Playing with diagrams

M. Veltman

MacArthur Emeritus Professor
of Physics
University of Michigan



Plan of the lectures

Introduction

Definitions

e

T'he 6 functions

e

I'he largest time equation

e

I'he Unitarity equation

Regions

Cut diagram

Cutting Rules

Example: selt-energy diagram
10 The photon

11 Lagrangian and Feynman rules

© 0 J O Ot = W N =




© 00 ~J O T A W N

DO DN
_— O

Ward identities

Massive vector particles

Spin two particles. Massive and massless graviton
Causality and dispersion relations

Unstable particles

Bound states

Bound states and gauge invariance

Bound states and gravitation

Calculating one-loop diagrams

References



Introduction

Amplitudes and S-matrix elements (amplitudes with the exter-
nal particles on mass shell) are defined in terms of diagrams.

Properties of the theory such as unitarity, causality, symmetry
are a consequence of the properties of the diagrams.

Since the diagram method is a perturbative method all of these
are thus defined insofar perturbation theory is valid.

Certain non-perturbative results (unstable particles, bound
states) can nonetheless be studied using partial summation.

Furthermore, the renormalization group can be established and
scaling equations derived. These may also have meaning be-
yond perturbation theory,



Definitions

Simplest theory: one kind of particle, one 3-point
vertex.

Propagator: %1 22 Vertex: {

Ap(zy —21) = (271)% /d4p 67/19(562—331)]?2 - 7712 —
Vertex factor: g

1
V2po

p = Ingolng momentum.

eipx . .

External lines:

Diagram: points x;...x,, vertex in each point, con-

nected by propagators or with external line attached.
All x to be integrated over all space-time.



Example of a diagram

X11
S
X X4 X10
k I ¢ r
X2 X5 X6 X9
® O & @
X1 X7 X8
p © © © q

(Zg) 1162p:1:1 ezk:cge—qug -

AF(ZCQ — 5131) AF(CIZg — :1:2)

vV 32pokoqoroSo

All x to be integrated over all space-time.



The 6-functions

A5 (z) = (2717)3 /d4p e 0(£py)d(p* + m?)

Ap(z) = 0(x0) AT (2) + 0(—x0) A~ (7)
AL(z) = 0(29) A (x) + 0(—x0) AT (2
A+(£132 — £U1) }21 )Ez A_(.CUQ — $1) )C(')l )22

2 . . .
© Minus sign for every circle.

Simple consequence:

X1 X X1 X2 X1 X2 X1 X
@ ® ®

- o—O — - O — ©
Ap(z) + A%(x) — AT (z) — A (x2) =0




The largest time equation

Xy X4
; ¢— ; ¢—
® | ! + ® | ! =0

The above diagrammatic equation holds if (xz4)¢ is
larger than any other time component (x,)g,n # 4.
In general:

+ =0

for any diagram with any number of circled vertices.



The unitarity equation

Zcirc. =0

I'his may be split:

0,all
+ — - 2 circ.

Lett side is twice ‘Imaginary’ part of the diagram.
This is the unitarity equation.



Regions

A region is defined as a group of circled (or un-
circled) connected vertices. Example:

A line crossed by a red line is a AT (or A7). Going
over to the momentum representation by doing the
x-integrals all of these lines have a 6(py) such that
po flows inward only. A diagram containing enclosed
regions such as R1 are zero. As R2 has a line carrying
momentum outwards such a region does not imply a
zero diagram.



Cut diagram

| 1E
It can be seen as two diagrams glued together:

J,/H ]

This is the product of some diagram with some
diagram®, with connecting lines integrated over

phase space: [ dyp 0(po)d(p® + M?).




Cutting Rules

The S-matrix S must be Unitary. This means
S ST = 1. The T-matrix is defined by S = 1 + T
and ST =1 —4T". Thus

SST=14+iT)1—iTH =14+i(T-TH+T T =1
2i Im(T) = =T T"

The left and right hand side correspond to the dia-
grammatic equation:

+ — .2

cuttings

The blobs now stand for the sum of all diagrams with
a given number of external lines.



