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OUTLINE

@ APPLICATION FOR THE STOCHASTIC NLS EQUATIONS
@ The stochastic NLS equations
@ LD for the small noise asymptotic
@ Error in soliton transmission

© APPLICATION FOR A STOCHASTIC KDV EQUATION
@ A stochastic KdV equation
@ Random modulations of solitons
@ Exit problems related to the persistence of solitons

© ANNEX
@ Other applications of LD for stochastic NLS
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@ Deterministic equation: generic model for the propagation of wave
packets in weakly nonlinear and weakly dispersive media

@ The linear equation as an evolution equation:

ifu=Au, teR
u(0) = up

e u(t) e H' = {f € L2(RY,C) : Vf € L?(R9,C)} where L2(R9,C) is
equipped w/ (f, g)12(re,c) = Re [pa F(x)Z(x)dx.
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@ Deterministic equation: generic model for the propagation of wave
packets in weakly nonlinear and weakly dispersive media

@ The linear equation as an evolution equation:

{ itu=Au teR
)

e u(t) e H' = {f € L2(RY,C) : Vf € L?(R9,C)} where L2(R9,C) is
equipped w/ (f, g)12(re,c) = Re [pa F(x)Z(x)dx.
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@ Deterministic equation: generic model for the propagation of wave
packets in weakly nonlinear and weakly dispersive media

@ The linear equation as an evolution equation:

{ itu=Au teR
)

e u(t) e H' = {f € L2(RY,C) : Vf € L?(R9,C)} where L2(R9,C) is
equipped w/ (f, g)12(re,c) = Re [pa F(x)Z(x)dx.

@ (—iA,H3) generates a unitary group (U(t)),cr, U(t) are isometries
on the spaces H®.

@ Dispersive property: exp (/ k- X — /wt) solution iff w = |k|°.

0 Wp>2, Vt£0, Yug € L7, | U(t)uol|re < (4r]t])~7CG5) | ug||
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THE STOCHASTIC NONLINEAR SCHRODINGER EQUATIONS

@ We consider mild solutions in H' := H*(R9, C) of
o idu= (Au+ Au[*u)dt + /edW (1),
o idu= (Au+ Nul*u)dt+JeuodW (2);
EXAMPLE (EQ. (2))
u(t) = U(t)Uot — A fot Ut — s)(|u(s)|2”u(s))tds
—3€Jy Ut = s)Fo(x)u(s)ds — iv/e [y U(t — s)u(s)dW(s)

where  Fo(t) = > (Pei(t))?, ()5, cos. of L2
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—3€Jy Ut = s)Fo(x)u(s)ds — iv/e [y U(t — s)u(s)dW(s)
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@ Nonlinearity and noise treated as perturbations
@ W = oW, ¢ is Hilbert-Schmidt from L? to H* (eq. (1)) or H*(R9, R)
where s > 2 + 1 (eq. (2)), W« is a cylindrical Wiener process "on" L?:
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@ We consider mild solutions in H' := H*(R9, C) of
o idu= (Au+ Au[*u)dt + /edW (1),
o idu= (Au+ Nul*u)dt+JeuodW (2);
EXAMPLE (EQ. (2))
u(t) = U(t)Uot — A fot Ut — s)(|u(s)|2”u(s))tds
—3€Jy Ut = s)Fo(x)u(s)ds — iv/e [y U(t — s)u(s)dW(s)

where  Fo(t) = > (Pei(t))?, ()5, cos. of L2

@ Nonlinearity and noise treated as perturbations
@ W = oW, ¢ is Hilbert-Schmidt from L? to H* (eq. (1)) or H*(R9, R)
where s > 2 + 1 (eq. (2)), W« is a cylindrical Wiener process "on" L?:

We = iﬂi(t)ei ;

i=1

@ u(0)=uw cH', A==4land s > 0.

Eric Gautier Large deviations for stochastic nonlinear dispersive waves



Application for the stochastic NLS equations
ooe

THE STOCHASTIC NONLINEAR SCHRODINGER EQUATIONS

THEOREM (DE BOUARD & DEBUSSCHE 03’)

Eric Gautier Large deviations for stochastic nonlinear dispersive waves



Application for the stochastic NLS equations
ooe

THE STOCHASTIC NONLINEAR SCHRODINGER EQUATIONS

THEOREM (DE BOUARD & DEBUSSCHE 03’)

@ When the noise is additive the Cauchy problem is
> locally well posed for 0 < o < %5 (0 >0 ifd =1,2)
> globally well posed if 0 < o < 25 and A= —10r0< o < 2 and
A=1.
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THEOREM (DE BOUARD & DEBUSSCHE 03’)

@ When the noise is additive the Cauchy problem is
> locally well posed for 0 < o < 4%5 (0 >0 ifd =1,2)
> globally well posed if 0 < o < d sand A=—-1or0<o < % and
A=1.
@ When the noise is multiplicative, the Cauchy problem is
> locally well posed under weaker assum. on ® than ours and o s.t.
O<oifd=1,2,0<0<2if d=3
{ %§U<ﬁora<ﬁifd>4
>Vt < T%, N(u(t)) = [ou lu(t, x)Pdx = [|u(t)||;. = cst
> same resu/t on g/oba/ existence than for an additive noise.

I
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THEOREM (DE BOUARD & DEBUSSCHE 03’)

@ When the noise is additive the Cauchy problem is
> locally well posed for 0 < o < 4%5 (0 >0 ifd =1,2)
> globally well posed if 0 < o < d sand A=—-1or0<o < % and
A=1.
@ When the noise is multiplicative, the Cauchy problem is
> locally well posed under weaker assum. on ® than ours and o s.t.
O<oifd=1,2,0<0<2if d=3
{ %§U<ﬁora<ﬁifd>4
>Vt < T%, N(u(t)) = [ou lu(t, x)Pdx = [|u(t)||;. = cst
> same resu/t on g/oba/ existence than for an additive noise.

I

In a series of paper they study the influence of a noise on the blow-up
phenomenon.

Under some restrictions, local well-posedness is obtained for some SNLS
equations driven by a fractional (in time) additive noises in EJP 07’ for any

Hurst parameter H and with Holder continuity in time.
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LD quantify the convergence of P (u®* € A) to 0 with e.
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LARGE DEVIATIONS

For A measurable set of paths that does not contain the deterministic solution,
LD quantify the convergence of P (u®* € A) to 0 with e.

DEFINITION

LDP: for every Borel set A, we have the sequence of inequalities

=

— inf  ly(w) <lim__ elogP (u9* € A) < lime_oelogP (u™ € A) < — inf Iy (
weElnt(A) wEA

where I, (rate function) is l.s.c. (LDP of speed ¢)

When Vr > 0 I,;* ([0, r]) is compact, Iy, is good.
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LARGE DEVIATIONS

When o is large (except when A = —1 and d = 1, 2) solutions blow-up in finite
time = we consider spaces of exploding paths.

