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OUTLINE

Main Theme:

• Derive nuclear charge radii by combining atomic theory with high pre-

cision spectroscopy (especially 6He, 8He, 11Li, 11Be halo nuclei).

What’s New?

1. Essentially exact solutions to the quantum mechanical three- and four-

body problems.

2. Recent advances in calculating QED corrections – especially the Bethe

logarithm.

3. Single atom spectroscopy.
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History
1. G.W.F. Drake in Long-range Casimir Forces: Theory and Recent Experiments

in Atomic Systems, Edited by F.S. Levin and S.A. Micha (Plenum, New York,
1993).

3He – 4He Isotope shift (MHz)

Transition Theory a Experiment b Difference

2 3S1 − 2 3P0 33 667.734(1) 33 667.968(38) –0.234(38)

2 3S1 − 2 3P1 33 667.459(1) 33 667.693(38) –0.234(38)

2 3S1 − 2 3P2 33 668.447(1) 33 668.670(38) –0.223(38)

aAssuming rc(
3He) = 1.875± 0.05 fm.

bZhao, Lawell, and Pipkin, Phys. Rev. Lett. 66, 592 (1991).

Adjust rc(
3He) = 1.925± 0.008 fm.

2. Riis, Sinclair, Poulsen, Drake, Rowley and Levick, “Lamb shifts and hyperfine
structure in 6Li+ and 7Li+: theory and experiment,” Phys. Rev. A 49, 207–220
(1993).

Showed that the 6Li – 7Li difference in rc is in good agreement with nuclear
scattering data.

3. Marin, Minardi, Pavone, Inguscio, and Drake, “Hyperfine structure of the 3 3P
state of 3He and isotope shift for the 2 3S − 3 3P transition,” Z. Phys. D 32,
285–293 (1994).

Yielded rc(
3He) = 1.956± 0.042 fm.

4. Shiner, Dixson, and Vedantham, “Three-Nucleon Charge Radius: A Precise Laser
Determination Using 3He,” Phys. Rev. Lett. 74, 3553 (1995).

Yielded rc(
3He) = 1.9506± 0.0014 fm from the 2 3S1 − 2 3P0 transition.



5. Schmitt, Dax, Kirchner, Kluge, Kühl, Tanihata, Wakasugi, Wang, and Zimmer-
mann, Hyperfine Interactions, “Towards the determination of the charge radius of
Li-11 by laser spectroscopy” 127, 111-115 (2000).

- first communication from Andreas Dax was three years earlier, in 1997.

6. Drake and Goldman, “Bethe logarithms for Ps−, H− and heliumlike atoms,” Can.
J. Phys. 77, 835 (2000).

- allowed a complete control of theoretical uncertainties in the isotope shift up to
order α3µ/M Ryd.

- similarly for Li-like atoms in Yan and Drake, “Bethe logarithm and QED shift for
lithium,” Phys. Rev. Lett., 91, 113004 (2003).

7. 2000: Wilfried Nörtershäuser begins work on the Li-11 experiment at GSI.

8. June 21, 2001: First communication from Z.T. Lu suggesting a measurement of
the isotope shift for He-6 at Argonne to determine the nuclear charge radius.

9. L.-B. Wang, P. Mueller, K. Bailey, G.W.F. Drake, J.P. Greene, D. Henderson, R.J.
Holt, R.V.F. Janssens, C.L. Jiang, Z.-T. Lu, T.P. O’Connor, R.C. Pardo, M. Paul,
K.E. Rehm, J.P. Schiffer, and X.D. Tang, ”Laser spectroscopic determination of
the 6He nuclear charge radius,” Phys. Rev. Lett. 93, 142501 (2004).

10. R. Sanchez, W. Nördershäuser, G. Ewald, D. Albers, J. Behr, P. Bricault, B. A.
Bushaw, A. Dax,, J. Dilling, M. Dombsky, G.W.F. Drake, S. Götte, R. Kirchner,
H.-J. Kluge, T. Kühl, J. Lassen, C.D.P. Levi, M.R. Pearson, E.J. Prime, V. Ryjkov,
A. Wojtaszek, Z.-C. Yan, and Claus Zimmerman, “Nuclear charge radii of Li-9,Li-
11: The influence of halo neutrons,” Phys. Rev. Lett. 96, 033002 (2006).



11. K. Pachucki and A.M. Moro, “Nuclear polarizability of helium isotopes in atomic
transitions”, Phys. Rev. A 75, 032521(2007).

12. P. Mueller, I. A. Sulai, A. C. C. Villari, J. A. Alcántara-Núñez, R. Alves-Condé,
K. Bailey, G. W. F. Drake, M. Dubois, C. Eléon, G. Gaubert, R. J. Holt,1 R. V.
F. Janssens, N. Lecesne, Z.-T. Lu, T. P. O’Connor, M.-G. Saint-Laurent, J. P.
Schiffer,1 J.-C. Thomas, and L.-B. Wang, “Nuclear charge radius of 8He,” Phys.
Rev. Lett. 99, 252501 (2008).