Example: self-energy diagram
p+q

— >
q
92/d4q - 1 S
(> + M? —ie)((p + q)* + M? — ie)
] 1 _
in’g? C’—/dx In(z(1 — z)p® + M* — i€)

0

To get the “imaginary” part see where the arg. of
the In is neg. Multiply length of the region by —im.

4M?
2

2(Im. part) = —27°¢*0(—p~ — 4M2)\/1 |



The right hand side of the cutting equation:

q =
p @ p restirame
I' 3

dsq dsr
_ 9 34 a3 o
= —(2mg) / L e B PR A SN V2

d(po — qo — _ \/—>2 2
_ —(ZWQ)Q/CZBQ (pO q20 TO) T0 T —|—M
4o/ @7 + M?

2 —p?

vV (p? 4 2M?2)2 — 44




Unitarity
When is an S-matrix unitary 7

- All possible diagrams must be there
- The vertices must be real (apart from the explicitly mentioned 7)
- For particles with spin the propagator must contain
the spinsums.
- If the propagator does not completely agree with the spinsums
there must be Ward identities correcting the differences
- If there are ghost particles not appearing as in- or outgoing
lines there must be Ward identities

In theories with spin 1 or spin 2 particles Ward identities
play an important role. In particular this is the case for mass-
less particles since there the propagator does not correspond to
the sum over the spins of the polarization vectors.

Ward identities usually express the symmetry content of
the theory. Also if there is a partial symmetry breaking Ward
identities can be derived.



The Photon

vV 2k

Polarization vector orthogonal to k: e, k, =0

If k£ is taken along the z-axis, k = (0,0, k, k), thus
k? = 0, there are three solutions:

= (1,0,0,0), e*=(0,1,0,0) e’ =(0,0,1,1).

The longitudinal polarization vector e3 cannot be

normalized to 1, as e’e? = 0. It is an unphysical

state and must be excluded. The trouble is that
this 1s not a Lorentz invariant statement. To see
this perform a Lorentz tranformation along the 1-

axis followed by a rotation around the 2 axis and
consider the tranformation of the four-vector k.

External photon lines:



6 0 v O /6 0 0 dw/p
0 1 0 O 0 1 0 O
v 0 3 0 0 0 1 0
0 0 0 1) \—w/8 0 0 1/8

k(0,0,1,7) - k(—-v/3,0,1,1/8) — k(0,0,1/5,1/3)

Thus k£ is transformed into a multiple of itself. This
transformation applied to e; gives:

(1707070) — (170707 _ZU)/ﬁ — (1707 _U/ﬁa —Z”U/ﬁ)

Thus e! — e! —v/B e’. Note that e’ — e3/3. Only
one solution: the S-matrix must be such that the
unphysical states do not scatter, i.e. a photon with
polarization vector e® gives a zero S-matrix element.
A symmetry and Ward identities are needed. Let us
put that in diagrams.



The needed expression is

1 0 0 O
Z o o — O 1 0 O
j=12 "7 0 0 0 O
0O 0 0 O
_ .k, + kK,
. (k)

where k = (0,0,k,ik) and k = (0,0, —k,ik). This
equation is rotation invariant, but not Lorentz invari-
ant. Unitarity requires that the photon propagator

has this in the numerator. Problems with Lorentz
invariance. Need Ward identities.



Lagrangian and Feynman rules

Feynman rules are defined by specifying a La-
ocrangian. The recipe is:

e The propagator corresponds to the part of the La-
crangian quadratic in the fields. The propagator is
simply minus the inverse of the fouriertransform of
the quadratic part. A term —ie must be added to
define behaviour for zero denominator.

e All other terms (including terms linear in the fields)

correspond to a vertex whose value can be read off
directly from the Lagrangian. Conservation of en-
ergy and momentum is guaranteed by a o function.