@ define C([0, +00); H U {A}) and T(p) = inf{t € [0, +0) : ¢(t) = A},

© allows to define as a set

E(HY) = {p € C([0, +o0); H'U{A}) s.t. o(ty) = A = Vt > to, f(t) = A}
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When o is large (except when A = —1 and d = 1, 2) solutions blow-up in finite
time = we consider spaces of exploding paths.

@ define C([0, +00); H U {A}) and T(p) = inf{t € [0, +0) : ¢(t) = A},

© allows to define as a set
EHY) = {p € C([0, 400); H'U{A}) s.t. o(to) = A = Vt > to, F(t) = A}
© we equip this set with the topology defined by the neighborhood basis
{pee@): T(e) = T(e1), ller = lloqo.many 1 T < T(e1)} -

It is a Haudorff topological space.
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LARGE DEVIATIONS

When o is large (except when A = —1 and d = 1, 2) solutions blow-up in finite
time = we consider spaces of exploding paths.

@ define C([0, +00); H U {A}) and T(p) = inf{t € [0, +0) : ¢(t) = A},

© allows to define as a set
E(H") = {p € C([0, +00); HU{A}) s.t. p(to) = A = Vt > to, f(t) = A}
© we equip this set with the topology defined by the neighborhood basis

{p &) T(p) > T(o1). llor — bllcqommy < T < T(e1)}
It is a Haudorff topological space.

> The stronger the topology the sharper the LDP: we state the LDP in a
subspace space £., where solutions indeed live embedded with a topology that

takes into account all the integrability properties of the Schrédinger group.
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LARGE DEVIATIONS

THEOREM (SPA AND ESAIM: PS 05’)
ue satisfy on £, with the restriction for multiplicative noises

< jd=1,2
{ <o sl "7 |, a LDP of speed ¢ and good rate function

<o< 5 sid>3
where inf ) = co and S(uo, h) is the unique mild solution of

NI NI

inf {11220 0ci }

1
I (u) = =
o() 2 heL2(0,00:L2): S(ug,h)=u

i% = Au+ Nu[* u+ O(u, h),
u(0) = ug € HY, heL?(0,00,L%).

©(u, h) = ®h (additive noise), ©(u, h) = u®h (multiplicative noise)
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THEOREM (SPA AND ESAIM: PS 05’)
ue satisfy on £, with the restriction for multiplicative noises

< jd=1,2
{ <o sl "7 |, a LDP of speed ¢ and good rate function

<o< 5 sid>3
where inf ) = co and S(uo, h) is the unique mild solution of

NI NI

inf {11220 0ci }

1
I (u) = =
o() 2 heL2(0,00:L2): S(ug,h)=u

i% = Au+ Nu[* u+ O(u, h),
u(0) = ug € HY, heL?(0,00,L%).

©(u, h) = ®h (additive noise), ©(u, h) = u®h (multiplicative noise)

@ Case of fractional in time noise studied in EJP 07'.
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@ We consider the case where d =oc =X =1;
@ t € [0, L] is the coordinate along the line, L is of the order of 1000 km ;
@ x is some retarded time ;

@ Solitons are particular solutions

WA(t, x) = V2Asech(A(x — x0)) exp <—iA2t + iao)
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APPLICATION TO ERROR IN TRANSMISSION

We consider the case where d =c =X =1 ;
t € [0, L] is the coordinate along the line, L is of the order of 1000 km ;
X is some retarded time ;

Solitons are particular solutions
WA(t, x) = V2Asech(A(x — x0)) exp <—iA2t + iao)

To compensate for loss in the fiber an amplification device is introduced:
Regularly spaced Erbium Doped Amplifiers, or distributed amplification
= complex additive noise

Raman or 4 wave mixing amplification = real multiplicative noises (we
neglect the Raman non linear response...).
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APPLICATION TO ERROR IN TRANSMISSION

We consider the case where d =c =X =1 ;
t € [0, L] is the coordinate along the line, L is of the order of 1000 km ;
X is some retarded time ;

Solitons are particular solutions
WA(t, x) = V2Asech(A(x — x0)) exp <—iA2t + iao)

@ To compensate for loss in the fiber an amplification device is introduced:
Regularly spaced Erbium Doped Amplifiers, or distributed amplification
= complex additive noise
Raman or 4 wave mixing amplification = real multiplicative noises (we
neglect the Raman non linear response...).

@ Heisenberg principle = uncertainty on the amplified signal = noise.

@ Noise is assumed to be small compared to L (fixed) eL << 1 ;
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APPLICATION TO ERROR IN TRANSMISSION

@ Soliton profile allow to code bits
1:= ¥9(x) = v/2Asech(Ax)
0:=0
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APPLICATION TO ERROR IN TRANSMISSION

@ Soliton profile allow to code bits
1:= ¥9(x) = v/2Asech(Ax)
0:=0

@ At the end of the line we measure:

1 /T/Z )
— u(L, x)|"dx
3 BRCCE)

and compare the number to a threshold.

Eric Gauti Large deviations for stochastic nonlinear dispersive waves



Application for the stochastic NLS equations
0®00000000000000

APPLICATION TO ERROR IN TRANSMISSION

@ Soliton profile allow to code bits
1:= ¥9(x) = v/2Asech(Ax)
0:=0

@ At the end of the line we measure:

1 /T/Z )
= |u(L, x)|"dx
T J 1)

and compare the number to a threshold.

@ Due to noise error in transmission may occur
A 1 is wrongly discarded and it is decided that a 0 has been emitted
or the contrary may also happen

Eric Gautier Large deviations for stochasti nlinear dispersive waves



Application for the stochastic NLS equations
0®00000000000000

APPLICATION TO ERROR IN TRANSMISSION

@ Soliton profile allow to code bits
1:= ¥9(x) = v/2Asech(Ax)
0:=0

@ At the end of the line we measure:

1 /T/Z )
= |u(L, x)|"dx
T J 1)

and compare the number to a threshold.

@ Due to noise error in transmission may occur
A 1 is wrongly discarded and it is decided that a 0 has been emitted
or the contrary may also happen

@ Two processes are mainly responsible for these errors:

Eric Gauti Large deviations for stochastic nonlinear dispersive waves



Application for the stochastic NLS equations
0®00000000000000

APPLICATION TO ERROR IN TRANSMISSION

@ Soliton profile allow to code bits
1:= ¥9(x) = v/2Asech(Ax)
0:=0

@ At the end of the line we measure:

1 /T/Z )
= |u(L, x)|"dx
T J 1)
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0:=0
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1 /T/Z )
= |u(L, x)|"dx
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and compare the number to a threshold.

@ Due to noise error in transmission may occur
A 1 is wrongly discarded and it is decided that a 0 has been emitted
or the contrary may also happen

@ Two processes are mainly responsible for these errors:

@ A fluctuation of the arrival time
Y (u(L,x)) = f]Rd x|u(L, x)|?dx
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APPLICATION TO ERROR IN TRANSMISSION

@ Soliton profile allow to code bits
1:= ¥9(x) = v/2Asech(Ax)
0:=0

@ At the end of the line we measure:

1 /T/Z )
= |u(L, x)|"dx
T J 1)

and compare the number to a threshold.