13. W. Nörtershäuser, D. Tiedemann, M. Zakova, Z. Andjelkovic, K. Blaum, M. L.
Bissell, R. Cazan, G.W.F. Drake, Ch. Geppert, M. Kowalska, J. Kramer, A.
Krieger, R. Neugart, R. Sanchez, F. Schmidt-Kaler, Z.-C. Yan, D. T. Yordanov,
and C. Zimmermann, 2008. “Nuclear Charge Radii of 7,9,10Be and the one-neutron
halo nucleus 11Be,” Phys. Rev. Lett. 102, 062503 (2008).

semin45.tex, June, 2009



Halo Nuclei Halo Nuclei 66He and He and 88HeHe

Borromean

Isotope Half-life Spin Isospin Core + Valence

He-6 807 ms 0+ 1 α + 2n

He-8 119 ms 0+ 2 α + 4n

I. Tanihata et al., Phys. Lett. (1992)

( ) ( ) ( )26 4 6I I nHe He Heσ σ σ−− =

( ) ( ) ( ) ( )2 48 4 8 8I I n nHe He He Heσ σ σ σ− −− = +

( ) ( ) ( )28 6 8I I nHe He Heσ σ σ−− ≠
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NucleonNucleon--Nucleon Interaction at Low EnergyNucleon Interaction at Low Energy

Fundamental theory QCD not calculable in low-energy regime (nucleus 
structure)

Modern nuclear calculation uses “effective potential” between nucleons

QCD
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Charge Radii MeasurementsCharge Radii Measurements

Methods of measuring nuclear radii (interaction radii, matter radii, charge radii)
Nuclear scattering – model dependent
Electron scattering – stable isotope only
Muonic atom spectroscopy – stable isotope only
Atomic isotope shift

He-3 He-4 He-6 He-8
QMC Theory 1.74(1) 1.45(1) 1.89(1) 1.86(1)

µ-He Lamb Shift 1.474(7)

Atomic Isotope Shift 1.766(6) ? ?
p-He Scattering 1.95(10) GG

1.81(09) GO
1.68(7) GG
1.42(7) GO

RMS point proton radii (fm) from theory and experiment

G.D. Alkhazov et al., Phys. Rev. Lett. 78, 2313 (1997);
D. Shiner et al., Phys. Rev. Lett. 74, 3553 (1995).

6He



HIGH PRECISION SPECTROSCOPY

THEORY

– Hyperfine structure

– N.R. energies and relativistic corrections

– QED effects

Fine Structure

Isotope Shift (SIS)

⇒ internal check of

theory and experiment

4He – 6He

0

1s2p 3P

1

2

6 6

Transition

Isotope Shift

⇒ nuclear radius

4He – 6He

0

1

2

1s2s 3S 1

6 6

Total Transition

Frequency

⇒ QED shift

4He

0

1

2

1

6

Flow diagram for types of measurements.
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Contributions to the energy and their orders of magnitude in terms of

Z, µ/M = 1.370 745 624 × 10−4, and α2 = 0.532 513 6197 × 10−4.

Contribution Magnitude

Nonrelativistic energy Z2

Mass polarization Z2µ/M

Second-order mass polarization Z2(µ/M)2

Relativistic corrections Z4α2

Relativistic recoil Z4α2µ/M

Anomalous magnetic moment Z4α3

Hyperfine structure Z3gIµ
2
0

Lamb shift Z4α3 ln α + · · ·
Radiative recoil Z4α3(ln α)µ/M

Finite nuclear size Z4〈RN/a0〉2

Nuclear polarization Z3e2αd,nuc/(αa0)

transp06.tex, March 08



Nonrelativistic Eigenvalues
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The Hamiltonian in atomic units is

H = −1

2
∇2

1 −
1

2
∇2

2 −
Z

r1
− Z

r2
+

1

r12

Expand

Ψ(r1, r2) =
∑

i,j,k
aijk ri

1r
j
2r

k
12 e−αr1−βr2 YM

l1l2L
(r̂1, r̂2)

(Hylleraas, 1929). Pekeris shell: i + j + k ≤ Ω, Ω = 1, 2, . . ..
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Rayleigh-Schrödinger Variational Principle

Diagonalize H in the

χijk = ri
1r

j
2r

k
12 e−αr1−βr2 YM

l1l2L
(r̂1, r̂2)

basis set to satisfy the variational condition

δ
∫

Ψ (H − E) Ψ dτ = 0.

For finite nuclear mass M ,

H = −1

2
∇2

1 −
1

2
∇2

2 −
Z

r1
− Z

r2
+

1

r12
− µ

M
∇1 · ∇2

in reduced mass atomic units e2/aµ, where aµ = (m/µ)a0 is the reduced

mass Bohr radius, and µ = mM/(m + M) is the electron reduced mass.
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New Variational Techniques

I. Double the basis set

If φi,j,k(α, β) = ri
1r

j
2r

k
12e

−αr1−βr2

then φ̃i,j,k = a1φi,j,k(α1, β1) + a2φi,j,k(α2, β2)

asymptotic inner correlation

II. Include the screened hydrogenic function

φSH = ψ1s(Z)ψnL(Z − 1)

explicitly in the basis set.

III. Optimize the nonlinear parameters

∂E

∂αt
= −2〈Ψtr | H − E | r1Ψ(r1, r2; αt)± r2Ψ(r2, r1; αt)〉

∂E

∂βt
= −2〈Ψtr | H − E | r2Ψ(r1, r2; αt)± r1Ψ(r2, r1; αt)〉

for t = 1, 2, with 〈Ψtr | Ψtr〉 = 1.
Ψ(r1, r2; αt) = terms in Ψtr which depend explicitly on αt.

semin04.tex, January, 2005



Convergence study for the ground state of helium [1].