The matter of fourier transform means esentially
that a factor ¢k, corresponds to 0, where k is the

momentum of the field on which 0 operates.



For n identical fields a factor n! must be added.

Example:

The ¢ propagator and the vertex are:

1
k% 4+ m? — 1€

and 6¢g9()

Note that partial integration in the Lagrangian is
permitted. For a propagator one has that (0y)(9dy)
gives the same as —pd*p. The momentum of the

first field is the opposite of the second, since also for
the propagator one has conservation of momentum.



With these prescriptions the theory will have the
usual properties with respect to transformations of
the Lagrangian. For example, making the (canoni-
cal) transformation ¢ — Ay gives no change in the
S-matrix. This particular case is obvious: the prop-
agator gets a factor 1/\%, but every field in a vertex

gets a factor A. The factor A cancels out. There is
some question about what to do for external lines:;
that will not be discussed here. It requires a discus-
sion about normalization of initial and final states.



Ward identities.
Lagrangian for QED in Lorentz gauge.

L = —iF/’LVFl’LV + Lelec. - %(8,UA,UJ)2
— _%aVAMaVAM T %(aMAM)Z + Letec. — %(8/“4”)2

The second and last term cancel; to this Lagrangian
corresponds the simple photon propagator

0w
k? — ie.
Except for the last term the Lagrangian is invari-
ant under A, — A, — A0, (and the corresponding

tranformation of the electron field in L)

Here now the essential trick. We take for ¢ a
field, and more specifically a non-interacting field.



The S-matrix remains unchanged after a canonical

transformation to all orders in A. Note that what we
introduced as a gauge transformation is now consid-

ered a canonical transformation that leaves the the-
ory unchanged. In this context one must transform

everything including the above mentioned non-gauge
invariant term. Then in particular ¢ remains a free

field.
Under a gauge transformation A, — A, — A0, p:

L — L+ N\9,A,0%

One new vertex: ikQ)\kM ——————

Any S-matrix element with one ingoing ¢ particle
must be zero. That particle always couples through
this vertex and one photon propagator.



An ingoing ¢ particle plus one photon propagator is
iAk,,. It follows:

Il

|

I

I
Il
S

The short double line means connection to some ver-
tex instead of a photon with a factor tAk,. Now the

blob stands for the sum of all diagrams with some
given number of external lines all on masshell.



Apart from the irrelevant factor ¢\ this is the de-
sired Ward identity for the case of one ingoing un-

physical photon for which ei 1s proportional to k.

Identities needed for multiple ¢ lines; no problem.
But also for outgoing photon lines not on mass-shell

(other propagators). To study that case add to the

Lagrangian a term coupling the em field to an un-
specified external source j,,.

L = iF,uyF,uy + Eelec. — %(a,uA,u)2 —+ A,uj,u

After the gauge transformation we have the extra
term —A0,pj, and the vertex

—iA\p, - xJu and of course X,



Free ¢ equation for one ¢ and one j:

The first blob includes the case that the photon
line that ¢ was coupled to is directly connected to
the source 3. That cancels against the second blob.

The original Ward identity still holds.

This makes clear that the extra terms in the pho-
ton propagator required by unitarity can be added
without changing the S-matrix.



In summary, the tree field technique is a very
powerful technique that can notably also be used in
case of a partially symmetric Lagrangian. Identities,
called generalized Ward identities, may be derived
that exploit the partial symmetry. The judicious

use of currents (introduced in a systematic way by
Schwinger) may be very helpful. Cases were this has
been applied is the massive Yang-Mills theory (mass
not due to a Higgs mechanism), and the well-known
Ul problem (7 mass).