@ Due to noise error in transmission may occur
A 1 is wrongly discarded and it is decided that a 0 has been emitted
or the contrary may also happen

@ Two processes are mainly responsible for these errors:
@ A fluctuation of the arrival time
Y (u(L,x)) = f]Rd x|u(L, x)|?dx
@ A fluctuation of the mass (with additive noise only)

@ Error rate ~ 107'? = possibilities IS MC methods or genealogical particle
systems (c.f. Del Moral & Garnier 05’ used for a similar problem) ;
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@ Some results in the physics litterature:
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APPLICATION TO ERROR IN TRANSMISSION

@ Some results in the physics litterature:

@ Variances (e.g. Gordon & Haus 86’, Drummond & Corney 01')
(that of the arrival time is oc L3 while that of the mass is o L)
and deduce the limitation on the transmission rate via a
Gaussian approximation ;
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APPLICATION TO ERROR IN TRANSMISSION

@ Some results in the physics litterature:

@ Variances (e.g. Gordon & Haus 86’, Drummond & Corney 01')
(that of the arrival time is oc L3 while that of the mass is o L)
and deduce the limitation on the transmission rate via a
Gaussian approximation ;

© Densities
> using the Martin-Siggia-Rose formalism (use ansatz)
(Falkovich, Kolokov, Lebedev, Mezentsev & Turitsyn 04'),
> or the Fokker-Planck equations (use ansatz) (ex.
Derevyanko, Turitsyn & Yakushev 03') ;
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@ Variances (e.g. Gordon & Haus 86', Drummond & Corney 01')
(that of the arrival time is oc L3 while that of the mass is o L)
and deduce the limitation on the transmission rate via a
Gaussian approximation ;

© Densities
> using the Martin-Siggia-Rose formalism (use ansatz)
(Falkovich, Kolokov, Lebedev, Mezentsev & Turitsyn 04'),
> or the Fokker-Planck equations (use ansatz) (ex.
Derevyanko, Turitsyn & Yakushev 03') ;

© CDFs numerically using IS and considering ansatz (Moore,
Biondini, Kath 03')
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APPLICATION TO ERROR IN TRANSMISSION

@ Some results in the physics litterature:

@ Variances (e.g. Gordon & Haus 86', Drummond & Corney 01')
(that of the arrival time is oc L3 while that of the mass is o L)
and deduce the limitation on the transmission rate via a
Gaussian approximation ;

© Densities
> using the Martin-Siggia-Rose formalism (use ansatz)
(Falkovich, Kolokov, Lebedev, Mezentsev & Turitsyn 04'),
> or the Fokker-Planck equations (use ansatz) (ex.
Derevyanko, Turitsyn & Yakushev 03') ;

© CDFs numerically using IS and considering ansatz (Moore,
Biondini, Kath 03')

@ LD allows for theoretical predictions of the error rate ;
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(that of the arrival time is oc L3 while that of the mass is o L)
and deduce the limitation on the transmission rate via a
Gaussian approximation ;

© Densities
> using the Martin-Siggia-Rose formalism (use ansatz)
(Falkovich, Kolokov, Lebedev, Mezentsev & Turitsyn 04'),
> or the Fokker-Planck equations (use ansatz) (ex.
Derevyanko, Turitsyn & Yakushev 03') ;

© CDFs numerically using IS and considering ansatz (Moore,
Biondini, Kath 03')

@ LD allows for theoretical predictions of the error rate ;

@ Our Goal: Evaluate the tails of N (¢“* (L)) and Y (u*(L)) pushing
forward the LDPs ;
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APPLICATION TO ERROR IN TRANSMISSION

@ Obtain upper and lower bounds of the log of the tails, e.g.
logP (Y (u®(L)) > R)

and try to obtain the same order in the parameters L,AR ;
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APPLICATION TO ERROR IN TRANSMISSION

@ Obtain upper and lower bounds of the log of the tails, e.g.
logP (Y (u®(L)) > R)

and try to obtain the same order in the parameters L,AR ;
@ The log of the tails is of the order of (e.g.)

1 2 _
2 heLZI(T)fL:LQ) {HhHLZ(O’L;LZ) HY (S (w0, h) 2 R)}
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APPLICATION TO ERROR IN TRANSMISSION

@ Obtain upper and lower bounds of the log of the tails, e.g.
logP (Y (u®(L)) > R)

and try to obtain the same order in the parameters L,AR ;
@ The log of the tails is of the order of (e.g.)

1 2 _
2 heLZI(T)fL:LQ) {HhHLZ(O’L;LZ) HY (S (w0, h) 2 R)}

@ Obtain lower bounds by minimizing on a smaller set (parameterized h) =
Calculus of the Variations ;
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APPLICATION TO ERROR IN TRANSMISSION

@ Obtain upper and lower bounds of the log of the tails, e.g.
logP (Y (u®(L)) > R)

and try to obtain the same order in the parameters L,AR ;
@ The log of the tails is of the order of (e.g.)

1 2 _
2 heLZI(T)fL:LQ) {HhHLZ(O’L;LZ) HY (S (w0, h) 2 R)}

@ Obtain lower bounds by minimizing on a smaller set (parameterized h) =
Calculus of the Variations ;

@ Obtain upper bounds using energy inequalities ;
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APPLICATION TO ERROR IN TRANSMISSION

@ Obtain upper and lower bounds of the log of the tails, e.g.
log P (Y (u“**(L)) > R)
and try to obtain the same order in the parameters L,AR ;
@ The log of the tails is of the order of (e.g.)

1 2 _
2 heLZI(T)fL:LQ) {HhHLZ(O’L;LZ) HY (S (w0, h) 2 R)}

@ Obtain lower bounds by minimizing on a smaller set (parameterized h) =
Calculus of the Variations ;
@ Obtain upper bounds using energy inequalities ;

@ We do not want to use the approximation by an ansatz (this
approximation only gives lower bounds). We want to compare with the
results from physics ;
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APPLICATION TO ERROR IN TRANSMISSION

@ Obtain upper and lower bounds of the log of the tails, e.g.
log P (Y (u“**(L)) > R)
and try to obtain the same order in the parameters L,AR ;
@ The log of the tails is of the order of (e.g.)