Ω N E(Ω) R(Ω)

8 269 –2.903 724 377 029 560 058 400
9 347 –2.903 724 377 033 543 320 480

10 443 –2.903 724 377 034 047 783 838 7.90
11 549 –2.903 724 377 034 104 634 696 8.87
12 676 –2.903 724 377 034 116 928 328 4.62
13 814 –2.903 724 377 034 119 224 401 5.35
14 976 –2.903 724 377 034 119 539 797 7.28
15 1150 –2.903 724 377 034 119 585 888 6.84
16 1351 –2.903 724 377 034 119 596 137 4.50
17 1565 –2.903 724 377 034 119 597 856 5.96
18 1809 –2.903 724 377 034 119 598 206 4.90
19 2067 –2.903 724 377 034 119 598 286 4.44
20 2358 –2.903 724 377 034 119 598 305 4.02

Extrapolation ∞ –2.903 724 377 034 119 598 311(1)

Korobov [2] 5200 –2.903 724 377 034 119 598 311 158 7
Korobov extrap. ∞ –2.903 724 377 034 119 598 311 159 4(4)

Schwartz [3] 10259 –2.903 724 377 034 119 598 311 159 245 194 404 4400
Schwartz extrap. ∞ –2.903 724 377 034 119 598 311 159 245 194 404 446

Goldman [4] 8066 –2.903 724 377 034 119 593 82
Bürgers et al. [5] 24 497 –2.903 724 377 034 119 589(5)

Baker et al. [6] 476 –2.903 724 377 034 118 4

[1] G.W.F. Drake, M.M. Cassar, and R.A. Nistor, Phys. Rev. A 65, 054501 (2002).
[2] V.I. Korobov, Phys. Rev. A 66, 024501 (2002).
[3] C. Schwartz, http://xxx.aps.org/abs/physics/0208004
[4] S.P. Goldman, Phys. Rev. A 57, R677 (1998).
[5] A. Bürgers, D. Wintgen, J.-M. Rost, J. Phys. B: At. Mol. Opt. Phys. 28, 3163
(1995).
[6] J.D. Baker, D.E. Freund, R.N. Hill, J.D. Morgan III, Phys. Rev. A 41, 1247 (1990).
transp24.tex, Nov./00



Mass Scaling
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H = − h̄2

2M
∇2

X −
h̄2

2m
∇2

x1
− h̄2

2m
∇2

x2
− Ze2

|X− x1| −
Ze2

|X− x2| +
e2

|x1 − x2|
Transform to centre-of-mass plus relative coordinates R, r1, r2

R =
MX + mx1 + mx2

M + 2m
r1 = X− x1

r2 = X− x2

and ignore centre-of-mass motion. Then

H = − h̄2

2µ
∇2

r1
− h̄2

2µ
∇2

r2
− h̄2

M
∇r1 · ∇r2 −

Ze2

r1
− Ze2

r2
+

e2

|r1 − r2|

where µ =
mM

m + M
is the electron reduced mass.
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Expand

Ψ = Ψ0 +
µ

M
Ψ1 +

( µ

M

)2
Ψ2 + · · ·

E = E0 +
µ

M
E1 +

( µ

M

)2
E2 + · · ·

The zero-order problem is the Schrödinger equation for infinite nuclear mass


−

1

2
∇2

ρ1
− 1

2
∇2

ρ2
− Z

ρ1
− Z

ρ2
+

1

|ρ1 − ρ2|



 Ψ0 = E0Ψ0

The “normal” isotope shift is

∆Enormal = − µ

M

( µ

m

)
E0 2R∞

The first-order “specific” isotope shift is

∆E
(1)
specific = − µ

M

( µ

m

)
〈Ψ0|∇ρ1 · ∇ρ2|Ψ0〉 2R∞

The second-order “specific” isotope shift is

∆E
(2)
specific =

(
− µ

M

)2 ( µ

m

)
〈Ψ0|∇ρ1 · ∇ρ2|Ψ1〉 2R∞

semin03.tex, January/05



Two contexts

I. For total transition frequencies

∆E = Ei − Ef

and the dominant source of uncertainty is the higher-order QED term α4E (0)
ho ' 10−8,

where here and throughout the superscript denotes the power of λ.

II. For isotope shifts

terms independent of λ cancel (except for the last r̄2
c term), and the term α4λE (1)

ho '
10−12 contributes only at the level of a few kHz. The isotope shift between isotopes A

and B in the same atomic state is then

∆E(B − A) =

λ−
[
E (1)

NR − E (0)
NR + λ+

(
E (2)

NR − E (1)
NR

)
+ α2

(
E (1)

rel − E (0)
rel

)
+ α3

(
E (1)

QED − E (0)
QED

)
+ α4

(
E (1)

ho − E (0)
ho

)]
+

(
r̄2
c,B − r̄2

c,A

)
E (0)

nuc (1)

where λ± = (µ/M)B ± (µ/M)A.
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Variational Basis Set for Lithium

Solve for Ψ0 and Ψ1 by expanding in Hylleraas coordinates

rj1
1 rj2

2 rj3
3 rj12

12 rj23
23 rj31

31 e−αr1−βr2−γr3 YLM
(`1`2)`12,`3

(r1, r2, r3) χ1 , (1)

where YLM
(`1`2)`12,`3

is a vector-coupled product of spherical harmonics, and

χ1 is a spin function with spin angular momentum 1/2.

Include all terms from (1) such that

j1 + j2 + j3 + j12 + j23 + j31 ≤ Ω , (2)

and study the eigenvalues as Ω is progressively increased.

The explicit mass-dependence of E is

E = ε0 + λε1 + λ2ε2 + O(λ3) , in units of 2RM = 2(1 + λ)R∞ .

semin05.tex, January, 2005



Variational upper bounds for nonrelativistic eigenvalues.