Massive vector particles

A massive vector particle at rest has three polar-
ization states. The corresponding polarization vec-
tors are in the restframe, k = (0,0,0,iM):

= (1,0,0,0),e* = (0,1,0,0),e* = (0,0, 1, 0)

These are linear polarization vectors. Alternatively:

e! = 55(1,1,0,0),e* = -5(1,-4,0,0),¢* = (0,0, 1,0)

These correspond to spin along the z-axis. They
transform into themselves when rotating around that

axis. All e satisfy the equation ke’ (k) = 0.

We need the expression encountered in the Unitarity
equation, namely ;e (el)!.



o O

0
1
0

S = O O
o O O O

0 O
This may be written as 9, +

O 1 p,v # 4
01if pu,v =4.

k,k,/M?. In the case of

massive photons (massive Q)

LKD) the Ward identities

remain true, and the k,k, terms may be dropped. In

the non-abelian case the Ward identities are much
more complicated, and the k,k, term does not give

0, but there is a remnant (behaving for large %k, as a
constant if a gauge symmetry holds).



Spin two particles. Massless and massive graviton

The polarization vectors are symmetric traceless
2-tensors. In addition k,e,, = e, k, = 0.

0O 1 O 1 0 O

61:\@ 1 0 0| e=4/210 -1 0
0 0 O 0O 0 O

L0 0 0 0 1

63:\@ 0 2+ O et=4/2[0 0 0
0 0 -1 1 0 0

0 0 O

o — \/I 0 0 1 Last row and
2 01 0 column are 0



The corresponding expression is:

elyeiw — %(%(Sw + 040va — 00ap)

bk, o ke o kke o ks
<5M04 M2 Ou5 M2 Oup M2 Ova M2>

kK, koks
#4103 (100 57)

If £ is on mass shell then, going to the k restframe,
one has that this is non-zero only if u...0 = 1,2, 3
This expression must be used in the propagator. Of
course then k£ is no longer on mass shell. Assum-
ing that the k,, k, etc. terms are zero because of

symmetry we have for the propagator numerator:

,Lcr;()éﬁ — %(5M@5Vﬁ _|_ 5,uﬁ5ua) T %5uy5aﬁ /Jﬁ — ].4

_|_

DO |—




For massless spin 2 particles only e! and e* apply.
One finds now in the frame where £ is along the
third axis:

%(5M&5Vﬂ + 5uﬁ5va o 5uu5a5) if ,Lbﬁ — 1, 2, else zero.

Again, like in the photon case, this may be rewrit-
ten as an expression valid for all values of the indices
by using instead of d,, (and similarly all other §’s)
the expression: — _

k.k, + k,ky,

o (kk)

This then must be used in the graviton propagator,
also for k not on the mass shell. Assuming that sym-
metry takes care of all terms proportional to £, we

are left with the numerator for propagator for the
massless case:



P,uyozﬁ — (5ua5yg -+ 5/Jﬁ5VOé — 5uy5a5), u..0=1.4
Note the difference with the massive case:
ﬁaﬁ — (5ua5yg —+ 5#55%4) %5,“”5&5, w...0 =1..4.

To compare with experiment one must consider
two processes:

e Scattering of two massive objects. That must be
according to Newtons law. That fixes the value of

the coupling constant (graviton to particle).

e Scattering of light by a massive object.

This must be done for both the masssive and
massless case. Insisting that Newton’s law is the

same for both cases one finds that the photon scat-
tering cases are different by a factor 3/4.



Thus the scattering of light by the sun is differ-
ent for the massless and massive case. Experiment
tells us that the massless case applies. A massive
graviton, no matter how small the mass, is excluded.

See van Dam and M.V., references.



Causality and dispersion relations.

In field theory causality enters in a somewhat ab-
stract way. The basic idea is already contained in
the definition of the propagator:

Ap(z) = 0(xg) AT (1) + 0(—x0) A~ ()

In words: the energy flows in the direction of the
largest time. Can be generalized. Two point case.

X

P :
Zcz’rc. X y = 0 if Yo > To.