1 2 _
2 heLZI(T)fL:LQ) {HhHLZ(O’L;LZ) HY (S (w0, h) 2 R)}

@ Obtain lower bounds by minimizing on a smaller set (parameterized h) =
Calculus of the Variations ;

@ Obtain upper bounds using energy inequalities ;

@ We do not want to use the approximation by an ansatz (this
approximation only gives lower bounds). We want to compare with the
results from physics ;

@ We present results for the mass and arrival time and additive noise (see

Debussche & EG AAP 07’ where the case of multiplicative noise is also
studied).
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TAILS OF THE MASS, LOWER BOUNDS

For D C RY set : A}, = A:[0,L] =R, 3RED: At)

Il
ol
—
R
N>
S
——

AL = A:[0,l] >R, 3Re€D:

- - t\2 — )\ t
At)=(8—R—-4/4a—-R) (| —) +(-4+2y4—-R) — +1;.
0= (s-F-e/e) (5) +(oraVemr) 5]
ch=1{heL?0,T;L?), 3A€ A} :

A
h(t,x) =i A((tt))

si

WAt x) — iVIA () exp (7,'/;;\2(5)115) At)x n:2 (A(t)x)}, i=1,2

COS.
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TAILS OF THE MASS, LOWER BOUNDS

- - 2
ForDCRisct:AlD: A:[O,L]HR,ERGD:A(t):R<ﬁ) }
AL = A:[0,l] >R, 3Re€D:

- (s 8) ()" (400E8) § o

ch=1{heL?0,T;L?), 3A€ A} :

B CA(t) . , L[t sinh o
h(t,x) =i A0 Wa(t, x) — iV2A(t) exp ( I/O A (s)ds) A(t)x o~ (A(t)x)}, i=1,2
PRroPOSITION

For L,R >0 (R € (0,4) in (2)), D dense in [R, R +1] and (®,),. H.S. with
values in L? s.t. Vh € Cp, ®nh — h in L' (0, L; L?), then

i o (4 (510 ) 2D

Replacing C} by C3 we get

lim, . . o€logP (N (uev‘“?v"(L)) _4< 7R> > (2= \/@2(12 +7r2)(2)

n recalls that ® is replaced by ®,.
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IDEA OF THE PROOF, CASE WHERE INITIAL DATUM IS 0

@ Look for solutions of the form

% (£, x) = V2A(L) exp (_; /0 tA2(s)ds) sech(A(£)x)
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IDEA OF THE PROOF, CASE WHERE INITIAL DATUM IS 0

@ Look for solutions of the form
t
SUn(t,x) = V2A(t) exp (—i/ A2(s)ds) sech(A(t)x)
0

@ Consider first the case of a controlled equation where ® =/
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IDEA OF THE PROOF, CASE WHERE INITIAL DATUM IS 0

@ Look for solutions of the form
t
SUn(t,x) = V2A(t) exp (—i/ A2(s)ds) sech(A(t)x)
0

@ Consider first the case of a controlled equation where ® =/

@ The optimal control problem becomes a problem of the calculus of
variations where we have to find an optimal A

hl2200.0. !
inf ”“I}M< inf (12+7r (A( ))

dt,
heL2(0,1;L2): N(SY(h)(L))>R 2 Ae C1([0,T]),b At
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IDEA OF THE PROOF, CASE WHERE INITIAL DATUM IS 0

@ Look for solutions of the form
t
SUn(t,x) = V2A(t) exp (—i/ A2(s)ds) sech(A(t)x)
0

@ Consider first the case of a controlled equation where ® =/

@ The optimal control problem becomes a problem of the calculus of
variations where we have to find an optimal A

hl2200.0. !
inf ”“I}M< inf (12+7r (A( ))

dt,
heL2(0,1;L2): N(SY(h)(L))>R 2 Ae C1([0,T]),b At

@ Boundary conditions are derived from the constraints on the mass:
Ao(0) =0 and 4A(L) =R >R
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IDEA OF THE PROOF, CASE WHERE INITIAL DATUM IS 0

@ Look for solutions of the form
t
SUn(t,x) = V2A(t) exp (—i/ A2(s)ds) sech(A(t)x)
0

@ Consider first the case of a controlled equation where ® =/
@ The optimal control problem becomes a problem of the calculus of
variations where we have to find an optimal A

220 . /
inf Ihll20,12) < of (12 + ) (A'(1)) dt.
heL2(0,L;L2): N(S%, (h)(L))>R 2 Ae CY([0,T]),b A(t)

@ Boundary conditions are derived from the constraints on the mass:
Ao(0) =0 and 4A(L) =R >R
@ The singular Euler-Lagrange equation

" I\ 2
A _ (A
A A

allows to make the guesses corresponding to A}.

Large deviations for stochastic nonlinear dispersive waves
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IDEA OF THE PROOF, CASE WHERE INITIAL DATUM IS 0

@ Look for solutions of the form
t
SUn(t,x) = V2A(t) exp (—i/ A2(s)ds) sech(A(t)x)
0

@ Consider first the case of a controlled equation where ® =/

@ The optimal control problem becomes a problem of the calculus of

variations where we have to find an optimal A
2
» 1Plegnn (12 ) WP,
heL2(0,1;L2): N(SY(h)(L))>R 2 Ae CY([0,T]),b At ’

@ Boundary conditions are derived from the constraints on the mass:
Ao(0) =0 and 4A(L) =R >R
@ The singular Euler-Lagrange equation

" I\ 2
A _ (A
A A

allows to make the guesses corresponding to A}.
@ We use the fact that ®, approximate / and R arbitrary close to R.
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TAILS OF THE MASS, UPPER BOUNDS

PROPOSITION

VL,R >0 (R € (0,4) in (2)), D dense in [R, R+ 1] and (), H.S. with
values in 12 s.t. Yh € Cb, ®,h — h in L! (O, L; LZ) (assumption for the lower
bounds) and uniformly bounded as operators on L? by C > 1 independent of L,

R
“gicz

M o0.c0¢ log P (N (UE’O’"(L)) > R) <
Replacing C} by C3 we obtain

iy oc,coclog P (N (u*17(L)) — 4 < =R) < *ﬁ:m) @)
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IDEA OF THE PROOF, CASE 0 AS INITIAL DATUM

@ Manipulations of the controlled equation

/% — Au— MNulu = ®,h,

allow to obtain
(1S°(h)(t)]132—]wo|l}2 = 2Re <fi/ot/]R ((Cbnh)(s,x)savo(h)(s, X)> dxds) .

and after some computations

R < IS (N)(L)li> < 4T(|®nlZ, (12 12) / [LOIFEE
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IDEA OF THE PROOF, CASE 0 AS INITIAL DATUM

@ Manipulations of the controlled equation

/% — Au— MNulu = ®,h,

allow to obtain
t —
IS )OI~ laollz = 253 (<7 [ [ (@287 ) aes )
0 R
and after some computations

R < IS (N)(L)li> < 4T(|®nlZ, (12 12) / [LOIFEE

@ It allows to obtain lower bounds on the L2 norm of any control allowing
to get in the "large deviation set”
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IDEA OF THE PROOF, CASE 0 AS INITIAL DATUM

@ Manipulations of the controlled equation

/% — Au— MNulu = ®,h,

allow to obtain
(1S°(h)(t)]132—]wo|l}2 = 2Re <fi/ot/]R ((Cbnh)(s,x)savo(h)(s, X)> dxds) .

and after some computations
R < ||S™(h)(L)I[F2 < 4T|®al|Z, (12,12 / |h(s) |2 dls.

@ It allows to obtain lower bounds on the L2 norm of any control allowing
to get in the "large deviation set”

@ With the - sign we obtain an upper bound which depends on the operator
norm of &,
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IDEA OF THE PROOF, CASE 0 AS INITIAL DATUM

@ Manipulations of the controlled equation

/% — Au— MNulu = ®,h,

allow to obtain
(1S°(h)(t)]132—]wo|l}2 = 2Re <fi/ot/]R ((Cbnh)(s,x)savo(h)(s, X)> dxds) .

and after some computations
R < ||S™(h)(L)I[F2 < 4T|®al|Z, (12,12 / |h(s) |2 dls.

