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Abstract

Imperfectly scaled models are commonplace in aerodynamics and hydrodynamics because few facilities can meet all
the flow and structural scaling requirements. The objectives of this work are to (1) derive and numerically validate
scaling relations for the steady-state and dynamic hydroelastic response and stability of hydrodynamic composite
lifting surfaces and (2) to investigate the effect of imperfect scaling on the steady-state and dynamic response, as
well as hydroelastic stability of said surfaces. We derive proper scaling laws and validate them through numerical
simulations using unsteady potential flow and composite beam theory. We investigate the prediction of inception of a
new, low-frequency mode that only develops at sufficiently high speeds using scaled models. We demonstrate scaling
effects on the modal frequencies, damping coefficients, and hydroelastic instability boundaries by comparing cases
with fully enforced scaling laws and cases with relaxed similarities. Using the same material for both the prototype
and reduced length-scale models results in imperfect scaling; the steady-state and dynamic hydroelastic responses are
not scaled, and smaller length-scale models exhibit delayed hydroelastic instabilities. The conclusion is that using
appropriate materials for model scale tests to satisfy Cauchy number similarity is necessary for similar steady-state
response, but dynamic similarity additionally requires similar solid-to-fluid added mass ratio. Proper scaling allows
one to accurately interpret and assess the performance and stability of full-scale flexible composite lifting surfaces
such as foils, propulsors, turbines, fins, rudders, energy saving devices, and energy harvesters.
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α0 Undeformed initial angle of attack, [˝]

ε Foil thickness [m]

λ Sweep angle [˝]; positive values indicate backward sweep; negative, forward sweep.

λφ Scaling parameter for some property φ

µ Solid-to-fluid added mass ratio

νij Solid Poisson’s ratio

ω Complex frequency (eigenvalue) [Hz]10

Ψ, ψ Span-wise twisting [˝]; positive values are nose up

ρs Solid density [kg/m3]

θf Fiber orientation angle [˝]; positive values indicate fibers swept forward relative to the EA

a Distance from EA to mid-chord non-dimensionalized by root semi-chord; positive for mid-chord forward of
EA

AR Geometric aspect ratio, AR “ L{c

ARe Effective aspect ratio considering wall effect, ARe “ 2L{c

b Semi-chord at root [m], c “ 2b “ chord

CL Lift coefficient, CL “ Fz
fluid

{
`

0.5ρf pU0 cospλqq2Lc
˘

CM Pitching moment coefficient about mid-chord, CM “My
fluid

{
`

0.5ρf pU0 cospλqq2Lc2
˘

20

e Distance from EA to CP non-dimensionalized by root semi-chord; positive for CP forward of EA

Ei Young’s modulus [GPa]

Gij Shear modulus [GPa]

H , h Span-wise bending [m]; positive values are up

Is Area moment of inertia about the EA for each span-wise cross-section [m4]

IEAs Mass moment of inertia about the EA for each span-wise cross-section [kg¨m]

k Reduced frequency, k “ ωb{U0

Ks Material bend-twist coupling stiffness [N¨m2]; positive for fibers swept forward relative to the EA

L Semi-span [m]

ms Mass per unit length span [kg/m]30

rs Radius of gyration non-dimensionalized by semi-chord

Ss Structural warping resistance, Ss “ EIsb
2
`

1{3` a2
˘

for rectangular plates [N¨m4]

U0 Inflow velocity [m/s]

xα Distance from EA to CG non-dimensionalized by root semi-chord; positive for CG aft of EA
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1. Introduction

Research on using composite materials in marine design has increased, namely, in hydrodynamic lifting surfaces
such as propellers, turbines, hydrofoils, rudders, stabilizer fins, energy saving devices, and energy harvesters. The
advantages of marine composites over metallic alloys are high strength-to-weight ratio, high stiffness-to-weight ratio,
corrosion resistance, fouling resistance, improved damping properties [1, 2], better fatigue characteristics, higher dura-
bility, lower life-cycle costs, reduced manufacturing cost for complex shapes, self-healing technology, and self-sensing40

capabilities through embedded fiber optics [3–5]. Furthermore, intrinsic bend-twist and extension-twist coupling be-
havior of composites can be tailored to achieve passive, load-dependent shape adaptations to improve hydrostructural
performance in spatially and temporally varying flow conditions (i.e., off-design conditions) [3]. This adaptive behav-
ior is especially advantageous over rigid and isotropic materials because marine structures rarely operate at a single
design point.

Past computational studies by Liao et al. [6, 7], Volpi et al. [8], Young et al. [9], Liu and Young [10], as well as
experimental studies by Garg et al. [11], Zarruk et al. [12], and Young et al. [13] have demonstrated the merits and
feasibility of controlling the fluid-structure interaction (FSI) responses of marine lifting bodies through hydroelastic
tailoring by carefully selecting the material properties, fiber angle layup and sequence, and shape design variables.
Improvements to marine vessel and platform efficiency, safety, and performance through composite technology are50

significant and have broad impacts in the maritime industry and the global economy because about 90% of world trade
by volume travels by water [14]. Furthermore, despite a pandemic and global trade tensions in 2020, international
maritime trade is projected to recover from this economic setback and expand by about 5% in 2021 [14]. The broad
influence of marine transportation coupled with ambitious sustainability goals set by the International Maritime Orga-
nization [15] motivate research into marine composite technology as a means of designing safer, more efficient, and
more reliable waterborne vehicles.