Similar equation if xy > vyy. Adding the two equa-
tions and separating the parts without circles gives:



P
+9(z) - y + 6 (-2) = y =0

where z=x-y and as before region considerations were
applied. Take the fouriertransform of this equation
using:

1 6ik0z0 1 eikoz()

0(2) = / dkg——— = dik——5(Fk)

2 ko — 1€ T omi ko — 1€

Denote the fourier transtorm of the leftmost term
in the graphic equation above by G(p).

6p) =+ [ £ [B(au)h(a) + 0(bu) (8]

with ag = ko +po — VP a = (po + ko)2 — 7.
and b() — ko—po— \/H2, b = (po—ko)z_?




The function h represents the value of the cut
oraphs. It is in fact the imaginary part of the graphs.
The 0 tunctions explicitly show that the cut graphs
are nonzero only if the energy is sufficiently large in
order to have a state with particles on mass shell.
For example, if there was a single particle of mass
M in the intermediary state then one would have

that its energy, py + ko, 1s \/ 72 + M?. Forcing that

po + ko 1s larger than +/ ﬁQ is a conservative way of
putting this. h is a (Lorents invariant) function of
the four-momentum squared, i.e. a and b. Note that
one must sum over all intermediate states including
integration over all phase space, so there is no fur-
ther momentum dependence except on the overall

momentum a (and b).




New variable t = (py + ko)* — i Expressing k
in t one has two roots; the 6 functions forces the

relation ky = —po + \/?>2 + ¢ in the first term and
ko = —pg — \/ﬁ>2 + t in the second. Result:
0@

c 1/ dt 1
p) = —
T2/t [ —po+ VPt — e
| ! ]h(t)

po—l—\/ﬁz—l-t—ie

1 dt
— — h(t
7T/t—|—p2—ie (t)

This is a dispersion relation.




Sidewise dispersion relations

In case of extra outgoing lines a similar treatment
may be carried through.

P _
+H(z) - y + 0 (-2) - y =0

Using the infinite momentum technique a dispersion

relation in p? can be derived. This is called a side-
wise dispersion relation. It is used in calculation of
complicated Feynman graphs, in for example the ra-

diative corrections to the muon anomalous magnetic
moment.

Remiddi, in very clear paper, has reviewed the
largest time equation etc. In addition sidewise dis-
persion relations are introduced and discussed. See
references.



Unstable Particles

Two scalar particles A and B with masses m and
M respectively, and M > 2m. Vertex with one A
and two B. Feynman rules:

A B
e m ® Q——M——C ______

1 1
P2+ m? —ie g2+ M?—ic

19

B will be unstable. Not occurring as in- or out-going
line of the S matrix. However, with these Feynman
rules there will be cut B-lines. Unitarity 7

Solution: -
Soutons sy (@~ S Do
4o

energy diagrams.



F(p*) = sum of one-particle irreducible diagrams.
Now make the Dyson summation:

. —B
The result is the “dressed” propagator Ap:

—B
Ap = Ap+ARF(p*) AR+ ApF(p") ApF (p*) Ap + ...
This is a geometric series. Sum:

1
p*+ M? — F(p?) — ie

If M > 2m then ie may be left out, because F(p?)
will have a non-zero imaginary part if p* + M? =0



The imaginary part of 1/(p* + M? — F(p?*)) is:
1 1
[ (F) *
p*+ M? — F(p?) p*+ M? — F (p*)
This correponds to the cut diagrams

where the double dashed lines are the dressed B
propagators. The cut propagator as occurring in the
cut diagrams is replaced by a sum over states that
the unstable particle can decay to.




Bound States

Bound states such as the Hydrogen atom are es-
sentially non-perturbative systems. If the coupling
constant is zero there are no bound states, but for
small but non-zero coupling constant there are. The
situation is vaguely the opposite as with unstable
particles. In the latter case particles disappear as
in- or out-states; in the bound state situation new
states with the bound particles as incoming or out-
cgoing appear. Thus the Hydrogen atom, stable, can
ooccur at minus or plus infinite time. How can this
be understood in terms of diagrams 7 A particle that
can occur in this way is associated with a propaga-
tor that is singular for some value of the momentum

(p* + m? = 0). How can such a propagotor come
about? Again a partial summation may do the trick.