@ It allows to obtain lower bounds on the L2 norm of any control allowing
to get in the "large deviation set”

@ With the - sign we obtain an upper bound which depends on the operator
norm of &,

@ These operator norms are assumed to be uniformly bounded.
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TAILS OF THE ARRIVAL TIME (W/ A. DEBUSSCHE)

@ To be able to consider the arrival time we work in space of localized
fungtions. We introduce
25_{fEH1'XD—>1/|XfX)GL2} :{fEHIZXHXf(X)€L2},

112y = 11 + [x = IFGA I = 110 + b = A G
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TAILS OF THE ARRIVAL TIME (W/ A. DEBUSSCHE)

@ To be able to consider the arrival time we work in space of localized
fungtions. We introduce
Y2 = {I‘EH:l D x =/ |x]F(x) 6L2}7Z: {feH: x— xf(x)eL?},

2
1125 = 11 + [x = VTG, IFIR = 110+ = XFGOIR:

@ We prove sample paths LDPs for paths in y3
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TAILS OF THE ARRIVAL TIME (W/ A. DEBUSSC

@ To be able to consider the arrival time we work in space of localized
fungtions. We introduce
Y2 = {I‘EH:l D x =/ |x]F(x) 6L2}7Z: {feH: x— xf(x)eL?},

2
1125 = 11 + [x = VTG, IFIR = 110+ = XFGOIR:
@ We prove sample paths LDPs for paths in y3

THEOREM

If® is H.S. in ¥ (additive case) or in H*(R,R) with s > 3/2 (multiplicative

case) and up € X, then solutions define r.v. in C([0, L]; Z%) and their laws
satisfy a LDP of speed € and good rate function

Ly (W) = 3 infher2(0,L,12): w=S(uo.h) Hh||iz(0,L;Lz)~
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TAILS OF THE ARRIVAL TIME (W/ A. DEBUSSC

@ To be able to consider the arrival time we work in space of localized
fungtions. We introduce
Y2 = {I‘EH:l D x =/ |x]F(x) 6L2}7Z: {feH: x— xf(x)eL?},

2
1125 = 11 + [x = VTG, IFIR = 110+ = XFGOIR:
@ We prove sample paths LDPs for paths in y3

THEOREM

If® is H.S. in ¥ (additive case) or in H*(R,R) with s > 3/2 (multiplicative

case) and up € X, then solutions define r.v. in C([0, L]; Z%) and their laws
satisfy a LDP of speed € and good rate function

Ly (W) = 3 infher2(0,L,12): w=S(uo.h) Hh||iz(0,L;Lz)~

@ uniformly bounded operators with values in ¥ incompatible with
convergence of ®,h to hin L'(0, L, X). In the limit we assume that in the
limit we have a colored noise say defined through ® = (I — A 4 |x|*1)~*/2.
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TAILS OF THE ARRIVAL TIME, LOWER BOUNDS

For A,L > 0 and D C R}, we define the set of controls

HRL = {hel?(0,L12), h(t,x)=A(t) (x—2 [y [y Mo)dods) Wa(t,x),
with A(t) = 32(:L3t), Re D},

Waa(t,x) = V2Asech (A (x — 2 [ [ A( dads)) exp (2i [y A(s) [5 J& A(r)dTdods
exp {—iAzt +ify (5 (0)do)? ds — ix J A(s)ds + 2i (f5 A(s)ds) (fy fo o)dods)| .
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TAILS OF THE ARRIVAL TIME, LOWER BOUNDS

For A,L > 0 and D C R}, we define the set of controls

HRL = {hel?(0,L12), h(t,x)=A(t) (x—2 [y [y Mo)dods) Wa(t,x),
with A(t) = 32(:L3t), Re D},

Waa(t,x) = V2Asech (A (x — 2 [ [ A( dads)) exp (2i [y A(s) [o J& A(r)dTdods)
exp {—iA2t +ify (5 (0)do)? ds — ix J A(s)ds + 2i (f5 A(s)ds) (fy fo dads)}

PROPOSITION

For L,A,R > 0 and D dense in [R, R + 1], (®»)
®,h — ®h in L0, L; X), then

ey HS. in X sit. Vh € HP y,

) S CR?

lim, ....._oclogP (¥ (u“**"(1)) > R) >~
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IDEA OF THE PROOF OF THE LOWER BOUND I

@ We seek controls such that
du
==

T Au+ |ulPu+ Mt)xu
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IDEA OF THE PROOF OF THE LOWER BOUND I

@ We seek controls such that

/%—Au+|u| u+ A(t)xu

@ vi(t) = exp (i (fy M(s)ds) x) u(t) is solution of

v v ¢ 2 ([t ovi
o = o2 + vi]Pv — (/0 )\(s)ds) vi —2j (/0 )\(s)ds) Ix

and w(t) = exp (—ifot (fy )\(T)dT)2 ds) vi(t) (gauge transform) satisfies

8V2 't 8V2 _ 82V2 2
(E +2( ; )\(s)ds) a) = aXQ + ‘V2| V2
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IDEA OF THE PROOF OF THE LOWER BOUND I

@ We seek controls such that

/d——Au+|u| u+ A(t)xu

dt
@ vi(t) = exp (i (fy M(s)ds) x) u(t) is solution of
v v ¢ 2 ([t ovi
o = o2 + vi]Pv — (/0 )\(s)ds) vi —2j (/0 )\(s)ds) Ix
and w(t) = exp ( ify (s ( )2 ds) vi(t) (gauge transform) satisfies

Ova Ov P va 2
(74_2(/ )\(s)d) X) = o + |v2| w2

@ Using the methods of characteristics

va(t,x) = v» (t x+2/ / duds>

is a solution of the usual NLS equation with initial datum W9,

Eric Gautier Large deviations for stochastic nonlinear dispersive waves
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IDEA OF THE PROOF OF THE LOWER BOUND II

@ It is even more convenient to work with

t s
,'ﬂ = Av + |v\2v + A(t) (X — 2/ / )\(T)des) v
dt o Jo

= We use yet another Gauge transform.
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IDEA OF THE PROOF OF THE L

/JER BOUND II

@ It is even more convenient to work with

t s

i< = Av+ v+ A() (x - 2/ / )\(T)drds) v

dt o Jo

= We use yet another Gauge transform.

