) =
∫

dMi
∆(M)
∆(A)

n∏
i=1

[
(MiAi)νR+(R−1)/2e−ν((MiAi)

R+1
nt−nMn

i )−n log(Mi)
]

Integral representation of Toda flow for R 6= 1 (Mukherjee, Mukhi)

At R = 1, Harish-Chandra/Itzykson-Zuber can be used to re-write

this in a matrix form

Explains why Kontsevich Matrix Model for R 6= 1 was not discovered

http://arxiv.org/abs/hep-th/0505180
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More generalizations?

C1 C2 C3 C4

D2

D3

D1

O
T

I

Are there 1-line “matrix” representation for Toda-flows

corresponding to the D-branch and E-archipelago?

How about Kontsevich-like matrix representation for the

Drinfeld-Sokolov and exceptional hierarchy described in DVV?

Double scale matrix model like DKK?

http://www.slac.stanford.edu/spires/find/hep/www?key=2258749
http://arxiv.org/abs/hep-th/9303093
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How about 0A/0B models? 0A Kontsevich: (Ita, Nieder, Oz, Sakai)

∫
dM

∆(M)
∆(A)

n∏
i=1

(MiAi)−s+R/2Jq(µAR
i MR

i ) exp[iµ(t−(Mi))− n log(Mi)]

(Ellwood and AH)

0B subtle in defining the vacuum non-perturbatively

(Maldacena, Seiberg)

Everything subtle when dealing with both momentum and winding

http://arxiv.org/abs/hep-th/0403256
http://arxiv.org/abs/hep-th/0512217
http://arxiv.org/abs/hep-th/0506141


20

Interesting to identify the integrable structure and the

Imbimbo-Mukhi like formula for all points in the

moduli-space of ĉ = 1 models (Seiberg)

3

0B 0A

IIA IIB

1

4

78

2

6 5

http://arxiv.org/abs/hep-th/0502156
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How about FZZT-Neumann branes and open/closed

string duality?

• Macroscopic loop operators are FZZT-Dirichlet. It

sources momentum modes

• Presumably, FZZT-Neumann sources winding modes.

• A proposal due to Gaiotto:

S =
∫

dt Tr[(D0M)2 + M2] + u†(D0 + f(M)− µB)u + ū†(D0 + g(M)− µB)ū

Not properly tested against disk and annulus amplitude

computations (and compared against continuum)

http://arxiv.org/abs/hep-th/0503215
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In fact, even the Dirichlet-FZZT ⇔ macroscopic loop

identification is justified in part by comparing against

continuum computations → Perturbative

How does one formulate FZZT branes non-perturbatively

in the double scaled matrix model?
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Parting thoughts

• How is Gaiotto-Rastelli generalized to (p, 1)?

• What are the generalized Kontsevich matrx integral for

D and E type minimal/c = 1/ĉ = 1 models

• What is the physical meaning of scaling used in

relating FZZT-Dirichelt branes of c = 1 to

Imbimbo-Mukhi matrix integral?

• What is the double scaled matrix model formulation of

FZZT-Neumann branes?
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Why are these issues not yet settled if the model is
exactly solvable?