The starting point is the physical idea that an
electron bound in an orbit around a proton remains
in that orbit while constantly exchanging virtual
photons taking care of the continuously changing
momentum of he electron. Basic diagram:

elec.

prot. %
This must be done many, many times. In short con-
sider all “ladder” diagrams:

Let a blob denote this whole sum. Equation:

This equation is essentially the Schrodinger equation.




The essential ingredient: approximation low en-
ergy exchange. One step of the ladder:

> @ 1
LEG V(@) ==y = V(T

k) ? —2

The expression is (m, M = electron, proton mass):

. AmM dqy
C/dsq V(g )((p —q)* +m?* —i€)((k + q)° + M? — ie)

e-P restframe ? = — 7. Define E, =py — m, Ep =
—
ko — M. Ignore g5, E* and E%. Further Q = p — ¢

We will concentrate on the ¢y integration. The
integrand becomes:



dqo
> >
(2poqo + 6 —2mE, — i€)(—2koqo + 6 — 2M Ep — ie)

In terms of gy the first factor has a pole in the up-
per qo plane, the second in the lower plane. Close the
contour with a half circle in the lower plane. The sec-
ond factor has a pole there. Computing the residue

one finds for the q) integral:
g)

2
(pO T kO)@ — QkoEem — QPQEPM — 1€

Setting now py ~ m, ky ~ M and E = total e-P

energy the result is now (u =reduced mass)
1

e

oM




—

Shifting the integral ¢ — p —

q:
C [ gy V(7 - 7
E — iﬁ” + ie
The ladder equation for inital elecron momentum

7 and outgoing electron momentum ¢ ':

. 1
F(q,7) =53(7—7)+C/d3kE =

— 35,4 + 1€
X V(K - q)F(F, 7)
This now includes the no-scattering part, which is
the identity, d3(p"— ¢ ). Taking the fouriertransform

with respect to ¢ gives

> >\ zﬁ? / > >/ —>/ >/ >
f(r,p)=c¢ + [ dsrG(7, )V () (7, D)




This equation can be recognized as the Lippman-
Schwinger equation, which is the Schrodinger equa-
tion applied to electron-proton scattering. It may

be seen that for E = 7°/2u the function f is the
solution of the equation

(5 + E) 7. 9) = V(P)f(7, 7)
[

The bound state solutions of the Schrodinger equa-
tion will appear here, for off-mass shell electron and
proton, as solutions for the scattering amplitude that
have a pole in the complex energy plane, in fact be-
have around those bound state energies as 1/(F —
E, — i€), which is precisely as the propagtor for a
particle at rest. Thus the bound states appear as
propagating particles inside the S-matrix.



Example:




Bound states and gauge invariance

There is an important issue that must be discussed,
namely gauge invariance. Consider photon-electron
scattering. In fourth order there are two diagrams.

T e

The second diagram is obtained by permuting the
photon lines. General rule: to obtain a gauge invari-
ant set one must include, for a given diagram, all
diagrams that are obtained by permuting all photon
lines.

Consider the two photon exchange contribution.

To have a gauge invariant set the second diagram
should be included.



p p©
di dJ»
kb IS ko g

The ladder approximation is not gauge invariant.
First diagram (A =p —p’):

C / d1q1d1q204(q1 + @2 — A)0s(A + k= KNV (1) V (g2)

2m 2N
(p—q1)>+m? —1ie (k+q1)?+ M? — e

Second diagram: same except k + q¢1 — k + ¢o.

Approx.: energy transfer < mom. transfer.
Q20 = —q10, £e =po —m, By = ko — M.