@ Then
2
inf ||hHL2(0,T;L2)
w0 . 2

h€eL2(0,T;L2): Y(SWj‘V(h)(T)) >R

inf

" AEL2(0,TiR), [ [ Als)dsdt>

5 (%:) /OT)\Z(t)dt

Eric Gauti

Large deviations for stochastic
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IDEA OF THE PROOF OF THE LOWER BOUND II

@ It is even more convenient to work with

t s
i< = Av+ v+ A() (x - 2/ / )\(T)drds) v
dt o Jo
= We use yet another Gauge transform.
@ Then
2
inf ”hHLZ(O’T;LZ) inf
w0 . 2
h€eL2(0,T;L2): Y(SWj‘V(h)(T)) >R

7T2 T
< ) (—) / N (t)dt
NEL2(0,TR), [ [¢ A(s)dsae> & \OA/ Jo

@ We finally pass to the limit with the sequence of operators and for large A
obtain a term of the order of the square of the norm of the gradient and
use that R is arbitrary and such that R > R

Eric Gautier
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IDEA OF THE PROOF OF THE LOWER BOUND II

@ It is even more convenient to work with

t s
,'dv :Av—|—|v\2v+>\(t) (X—Z/ / )\(T)des) v
dt 0 Jo

= We use yet another Gauge transform.
@ Then

1h113 20,7 2 T
inf 7‘L2(20’T'L2) < inf ) (%)/ )\Z(t)dt
hEL2(0, T;L2): Y<5qv}|2‘\,(h)(T)) >R XEL2(0, TiR), Jo| J§ AMs)dsdt> g 0

@ We finally pass to the limit with the sequence of operators and for large A

obtain a term of the order of the square of the norm of the gradient and
use that R is arbitrary and such that R > R

@ It is precisely the boundary condition in integral form that gives the factor
1/T3.

Eric Gautier
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TAILS OF THE ARRIVAL TIME, UPPER BOUNDS

PROPOSITION
VL,A,R >0 and D dense in [R,R 4 1], (®,),cy H.S. in X s.t.
Vh e HP o, ®ph — hin L}(0, L; ¥) and uniformly bounded (norms
bounded by 1) then
R2
T 128L3(1+ 22 (A+ 55y)

iMoo, 0¢ log P (Y (u"“’%(L)) > R) <
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TAILS OF THE ARRIVAL TIME, UPPER BOUNDS

PROPOSITION

VL,A,R >0 and D dense in [R,R 4 1], (®,),cy H.S. in X s.t.
Vh e HP o, ®ph — hin L}(0, L; ¥) and uniformly bounded (norms
bounded by 1) then

R2

_ —
128L3(1+ 2)2 (A + 525)

iMoo, 0¢ log P (Y (u"“’%(L)) > R) <

o’

Thus for R of the order of 1 and L large (in practice >> 1000) the upper
bound is of the order —%.
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TAILS OF THE ARRIVAL TIME, UPPER BOUNDS

PROPOSITION

VL,A,R >0 and D dense in [R,R 4 1], (®,),cy H.S. in X s.t.
Vh e HP o, ®ph — hin L}(0, L; ¥) and uniformly bounded (norms
bounded by 1) then

R2

_ —
128L3(1+ 2)2 (A + 525)

iMoo, 0¢ log P (Y (u"“’%(L)) > R) <

o’

Thus for R of the order of 1 and L large (in practice >> 1000) the upper

. RZ
bound is of the orFier — 5805A"
Such operators exist:

2, 1 A
o, = I—A+|x|/+;(—A+\X| 1) :

Eric Gautier Large deviations for stochastic nonlinear dispersive waves
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IDEA OF THE PROOF OF THE UPPER BOUND

For the upper bound we manipulate the controlled equation in order to
obtain bounds of the L2 norm of any control that allows to get to the
"large deviation set”.
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IDEA OF THE PROOF OF THE UPPER BOUND

For the upper bound we manipulate the controlled equation in order to
obtain bounds of the L2 norm of any control that allows to get to the
"large deviation set”.

Indeed we prove

Y(SPVA(h)(t)) = 4%e ( JEJE [ 82 Ya(h) (0, x) (0xDh) (o—,x)dxdads)
~2%e (7 [y fo XS*A(h)(s, %) (®h) (5, x)dxds )
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IDEA OF THE PROOF OF THE UPPER BOUND

For the upper bound we manipulate the controlled equation in order to
obtain bounds of the L2 norm of any control that allows to get to the
"large deviation set”.

Indeed we prove

Y(S™A(R)(0) = 4% (Jg 5 S S™YA(B)(0x) (9,0h) (0. x)dxdords
~2%e (7 [y fo XS*A(h)(s, %) (®h) (5, x)dxds )

Then using R <Y (Sav“’OA(h)(L)) we deduce a lower bound for

1611220, 1,12)-

Eric Gautier Large deviations for stochastic nonlinear dispersive waves
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COMPARISON WITH THE RESULTS IN THE PHYSICS LITERATURE

@ The tails of the mass with 0 as initial datum are not Gaussian,
undistinguishable from exponential tails on a log-scale ;
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= The fluctuation of the arrival time is the main process impairing
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soliton optical communications

@ Gordon-Hauss effect: the variance of the arrival time is of the order
of L3, if the law were indeed Gaussian we obtain the same result.
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COMPARISON WITH THE RESULTS IN THE PHYSICS LITERATURE

@ The tails of the mass with 0 as initial datum are not Gaussian,
undistinguishable from exponential tails on a log-scale ;

@ The tails of the arrival time are undistinguishable from Gaussian
tails on the log-scale ;

@ On the log-scale the tails of the mass are of the order of exp (—i)
that of the arrival time of exp (—=5)
= The tails of the arrival time are larger than that of the mass,
= The fluctuation of the arrival time is the main process impairing
soliton optical communications

@ Gordon-Hauss effect: the variance of the arrival time is of the order
of L3, if the law were indeed Gaussian we obtain the same result.

@ In some articles the influence of the amplitude of the initial datum
is studied and the variance of the arrival time is of the order of AL3.
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CONCLUSION

@ Introducing inline control elements can alow to reduce exponentially
the fluctuations of the mass and especially that of the arrival time.
Optimizing the system with constraints on the cost would require an
optimization on two sets of controls. Some particular in line control
elements have been considered by physicists.
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CONCLUSION

@ Introducing inline control elements can alow to reduce exponentially
the fluctuations of the mass and especially that of the arrival time.
Optimizing the system with constraints on the cost would require an
optimization on two sets of controls. Some particular in line control
elements have been considered by physicists.

@ Sharp LD could allow to obtain the pre-exponential factors of the
tails.
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Application for a stochastic KdV equation
€000

A sTocHASTIC KDV EQUATION

@ We consider
du + ((9fu + 3X(u2)> dt = \/edW

where ® is H.S. from L% to H, u(0) = up € H'.
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where ® is H.S. from L% to H, u(0) = up € H'.