State Nterms E∞ (2R∞) EM (2RM)

Li(1s22s 2S) 6413 –7.478 060 323 869 –7.478 036 728 322

9577 –7.478 060 323 892 –7.478 036 728 344

9576 –7.478 060 323 890a

Li(1s23s 2S) 6413 –7.354 098 421 392 –7.354 075 591 755

9577 –7.354 098 421 425 –7.354 075 591 788

Li(1s22p 2P) 5762 –7.410 156 532 488 –7.410 137 246 549

9038 –7.410 156 532 593 –7.410 137 246 663

Be+(1s22s 2S) 6413 –14.324 763 176 735 –14.324 735 613 884

9577 –14.324 763 176 767 –14.324 735 613 915

Be+(1s23s 2S) 6413 –13.922 789 268 430 –13.922 763 157 509

9577 –13.922 789 268 518 –13.922 763 157 598

Be+(1s22p 2P) 5762 –14.179 333 293 227 –14.179 323 188 964

9038 –14.179 333 293 333 –14.179 323 189 509
aM. Puchalski and K. Pachucki, Phys. Rev. A 73, 022503 (2006).
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Relativistic Corrections

Relativistic corrections of O(α2) and anomalous magnetic moment corrections of O(α3)
are (in atomic units)

∆Erel = 〈Ψ|Hrel|Ψ〉J , (3)

where Ψ is a nonrelativistic wave function and Hrel is the Breit interaction defined by

Hrel = B1 + B2 + B4 + Bso + Bsoo + Bss +
m

M
(∆̃2 + ∆̃so)

+ γ
(
2Bso +

4

3
Bsoo +

2

3
B

(1)
3e + 2B5

)
+ γ

m

M
∆̃so .

where γ = α/(2π) and

B1 =
α2

8
(p4

1 + p4
2)

B2 = −α2

2

(
1

r12
p1 · p2 +

1

r3
12

r12 · (r12 · p1)p2

)

B4 = α2π

(
Z

2
δ(r1) +

Z

2
δ(r2)− δ(r12)

)
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Hrel = B1 + B2 + B4 + Bso + Bsoo + Bss +
m

M
(∆̃2 + ∆̃so)

+ γ
(
2Bso +

4

3
Bsoo +

2

3
B

(1)
3e + 2B5

)
+ γ

m

M
∆̃so .

Spin-dependent terms

Bso =
Zα2

4

[
1

r3
1
(r1 × p1) · σ1 +

1

r3
2
(r2 × p2) · σ2

]

Bsoo =
α2

4

[
1

r3
12

r12 × p2 · (2σ1 + σ2)− 1

r3
12

r12 × p1 · (2σ2 + σ1)

]

Bss =
α2

4

[
−8

3
πδ(r12) +

1

r3
12

σ1 · σ2 − 3

r3
12

(σ1 · r12)(σ2 · r12)

]

Relativistic recoil terms (A.P. Stone, 1961)

∆̃2 = −Zα2

2

{
1

r1
(p1 + p2) · p1 +

1

r3
1
br1 · [r1 · (p1 + p2)]p1

+
1

r2
(p1 + p2) · p2 +

1

r3
2
br2 · [r2 · (p1 + p2)]p2

}

∆̃so =
Zα2

2

(
1

r3
1
r1 × p2 · σ1 +

1

r3
2
r2 × p1 · σ2

)
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Two-Electron QED Shift

The lowest order helium Lamb shift is given by the Kabir-Salpeter formula (in atomic
units)

EL,1 =
4

3
Zα3|Ψ0(0)|2

[
ln α−2 − β(1sn`) +

19

30

]

where β(1sn`) is the two-electron Bethe logarithm defned by

β(1sn`) =
N
D =

∑

i

|〈Ψ0|p1 + p2|i〉|2(Ei − E0) ln |Ei − E0|
∑

i

|〈Ψ0|p1 + p2|i〉|2(Ei − E0)

Ψ0

hν

Ψi

Ψ0qqqqqqqqqqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

semin09.tex, January, 2005



The sum in the denominator can be completed by closure:

D = 〈Ψ0|p(H − E0)p|Ψ0〉 = 2πZ|Ψ0(0)|2

where p = p1 + p2.

Schwartz (1961) transformed the numerator to read

N = lim
K→∞

(
−K〈Ψ0|p · p|Ψ0〉+D ln(K) +

∫ K

0
k dk〈Ψ0|p(H − E0 + k)−1p|Ψ0〉

)

Expensive in computer time and slowly convergent. Recent work by

J. D. Baker,R. C. Rorrrey, M. Jerziorska, and J. D. Morgan III (unpublished),
V. I. Korobov and S. V. Korobov, Phys. Rev. A 59, 3394 (1999).

semin09.tex, January, 2005



Alternative method: demonstration for hydrogen

Define a variational basis set with multiple distance scales according to:

χi,j = ri exp(−αjr) cos(θ),

with

j = 0, 1, . . . , Ω− 1

i = 0, 1, . . . , Ω− j − 1

and
αj = α0 × gj, g ' 10

The number of elements is N = Ω(Ω + 1)/2.