2m
dQlOQ —2 .
poqio + ¢ — 2mkE,. — ic

2M 2M

—Qkoqlg —|— — 2ME — 1€ | 2]60@10 —|— — 2ME — ZE

Consider ¢ integral in complex plane.

X X
factor second

first

Second term gives zero.




Try to include all possible crossed diagrams. Con-
sider first the two photon exchange case. Proton

restsystem, i.e. E, = 0 and ky = M. Neglect |7|°.
The terms between the square brackets become:

1
—Q10 — 1€ —(Qop — 1€
Use the well known equation
1 1]
— =P |—| —imd(x)
T = 1€ T

where P denotes the principal value. With ¢y =
—qq0 the principal values are seen to cancel, and the
two d-functions add up to make 2¢7wd(q19) which is
the same as obtained before, for the first term only.



Obviously this method is really quite dangerous.
Trying naively to extend this to multiple photon ex-
change gives trouble. Three photon exchange:

0(q10 + 20 + q30) 0(q10 + 20 + q30)
(qro + 2€)(q10 + q20 + 7€) (q10 + 1€)(q10 + q30 + 2€)

IRV D A 4

There are six terms (the permutations over three

objects). Naively evaluated gives six times (17)%0().
We will now prove the equation:

5(w1 —|— w9 —|— wg)
Wi — ZE) (wl + Wy — ZG)

= (2im)%6(w1)6(w2)d(w3)

Zperm (



Consider
M =3 om / dt dtodtse™ T2l g (1 10)0(ty — 1))

The term shown is zero unless t; < t9 < t3. Summing
over all permulations of wy, wy, ws is the same as
summing over all permutations of the t. One obtains

simply one for the product of the # funtions (there
is for any t1, t2 and t3 one and only one non-zero 6
expression). Therefore

. M = (27’(’)3(5((4}1)5(602)5(603)
Using

1 6@'7',2
0(2) = —
(2) 21T / t — 1€




1 . . .
M — - pY dTldTthldtht362w1t1+2w2t2+M3t3
(227)2
eiTQ(tg—tQ) 1 6’&"7'1 (t2_t1) 1
To — 1€ T1 — 1€

1 dTldTQ
- (2im)? Z/ (11 — 1€) (T — i€)
(27’(’)35(&}1 — 7'1)5(&)2 — 79 + 7'1)5(W3 —+ 7'2)

_ (@2n) - 6(wi + wy + ws)

(2im)?2 (w1 — i€) (w1 + wo — i€)

Easily generalized to many photon exchange.



Bound states and gravitation

How about gravitation”? In the first instance may
be treated like for the electromagnetic case, i.e. sum-
ming ladder diagrams will give the gravitational
bound states.

However, gauge invariance becomes a much more
difficult issue. One must include many more dia-
orams in order to obtain a gauge invariant set. Here
some examples:

v NV Y

This issue has not been discussed by anyone as
far as I know.




Calculating one-loop diagrams

In doing actual calculations of one loop diagrams

there are some essential tricks. Next to dimensional
regularization and the Feynman trick for combining
denominators:

1

1 1
ab / (az + b(1 — z))°

0
there is another very important trick. The point is
that certain integrals can be more easily calculated if

certain particles are massless (internal or external).
Consider the product of two propagators:

1 1

((g+p)?+mi—ie)((¢g+p+k)>2+m3—ie) AB



Multiply numerator and denominator with (1—a)A+aB.
B l -« | o
- B((1—a)A+aB) A((1—-a)A+aB)

The second denominator, (1 — a)A + aB, is of the
form (¢ +1)*> + M?* — ie with | = p + ak and

M? = a(l — a)k* + am; + (1 — a)mj.

By a suitable choice of o one can make M? = 0 (if k
is spacelike) or [* = 0 (if either k or p are timelike).