@ Model for the evolution of weakly nonlinear shallow water waves with
random pressure

@ Existence of mild solutions in C([0, T]; H') and uniqueness in
Xt C C([0, T];H') proved by de Bouard & Debussche 98, they also
studied rougher noises and less regular solutions in other papers
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Application for a stochastic KdV equation
€000

A sTocHASTIC KDV EQUATION

@ We consider
du + (aju + ax(f)) dt = \/edW
where ® is H.S. from L% to H, u(0) = up € H'.
@ Model for the evolution of weakly nonlinear shallow water waves with
random pressure

@ Existence of mild solutions in C([0, T]; H') and uniqueness in
Xt C C([0, T];H') proved by de Bouard & Debussche 98, they also
studied rougher noises and less regular solutions in other papers

@ The deterministic equation has soliton solutions of the form
wc(x — ct 4+ xo) where c is the velocity, xo € R the initial phase and

we(x, t) = %sech2 (Vex/2)
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A sTocHASTIC KDV EQUATION

@ We consider
du + (aju + ax(f)) dt = \/edW
where ® is H.S. from L% to H, u(0) = up € H'.
@ Model for the evolution of weakly nonlinear shallow water waves with
random pressure

@ Existence of mild solutions in C([0, T]; H') and uniqueness in
Xt C C([0, T];H') proved by de Bouard & Debussche 98, they also
studied rougher noises and less regular solutions in other papers

@ The deterministic equation has soliton solutions of the form
wc(x — ct 4+ xo) where c is the velocity, xo € R the initial phase and

we(x, t) = %sech2 (Vex/2)

@ Solitons are stable (deterministic case) even for more general
nonlinearities: notion of orbital stability and some results regarding
asymptotic stability Pego & Weinstein 94', Martel & Merle 01" (either
weak convergence or CV in weighted Sobolev spaces)
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TIME SCALE FOR THE SOLUTION TO STAY IN THE VINCINITY OF THE SOLITON

@ The phenomenon of persistence of the soliton has been observed
numerically in Debussche & Printems 99’
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@ The phenomenon of persistence of the soliton has been observed
numerically in Debussche & Printems 99’

@ Goal: Verify the claim that starting from a soliton profile ¢ the solution
of the stochastic equation remains close to the deterministic soliton for
times of the order at most e /% but stays close to a randomly modulated
soliton for times of the order of ¢~ *

Joint work w/ A. de Bouard
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soliton for times of the order of ¢~ *
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@ We can prove easily a LDP for for the paths of the solutions of the SPDE
in C([0, T]; H'), the rate function is again the minum energy of a control
that allows to reach the large deviation event.
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that allows to reach the large deviation event.

@ The approximation by a randomly modulated soliton is the approximation
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0e00

TIME SCALE FOR THE SOLUTION TO STAY IN THE VINCINITY OF THE SOLITON

@ The phenomenon of persistence of the soliton has been observed
numerically in Debussche & Printems 99’

@ Goal: Verify the claim that starting from a soliton profile ¢ the solution
of the stochastic equation remains close to the deterministic soliton for
times of the order at most e /% but stays close to a randomly modulated
soliton for times of the order of ¢~ *

Joint work w/ A. de Bouard

@ We can prove easily a LDP for for the paths of the solutions of the SPDE
in C([0, T]; H'), the rate function is again the minum energy of a control
that allows to reach the large deviation event.

@ The approximation by a randomly modulated soliton is the approximation
we did not use in the section on error in soliton transmission.

@ We denote by u“" the solution with initial datum ¢q,.
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TIME SCALE FOR THE SOLUTION TO STAY IN THE VINCINITY OF THE SOLITON

Exit time of a neighborhood of the soliton defined by
7o =inf{t €[0,00): [[u""(t, -+ cot) — elyn > @}
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fole) Y]

TIME SCALE FOR THE SOLUTION TO STAY IN THE VINCINITY OF THE SOLITON

Exit time of a neighborhood of the soliton defined by
7o =inf{t €[0,00): [[u""(t, -+ cot) — elyn > @}

PROPOSITION

For T >0 and ® = ((1+ x*)/ — Of)_1/2, then, V0 < a < ap : o is small
enough, dc(a, ) s.t.

c(a7 <)

lim,_elogP (75, < T) > 73
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Application for a stochastic KdV equation
fole) Y]

TIME SCALE FOR THE SOLUTION TO STAY IN THE VINCINITY OF THE SOLITON

Exit time of a neighborhood of the soliton defined by

7o =inf{t €[0,00): [[u""(t, -+ cot) — elyn > @}

PROPOSITION

For T >0 and ® = ((1+ x*)/ — Of)_1/2, then, V0 < a < ap : o is small
enough, dc(a, ) s.t.

c(a, @)
==

lim, _oelog P (75 < T) >

Idea of the proof: look for solutions of the controlled KdV equation of the form

Pe(t) <X* /OtC(S))

®h(t, x) = c'(t) Ocpel ey (X - /Ot c(s)ds)

the r.h.s is in the image of ® for ¢ close to c.

which implies
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Application for a stochastic KdV equation
ocooe

The objective function is less than

c(a, co)/0 ((1)? dt

and we check that the boundary condition implied by the rare event implies

-
2
/ (co — c(s))ds >
0 ey/c — 2¢c(o0)a/3
(c(00) is the constant in the constant in the Sobolev injection H' C L°°)
Change of variable t = Tu and change of unknown function v(u) = ¢(Tu)
implies the scaling as 1/T°.
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Application for a stochastic KdV equation
°

RANDOM MODULATIONS OF SOLITONS

THEOREM

Jao > 0: Va € (0, 0], 375 > 0 a.s. stopping time, Ic*(t), x(t)
semi-martingales defined a.s. for t < 75, with values in (0,00) and R s.t. if we
set

Ven (t) = u™® (t,- + x(t)) = Pee(e)
then

[ exdea(dc = [ a0 (ddx =0, Ve<r as.
R R
and for all t < 75,

[Ven (8)||m < e 1c(t) — | < e

Moreover, 3C > 0 s.t. VT > 0, Va < ap, Jdeg > 0 s.t. Ve < ¢,

P(re < T
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Application for a stochastic KdV equation
°0

EXIT OFF NEIGHBORHOOD OF RANDOMLY MODULATED SOLITON, UPPER BOUND

PROPOSITION
VT >0, Yag > 0 small enough, 3C > 0 : Yo < g, Jeg > 0 small enough s.t.
Ve < e,
P(re < T) < exp 70472
CeT||®]2

0,1
£’2
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Application for a stochastic KdV equation
°0

EXIT OFF NEIGHBORHOOD OF RANDOMLY MODULATED SOLITON, UPPER BOUND

PROPOSITION
VT >0, Yag > 0 small enough, 3C > 0 : Yo < g, Jeg > 0 small enough s.t.
Ve < e,
P(re < T) < exp 70472
CeTI®I,.

Idea of the proof: Work with the Lyapounov functional
Qc,(u) = H(u) 4+ coN(u)
where
1 2 1 3 1 2
H(u) =3 (6)(”) dX - = u dX7 N(u) = — u dX
2 JR 3 R 2 2

which is such that Qf (¢c,) = —0x + (co — 2¢¢,)! has no unstable eigenvalue
and a general null space spanned by ¢, and dyx¢q,.