Diagonalize the Hamiltonian in this basis set to generate a set of pseudostates.

semin09.tex, January, 2005



The sequence of basis sets is:

Ω = 1; N = 1 :

e−αr

Ω = 2; N = 3 :

e−10αr

e−αr, re−αr

Ω = 3; N = 6 :

e−100αr

e−10αr, re−10αr,

e−αr, re−αr, r2e−αr

Ω = 4 : N = 10

e−1000αr

e−100αr, re−100αr,

e−10αr, re−10αr, r2e−10αr

e−αr, re−αr, r2e−αr, r3e−αr

semin09.tex, January, 2005



E (a.u.)

d
β
(E

)/
d
E

100 102 104 106 108-0.2
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q
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q q q q q q q q q q q q q q q q q q q q q q q q

Differential contributions to the Bethe logarithm for the ground state of hydrogen. Each
point represents the contribution from one pseudostate.
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Convergence of the Bethe logarithm for hydrogen.

Ω N β(1s) Differences Ratios

2 3 2.04133473671235643207
3 6 2.25562501021050378880 0.21429027349814735672
4 10 2.28660583806175080919 0.03098082785124702039 6.917
5 15 2.29046731873800820861 0.00386148067625739942 8.023
6 21 2.29092465658916831858 0.00045733785116010997 8.443
7 28 2.29097528980426278650 0.00005063321509446792 9.032
8 36 2.29098074679466355929 0.00000545699040077279 9.279
9 45 2.29098131145011677157 0.00000056465545321228 9.664

10 55 2.29098136890590489232 0.00000005745578812075 9.828
11 66 2.29098137458983244603 0.00000000568392755370 10.108
12 78 2.29098137514650642811 0.00000000055667398208 10.211
13 91 2.29098137519991895769 0.00000000005341252957 10.422
14 105 2.29098137520502205119 0.00000000000510309350 10.467
15 120 2.29098137520550236046 0.00000000000048030928 10.625
16 136 2.29098137520554763881 0.00000000000004527834 10.608
17 153 2.29098137520555186303 0.00000000000000422422 10.719
18 171 2.29098137520555226032 0.00000000000000039729 10.633
19 190 2.29098137520555229746 0.00000000000000003714 10.697
20 210 2.29098137520555230096 0.00000000000000000351 10.594
Extrap. 2.29098137520555230133
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Bethe logarithms for He-like atoms.

State Z = 2 Z = 3 Z = 4 Z = 5 Z = 6

1 1S 2.983 865 9(1) 2.982 624 558(1) 2.982 503 05(4) 2.982 591 383(7) 2.982 716 949(1)

2 1S 2.980 118 275(4) 2.976 363 09(2) 2.973 976 98(4) 2.972 388 16(3) 2.971 266 29(2)

2 3S 2.977 742 36(1) 2.973 851 679(2) 2.971 735 560(4) 2.970 424 952(5) 2.969 537 065(5)

2 1P 2.983 803 49(3) 2.983 186 10(2) 2.982 698 29(1) 2.982 340 18(7) 2.982 072 79(6)

2 3P 2.983 690 84(2) 2.982 958 68(7) 2.982 443 5(1) 2.982 089 5(1) 2.981 835 91(5)

3 1S 2.982 870 512(3) 2.981 436 5(3) 2.980 455 81(7) 2.979 778 086(4) 2.979 289 8(9)

3 3S 2.982 372 554(8) 2.980 849 595(7) 2.979 904 876(3) 2.979 282 037 2.978 844 34(6)

3 1P 2.984 001 37(2) 2.983 768 943(8) 2.983 584 906(6) 2.983 449 763(6) 2.983 348 89(1)

3 3P 2.983 939 8(3) 2.983 666 36(4) 2.983 479 30(2) 2.983 350 844(8) 2.983 258 40(4)

4 1S 2.983 596 31(1) 2.982 944 6(3) 2.982 486 3(1) 2.982 166 154(3) 2.981 932 94(5)

4 3S 2.983 429 12(5) 2.982 740 35(4) 2.982 291 37(7) 2.981 988 21(2) 2.981 772 015(7)

4 1P 2.984 068 766(9) 2.983 961 0(2) 2.983 875 8(1) 2.983 813 2(1) 2.983 766 6(2)

4 3P 2.984 039 84(5) 2.983 913 45(9) 2.983 828 9(1) 2.983 770 1(2) 2.983 727 5(2)

5 1S 2.983 857 4(1) 2.983 513 01(2) 2.983 267 901(6) 2.983 094 85(5) 2.982 968 66(2)

5 3S 2.983 784 02(8) 2.983 422 50(2) 2.983 180 677(6) 2.983 015 17(3) 2.982 896 13(2)

5 1P 2.984 096 174(9) 2.984 038 03(5) 2.983 992 23(1) 2.983 958 67(5) 2.983 933 65(5)

5 3P 2.984 080 3(2) 2.984 014 4(4) 2.983 968 9(4) 2.983 937 2(4) 2.983 914 07(6)

For He+, β(1s) = 2.984 128 555 765

G.W.F. Drake and S.P. Goldman, Can. J. Phys. 77, 835 (1999).
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Comparison of Bethe Logarithms ln(k0) in units of ln(Z2R∞).

Atom 1s22s 1s23s 1s22p 1s2 1s

Li 2.981 06(1) 2.982 36(6) 2.982 57(6) 2.982 624 2.984 128

Be+ 2.979 26(2) 2.981 62(1) 2.982 27(6) 2.982 503 2.984 128

Comparison of Bethe Logarithm
finite mass coefficient ∆βMP.