To summarize our conventions consider the decay
rate of a particle of momentum p into particles with

momenta ky, ko, ... (V = volume):

. /Vd3k1 /Vdgkg
(2m)s ) (2m)®
|4 2
P i ISP i =iy =),

S is equal to the S-matrix element apart from the 9-
function for overall energy-momentum conservation.
The permutational factor P relates to identical par-

ticles in the final state: it contains a factor 1/n! for
every set of n identical particles (bosons).

Concerning Lorentz invariance, § is of the form:



B M
B \/2‘/]?() 2V]€10 2Vk2() ce

where M is a Lorentz invariant expression. Squar-
ing produces the Lorentz invariant measure dsk /2k;.

The energy ko = Vv k2 + m2. Note:

2 2
/Qko /d4k9 ko) (k2 + m2) .

ko 1s now integration variable, d4k = dskdky, and

k2= k2 — k? is the four-dimensional dotproduct of &
with itself. Using polar coordinates:

00 1 2

/ dsk = / k7 dk / d cos () / do |

0 —1 0




where ky is the length of k. A useful relation in this
context i1s kydk, = kodkg

Consider the simplest scalar one-loop diagram:

. /_N
Ntk S

The corresponding expression is:

B dpp
Bt ) = [ e

Step one is to use the Feynman parameter trick:

1 : 1
ab 0/ lax + b(1 — x)]?



Result:

1

L n
p[p2 + xm? + (1 — x)M?|?
0

This is where dimensional regularization comes in.
rm

I'he essential trick is to go to polar coordinates and

C

o first the integration over all angles. The integrand

will depend only on a finite number of angles. In

t
t

(mtl
/d91 = 27; all others /sinm 0d0 = /7 F( >

his simple case there is no angular dependence in
he integrand. Polar coordinates (p = length of p):

/dnp :/pnldp sin" %6, 1df, _1sin"">0, _odb, ...

s

m—i—l)

3

0 2



The I' function is the analytic continuation of the
factorial: I'(z) = (2 —1)! for integral z. The result is
an expression that is meaningful for non-integer n.

So much for the essentials of dimensional integra-
tion. In our case we get finally:

dnp
Bo(k M) =
O( , TI, ) /(pQ—I—mQTZE)((p—I—k‘)Q—I—MQ—ZE)

= —1A — i?TQ/dQZ‘ In(y)
0

X = sz +x(—s+M*—m?)+m* —ie with s = —k°

2 2
A = nill - (y + In(m)) — mc




Suppose there is a momentum dependence in the
numerator, for example:

B :/ PuPv dpp
v 0w —ide)((p + k)P + M? — )
This expression contains only the vector k. It
must therefore be of the form:

B,LW — BQl(S,uy + BQQkMkV
Multiplying with 9,,,:
p° dnp

B k?Boo =
B /<p2+m2—z°e><<p+k>2+M2—z'e>

dnp
— A(M?) — m?’B ith AMQ:/ n
(M?) =m’By with AM?) = [ ==

Multiplying instead with k,k, gives another equation



for B1s and Byy. From these two equations Bj; and
By can be obtained.

Sofar about the two-point function. In practice
one must deal also with three-point and four-point
functions. The main difference is that the expres-
sions become more complicated, involving not only

logarithms but also Spence functions:
1

Sp(a) — —/dt In(1 t— xt)

0
Like other wellknown functions such as sin(x) this
Spence function can be expanded in a series in z and
worked out numerically. However, it is very hard to
calculate it with great precision, i.e. in many deci-
mals. Fortunately at the one-loop level no very high
precision is needed for these Spence functions.




Concerning three and four-point functions with
momenta in the numerator, similar techniques as
demonstrated above for the two point function can
be developed. It is a fortunate fact that one never
deals with more than three equations with three un-

knows (like above the two equations with the two un-

known functions By and Bss). However a real com-
plication is that the resulting expressions are sums
of terms with very nasty cancellations. As a con-
sequence in numerical calculations individual terms
must be calculated with sometimes monstruous pre-
cision (such as 60 decimals) in order to get a reason-
ably precise result.
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