Use the Itd formula for H (u©*) and N (u®*), smoothing and exponential tail

estimates.
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Application for a stochastic KdV equation
oe

EXIT OFF NEIGHBORHOOD OF RANDOMLY MODULATED SOLITON, LOWER BOUND

PROPOSITION

For T>0,¢=((1+ x*) — 83)71/2 and 0 < a < ag small enough, 3c(P, o)

s.t.
lim,_gelog (75 < T) > ~ %%,
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Application for a stochastic KdV equation
oe

EXIT OFF NEIGHBORHOOD OF RANDOMLY MODULATED SOLITON, LOWER BOUND

PROPOSITION
For T>0,¢=((1+ x*) — 83)71/2 and 0 < a < ag small enough, 3c(P, o)
s.t.

lim,_qelog® (5 < 7) > ~<(%9)

Idea of the proof: Let C be the mapping obtained using the implicit function
theorem (which gives the random modulations) then

P(ra < T) 2 P(IC(u"™(T)) — co| > )
thus,

A2z 7
lim, e logP (5 < T) > —inf{M;’T’L”, he |C(S®(h)(T)) — co| = ;a}

we minimize on the smaller set where controls lead to a solution of the form

Pe(t) <X - /Otc(s))

same as above but here boundary condition is c(0) = ¢ and |¢(T) — o] = 30
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ANNEX

BLOW UP TIMES FOR STOCHASTIC NLS, EG ADDITIVE NOISE

@ 7T 1((T,0]) =€
@ The LDP gives that

PROPOSITION
For up € I?, Kerd* = {0} and T > T (S(uo,0)),

) 1 . )
I log P (T (u©) > T) > —= f {h } —4,0].
lim, _gelogP(T (W) > )= =3 . inf  {hliapern} € (~o.0
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ANNEX

BLOW UP TIMES FOR STOCHASTIC NLS, EG ADDITIVE NOISE

@ T-1((T,00]) = &

@ The LDP gives that
PROPOSITION
For up € I?, Kerd* = {0} and T > T (S(uo,0)),
lim,_oclog P(T (u*) > T) > —= inf L1l 20002) } € (~09,0].

2 hel2(0,00;L.2):T(S(h))>T

PROPOSITION
If T < T (S(uo,0)) then

Time—oelog P (T (u=®) < T) < — %

ine { AP o } <0
2h€L2(0,m;LQ):T(S(h))ST I ||L2(0,oo,L2)
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EXIT FROM A DOMAIN FOR WEAKLY DAMPED NLS EQUATIONS

@ We add the term —auwudt in the drift and consider subcritical
nonlinearities ;
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@ We add the term —auwudt in the drift and consider subcritical
nonlinearities ;

@ We consider bounded measurable domains D, in L? and H?*, which
contain 0 in their interior s.t. Yuo € D, Vt >0, S(uo,0)(t) € D ;
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nonlinearities ;
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contain 0 in their interior s.t. Yuo € D, Vt >0, S(uo,0)(t) € D ;

@ Some references on the study of this problem for SPDEs:
Freidlin 88, Da Prato & Zabczyk 92’, Chenal & Millet 97’

@ Main difficulty compared to the SDE setting: D is not compact
@ Main difficulties here:

o Uniform continuity of the deterministic flow for bounded initial
data would require smoother initial data ;
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Freidlin 88, Da Prato & Zabczyk 92’, Chenal & Millet 97’
@ Main difficulty compared to the SDE setting: D is not compact
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@ We add the term —auwudt in the drift and consider subcritical
nonlinearities ;

@ We consider bounded measurable domains D, in L? and H*, which
contain 0 in their interior s.t. Yuo € D, Vt >0, S(uo,0)(t) € D ;
@ Some references on the study of this problem for SPDEs:
Freidlin 88, Da Prato & Zabczyk 92’, Chenal & Millet 97’
@ Main difficulty compared to the SDE setting: D is not compact
@ Main difficulties here:
o Uniform continuity of the deterministic flow for bounded initial
data would require smoother initial data ;
o No global smoothing properties of the semi-group ;

o No compact embeddings in the Sobolev spaces on RY ;
o Non locally Lipschitz nonlinearities when d > 1.
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EXIT FROM A DOMAIN FOR WEAKLY DAMPED NLS EQUATIONS

@ We add the term —auwudt in the drift and consider subcritical
nonlinearities ;

@ We consider bounded measurable domains D, in L? and H*, which
contain 0 in their interior s.t. Yuo € D, Vt >0, S(uo,0)(t) € D ;
@ Some references on the study of this problem for SPDEs:
Freidlin 88, Da Prato & Zabczyk 92’, Chenal & Millet 97’
@ Main difficulty compared to the SDE setting: D is not compact
@ Main difficulties here:

o Uniform continuity of the deterministic flow for bounded initial
data would require smoother initial data ;

o No global smoothing properties of the semi-group ;

o No compact embeddings in the Sobolev spaces on RY ;

o Non locally Lipschitz nonlinearities when d > 1.

@ But usual result holds: see AOP 07'.
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@ Domains D are uniformly attracted to zero by S(.,0) ;
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@ Domains D are uniformly attracted to zero by S(.,0) ;

@ The first exit time off D is defined by
7O =inf{t >0: u(t) € D}.
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EXIT FOR STOCHASTIC WEAKLY DAMPED NLS EQUATIONS

@ Domains D are uniformly attracted to zero by S(.,0) ;

@ The first exit time off D is defined by
7O =inf{t >0: u(t) € D}.

@ We define
€= inf{loT(W) - w(T)eD', T> 0},
and e=Ilimy_oe,

where e, = inf{lug(w) : H(w) <p, w(T)e (D), T> 0} ,
with p > 0 small enough and D_, = D\ N (9D, p) ;
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EXIT FOR STOCHASTIC WEAKLY DAMPED NLS EQUATIONS

@ Domains D are uniformly attracted to zero by S(.,0) ;

@ The first exit time off D is defined by
7O =inf{t >0: u(t) € D}.

@ We define
€= inf{loT(W) - w(T)eD', T> 0},
and e=Ilimy_oe,

where e, = inf{lug(w) : H(w) <p, w(T)e (D), T> O} ,
with p > 0 small enough and D_, = D\ N (9D, p) ;
@ When N is a closed subset of 9D, we define

en,p = inf{lJ;(W) : H (w) < p, w(T) e (D\N(N,p)), T > 0} )

where p > 0 is small enough and

ey = limepn,,.
p—0
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FIRST EXIT TIME

THEOREM
Yup € D, V6 >0, 3L > 0:

AR Al SEIE (TW ¢ <exp (9;5> . (5:5») <-L, (1)

and Vup € D,

e <lim_ ,elogE (7%) < limc_oelogE (19%) < e. (2)

Moreover, ¥§ > 0, 9L > 0 :

lim._ o€ log sup P (TE’“" > exp (ﬂ)) < —L, (3)
upeD €
and o
lime—o€log sup E (75°) < &. (4)
upeD
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EXIT POIN

THEOREM
If ey, > €, thenVug € D, 3L > 0 :

lime_oelogP (u (%) € N) < —L.
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EXIT POINTS

THEOREM
If ey, > €, thenVug € D, 3L > 0 :

lime_oelogP (u (%) € N) < —L.

COROLLARY

Let v € OD bes.t. V6 >0and N ={v € dD: |v—v"|2 >} we have
ey > €, then

V6 >0, Yup € D, 3L > 0: limc_oelogP ([lu(79") — v > 6) < —L.
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