Atom 1s22s 1s23s 1s22p 1s2 1s

Li 0.113 05(5) 0.110 5(3) 0.111 2(5) 0.1096 0.0

Be+ 0.125 58(4) 0.117 1(1) 0.121 7(6) 0.1169 0.0

ln(k0/Z
2RM) = β∞ + (µ/M)∆βMP

where β∞ is the Bethe logarithm for infinite nuclear mass.
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e The Electron-Electron Term

The electron-electron part is (Araki and Sucher)

∆EL,2 = α3
(14

3
ln α +

164

15

)
〈δ(rij)〉 − 14

3
α3Q , (6)

where the Q term is defined by

Q = (1/4π) lim
ε→0
〈r−3

ij (ε) + 4π(γ + ln ε)δ(rij)〉 . (7)

γ is Euler’s constant, ε is the radius of a sphere about rij = 0 excluded from the
integration.

Finite Nuclear Size Correction

In lowest order

∆Enuc =
2πZr2

rms

3
〈δ(ri)〉 , (8)

where rrms = Rrms/aBohr, Rrms is the root-mean-square radius of the nuclear charge
distribution, and aBohr is the Bohr radius.
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Contributions to the 6He - 4He isotope shift (MHz ).

Contribution 2 3S1 3 3P2 2 3S1 − 3 3P2

Enr 52 947.324(19) 17 549.785(6) 35 397.539(16)

µ/M 2 248.202(1) –5 549.112(2) 7 797.314(2)

(µ/M)2 –3.964 –4.847 0.883

α2µ/M 1.435 0.724 0.711

Ea
nuc –1.264 0.110 –1.374

α3µ/M , 1-e –0.285 –0.037 –0.248

α3µ/M , 2-e 0.005 0.001 0.004

Total 55 191.453(19) 11 996.625(4) 43 194.828(16)

Experimentb 43 194.772(56)

Difference 0.046(56)

aAssumed nuclear radius is rnuc(
6He) = 2.04 fm.

In general, IS(2S − 3P ) = 43 196.202(16) + 1.008[r2
nuc(

4He)− r2
nuc(

6He)].

Adjusted nuclear radius is rnuc(
6He) = 2.054(14) fm.

bZ.-T. Lu, Argonne collaboration.
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Nuclear Charge Radius of 8He
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The root-mean-square (rms) nuclear charge radius of 8He, the most neutron-rich of all particle-stable
nuclei, has been determined for the first time to be 1.93(3) fm. In addition, the rms charge radius of 6He
was measured to be 2.068(11) fm, in excellent agreement with a previous result. The significant reduction
in charge radius from 6He to 8He is an indication of the change in the correlations of the excess neutrons
and is consistent with the 8He neutron halo structure. The experiment was based on laser spectroscopy of
individual helium atoms cooled and confined in a magneto-optical trap. Charge radii were extracted from
the measured isotope shifts with the help of precision atomic theory calculations.

DOI: 10.1103/PhysRevLett.99.252501 PACS numbers: 21.10.Ft, 21.60.�n, 27.20.+n, 31.30.Gs

Precision measurements of nuclear structure in light
isotopes are essential for a better understanding of nuclei
and of the underlying interactions between protons and
neutrons. Ab initio calculations of light nuclei provide
quantitative predictions of nuclear properties based on
empirical nucleon-nucleon and three-nucleon interactions
[1,2]. Investigations of very neutron-rich isotopes, among
which the lightest are 6He (t1=2 � 807 ms) and 8He (t1=2 �

119 ms), present especially stringent tests for these calcu-
lations as they probe aspects of the interactions that are less
prevalent in nuclei closer to stability.

The differences in charge radii in the helium isotopes,
where the two protons are predominantly in a relative s
state, reflect primarily the center-of-mass motion of the
protons with respect to the neutrons. Therefore, the charge
radius is especially sensitive to neutron correlations. The
two excess neutrons in 6He and the four in 8He form a halo
with respect to a 4He core (or � particle) [3]. The excess
neutron pair in 6He is correlated in such a way that the
recoil motion of the core results in an increased charge
radius [4]. In 8He, the four excess neutrons are expected to
be correlated in a more spherically symmetric way, and this
recoil effect is expected to be smaller.

Here, we report on the first measurements of the nuclear
charge radius of 8He. Neutral helium atoms were laser
cooled and confined in a magneto-optical trap, and the
isotope shift ��A;A0 of an atomic transition between iso-
topes A and A0 was determined by laser spectroscopy. This
isotope shift can be expressed as

 ��A;A0 � ��MS
A;A0 � KFS�hr

2iA;A0 : (1)

The mass shift ��MS
A;A0 and the field shift constantKFS of this

two-electron system have both been precisely calculated

[5], so that the change in mean-square nuclear charge radii
�hr2iA;A0 between the two isotopes can be extracted from
the measured isotope shift. Combined with a previous
measurement on 6He [4] and earlier studies of the two
stable isotopes, 3He [6] and 4He [7], there is now a com-
plete picture of the evolution of nuclear charge radii in the
helium isotopic chain.

The experiment was carried out at the GANIL facility
where 6He and 8He were simultaneously produced from
a primary beam of 75 MeV=u 13C impinging on a heated
(�2000 K) graphite target. Low-energy (20 keV) beams of
either 6He or 8He with yields of around 1� 108 and 5�
105 ions per second, respectively [8], were delivered to an
adjacent low-radiation area where the helium ion beam was
stopped in a hot, 1 cm2 sized graphite foil for neutraliza-
tion. The released neutral, thermal helium atoms were
pumped within 250 ms into the atomic beam apparatus
resulting in rates of approximately 5� 107 s�1 and 1�
105 s�1 for 6He and 8He, respectively.

The trapping and spectroscopy setup has been previ-
ously described in detail in connection with the nuclear
charge radius measurement of 6He at Argonne’s ATLAS
facility [4,9]. The selective cooling and trapping of he-
lium atoms in a magneto-optical trap (MOT) was pivotal
for this work, providing single-atom sensitivity, large
signal-to-noise ratios and high spectroscopic resolution.
A beam of metastable helium atoms was produced through
a LN2-cooled gas discharge. Transverse cooling and
Zeeman slowing were applied to load the metastable he-
lium atoms of a selected isotope into the MOT. Cooling and
trapping were based on the cycling 2 3S1 ! 2 3P2 transi-
tion at a wavelength of 1083 nm. The laser frequency for
this transition was controlled to an accuracy of 100 kHz to
allow reproducible switching between the respective iso-
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The dominating nuclear excitations are E1 transitions by
the electric dipole coupling � ~d � ~E [20]. The energy shift
due to the two-photon exchange in the temporal gauge is
 

Epol� ie2 2�0�
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k 1
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where  2�0� � �m��3h
P
a�

3�ra�i, p � �m; ~0�, and we used
plane wave approximation for the electrons, since the
characteristic photon momentum k is much larger than
the inverse Bohr radius. After performing k integration
and replacing ! � iw, one obtains

 Epol � �m�4

�X
a

�3�ra�
�
�m3 ~�pol�; (15)

where ~�pol is a kind of electric polarizability of the nu-
cleus, which is given by the following double integral:
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where 	 �
������������������������
1� 2im=w

p
, and E is the excitation energy of

the nucleus with respect to the ground state with threshold
value ET . This general formula agrees in the limit E
 m
with that derived previously for the nuclear polarizability
effect in deuterium [21]. ~�pol involves a square of the
transition dipole moment. This can be related to the
B�E1� distribution which was recently accurately mea-
sured for 11Li in Ref. [20]

 jh�j ~djEij2 �
4�
3

dB�E1�

dE
(17)

in units e2 fm2 MeV, which explains the presence of e2 in
the denominator in Eq. (16). With the new data from
Ref. [20] (see Fig. 1) and the two-neutron separation
energy ET � 0:376�5� MeV [7], one obtains

 ~� pol � 60:9�6:1� fm3 � 1:06�0:11� 	 10�6m�3 (18)

and a polarizability correction to the 3 2S1=2-2 2S1=2 tran-
sition frequency of 
pol � 39�4� kHz. Polarizability cor-
rection for 9Li and lighter isotopes is expected to be at least
10 times smaller and is, thus, negligible.

The last significant contribution to the isotope shift is
due to the finite size of the nucleus

 Efs �
2�
3
Z�4m3hr2

chi

�X
a

�3�ra�
�
: (19)

This nuclear volume effect can now be extracted from the
isotope shift measurements, to obtain nuclear charge radii.
We additionally account for the leading relativistic correc-
tion �2�0��1� �Z��2 ln�mrchZ��� to the square of the
wave function at the origin. Results are summarized in
Table II.

All results for charge radii differences are signifi-
cantly improved compared to previous determinations;
for example, our result for the difference 11Li-7Li, �r2

ch �
0:157�81� fm2, can be compared to �r2

ch�0:374�112� fm2

which is obtained using results presented in Ref. [4]. The

0 1 2 3
E (MeV)

0

1

2

dB
/d

E
 (

e2  fm
2 /M

eV
)

Nakamura
fit

FIG. 1 (color online). Electric dipole line strength by
Nakamura et al. [20] adapted to the new value of ET from
Ref. [7].

TABLE II. Summary of isotope shift determination of Li charge radii, rch�
7Li� � 2:390�30� fm [22],m�7Li� � 7:016 003 425 6�45�u

[23]; the first uncertainty of 
the comes from unknown higher order terms, the second uncertainty is due to the atomic mass.

Mass (u) [7,24] 
exp (MHz) [3,4] 
the (MHz) �r2
ch (fm2) rch (fm)

6Li 6.015 122 794(16) �11 453:983�20� �11 452:822�2��0� 0.738(13) 2.540(30)
8Li 8.022 487 36(10) 8635.782(44) 8634.990(1)(1) �0:503�28� 2.282(32)
9Li 9.026 789 5(21) 15 333.272(39) 15 331.797(3)(13) �0:938�26� 2.185(33)
11Li 11.043 715 7(54) 25 101.226(125) 25 101.473(9)(21) 0.157(81) 2.423(34)
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Fig. 3 are the values from ab initio calculations based on
the no-core shell model (NCSM) [17] and Green’s function
Monte Carlo (GFMC) techniques [18]. Apart from those,
there are a number of cluster model calculations providing
values for rms point-proton and matter radii of both iso-
topes [19].

Most strikingly, the rms charge radius decreases signifi-
cantly from 6He to 8He, while the matter radius seems to
increase. The larger matter radius of 8He is consistent with
there being more neutrons and more nucleons altogether.
On the other hand, the larger charge radius of 6He is
consistent with the interpretation that the two neutrons
are correlated so that on average they spend more time
together on one side of the core rather than on opposite
sides. As a result, the recoil motion of the �-like core
against the correlated pair of neutrons smears out the
charge distribution. In 8He, the four excess neutrons are
distributed in a more spherically symmetric fashion in the
halo and the smearing of the charge in the core is corre-
spondingly less, leading to a reduction in the charge radius.
These effects are reproduced rather well by ab initio cal-
culations, giving further confidence in our understanding
of nuclear forces and in the method of calculation.
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FIG. 3 (color online). Comparison of rms point-proton radii
(circles) and matter radii (triangles) for 6He and 8He between
experiment (solid symbols) and theory (open symbols). The
vertical bands represent experimental error bands, consistent
with the spread and error bars of the reported values, and the
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Comparison between theory and experiment for the
total transition frequencies of 7Li and 9Be+. Units are cm−1.
[See Z.-C. Yan, W. Nörtershäuser, and G.W.F. Drake, PRL 100, 243002 (2008)].

Atom/Ion 2 2P1/2 − 2 2S1/2 2 2P3/2 − 2 2S1/2 3 2S1/2 − 2 2S1/2 2 2S1/2 I.P.
7Li (Pachucki) 14 903.648 4(10) 27 206.093 7(6) 43 487.159 0(8)
7Li (this work) 14 903.648 5(10) 14 903.983 8(10) 27 206.093 9(10) 43 487.159 3(10)
7Li (expt.) 14 903.648 130(14)a 14 903.983 648(14)a 27 206.094 20(10)b 43 487.159 40(18)c

Difference 0.000 4(10) 0.000 2(10) –0.000 3(10) –0.000 1(10)

9Be+ (Pachucki) 31 928.734(8) 88 231.919(5) 146 882.918(7)
9Be+ (this work) 31 928.738(5) 31 935.310(5) 88 231.920(6) 146 882.923(5)
9Be+ (expt.) 31 928.744d 31 935.320d 88 231.915d 146 882.86d

31 935.310(47)e

Difference –0.006(5) –0.010(5) 0.005(6) 0.063(5)

0.000(47)

aSansonetti et al.
bBushaw et al.
cBushaw et al.
dRalchenko et al.
eNakamura et al.
fM. Puchalski and K. Pachucki, Phys. Rev. A 78, 052501 (2008).
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Calculated isotope shift parameter ∆E
(0)
B−A

for various transitions in Li and Be+. Units are MHz.

Isotopes 2 2P1/2–2 2S1/2 2 2P3/2–2 2S1/2 3 2S1/2–2 2S1/2
7Li–6Li –10 532.111(6) –10 532.506(6) –11 452.821(2)
7Li–8Li 7 940.627(5) 7 940.925(5) 8 634.989(2)
7Li–9Li 14 098.840(8) 14 099.369(8) 15 331.799(3)

7Li–11Lia 23 082.645(11) 23 083.513(11) 25 101.472(10)

Pachucki b 25 101.471(7)c

9Be–7Be –49 225.765(19) -49 231.814(19) -48 514.03(2)
9Be–10Be 17 310.44(6) 17 312.57(6) 17 060.56(6)
9Be–11Be 31 560.31(6) 31 563.89(6) 31 104.60(6)

Pachucki b 31 560.30(3)

aIncludes nuclear polarization corrections of 62 kHz for the
2 2PJ -2 2S1/2 transitions, and 39 kHz for the 3 2S1/2–2 2S1/2 transition.

bM. Puchalski and K. Pachucki, Phys. Rev. A 78, 052501 (2008).
cValue with nuclear mass adjusted to 11.043 716(5) u instead of 11.043 723 61(69) u.

∆E(B − A) = λ−
[
E (1)

tot − E (0)
tot + λ+

(
E (2)

tot − E (1)
tot

)]
+ C

(
r̄2
c,B − r̄2

c,A

)
= ∆E

(0)
(B−A) + C

(
r̄2
c,B − r̄2

c,A

)
and for Be+:
C(2 2P− 2 2S) = 16.912 MHz/fm2

C(3 2S− 2 2S) = 10.376 MHz/fm2
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Fig. 4. Comparison of various nuclear structure theories with experiment for the rms
nuclear charge radius rc. The points are grouped as (

⊗
) variational microcluster calcula-

tions41–43 and a no-core shell model;44,45 (
⊕

) effective three-body cluster models;46,47

(Θ) large-basis shell model;48 (5) stochastic variational multicluster;49 (Φ) dynamic
correlation model.50 The remaining points are quantum Monte Carlo calculations51,52

with various effective potentials as follows: (X) AV8’; (•) AV18/UIX; (◦) AV18/IL2; (4)

AV18/IL3; (�) AV18/IL4 (for Li only).

7.4. Results for Nuclear Charge Radii

Figure 4 provides an overview of all the nuclear charge radii rc that have
been measured to date by the isotope shift method. There are three sepa-
rate sequences of measurements for the isotopes of helium,53 lithium23 and
beryllium,54 with the stable isotopes 3He, 7Li and 9Be taken as reference
nuclei. The measurements are represented by the large vertical error bars,
while the various sequences of theoretical predictions are connected by dot-
ted lines to show their trends. Of particular importance are the two- and
four-neutron halo nuclei 6He, 8He, the two-neutron halo nucleus 11Li, and
the single-neutron halo nucleus 11Be. The last is the simplest example of
a single-neutron halo. It is clear that, although the theoretical predictions
show the correct overall trends, it is the halo nuclei that are best able to dis-
criminate amongst the various theories of nuclear structure. It is for these
cases that the various theoretical predictions show the greatest divergence.



Conclusions

• The finite basis set method with multiple distance scales provides an effective and
efficient method of calculating Bethe logarithms, thereby enabling calculations up
to order α3 Ry for helium and lithium.

• The objective of calculating isotope shifts to better than ± 10 kHz has been
achieved for two- and three-electron atoms, thus allowing measurements of the
nuclear charge radius to ±0.002 fm.

• The results provide a significant test of theoretical models for the nucleon-nucleon
potential, and hence for the properties of nuclear matter in general.

semin23.tex, March 2008