While past work contributed to the design and optimization of flexible marine composites, an engineer aiming
to validate their theory or model must be able to conduct a scaled model test. Accurate scaling is necessary for
model studies to correlate model performance with the prototype. It is also essential for the design of control systems
algorithms [16] and for making retroactive modifications. Furthermore, scaling relations help understand the effects60

of certain variables in the design of different sized vehicles and control surfaces at different speeds or in different fluid
media. One can even apply this knowledge to biology to explain trends of the wing structures of birds, insects, or
both [17, 18], which can then be used to improve man-made devices. In other words, scaling relations is more than
just model testing; it builds design intuition. Unfortunately, there has not been much work or guidance on proper
scaling laws in hydroelastics, particularly composites. Of the work done, the majority have focused on steady-state
operations and not the dynamic response.

Typically, hydroelastic model-scale testing is performed using the same material or with a much more rigid ma-
terial. Using geometrically scaled models and flow-field scaling only satisfies geometric similarity while disregarding
kinematic and dynamic similarities involving structural flexibility and resulting interactions with the flow.

For flexible structures, fluid-structure interaction (FSI) response complicates scaling because geometric, kine-70

matic, and dynamic similarities are now coupled. Neglecting dynamic scaling is problematic because the dynamic
response of the model will not be representative of the prototype. Natural frequencies, mode shapes, modal sep-
arations, order of modes, flow-induced vibration frequencies, damping loss factors, radiated noise, mechanisms of
instability, dynamic load amplification, and fatigue life of the full-scale prototype could be mispredicted. Improper
scaling can result in lost time, wasted resources, and, potentially, a dangerous product with narrower or earlier than
expected failure boundaries.

Imperfectly scaled models are prevalent in aero- and hydrodynamics because it is, in practice, very difficult to
find a facility that can satisfy all scaling requirements for the fluid flow field and the structural materials. Industry
certification requirements may also mandate that the same material be used in the model and prototype for consistency,
further complicating the scaling as discussed in later sections of this work. The typical solution for this requirement80

is to use a thinner cross-section in the model scale, which may satisfy some but not all of the similarity requirements.
It is also difficult to scale properties of composites because of their complex anisotropic material response and failure
mechanisms [19]. Furthermore, there is not much guidance for scaling because of the lack of derived dynamic scaling
relations of the fluid-structure response and stability of marine composites.

3



Controlling the dynamic hydroelastic response and avoiding instabilities in the intended operating range is a
current design challenge for marine composites. Most designs focus on steady-state conditions. Some also consider
static divergence (when disturbing fluid loads exceed elastic restoring loads and material strength or strain-based
failure occurs). It is advised for flexible marine structures to avoid exceeding 2/3 of the static divergence speed
according to Besch and Liu [20]) to prevent excessive deformations. However, the dynamic FSI are important for
considering susceptibility to flow-induced vibrations, noise, dynamic load amplifications, and accelerated fatigue due90

to lock-in, resonance, and hydroelastic instabilities such as flutter, dynamic divergence, and parametric resonance.

Lock-in phenomena occur when one of the frequencies of the flow-induced excitations or external excitations
(e.g., vortex or cavity shedding, or wave encounter frequency) is close to one of the system resonance frequencies
and “locks in”. Flutter occurs when the system damping of one of the modes is equal to or less than zero, resulting
in sustained or growing oscillations at a fixed frequency and dynamic load amplifications. Dynamic divergence is
where mean deformations grow with time, and the system oscillates at frequencies that decrease with time [21, 22].
Parametric resonance is when a system parameter modulates at twice of one of the system natural frequencies, leading
to exponential growth in deformations and dynamic load amplifications much higher than classical resonance. Para-
metric resonance can occur in unsteady multiphase flows (e.g., cavitation, ventilation) or when a body is oscillating or
vibrating in waves because the fluid-added mass parameter varies with time as the surrounding fluid is replaced with100

vapor or gas [23–25]. Cavitation generally incepts when the local pressure drops below the saturated vapor pressure,
and phase change occurs; ventilation usually incepts when the local pressure drops below the pressure of an impinging
non-condensable gas (such as air from the atmosphere) and when a continuous path of ingress is available [26]. Para-
metric resonance can also occur in waves because the hydrodynamic restoring force coefficients change with vessel
motions, and this is called parametric roll [27]. Another potential issue is modal coalescence when the system modal
frequencies become coincident as a result of mass and/or stiffness changes to the system. Modal coalescence is a
potential issue for composite marine lifting bodies because of the greater relative influence and variability of added
mass and fluid de-stiffening terms, which depend on the fluid density, submerged area, and speed, all of which can
vary for a vessel underway or a platform in a changing sea state. Coalescence can result in significant dynamic load
amplification, which has been shown for flexible surface piercing struts in waves [25, 28]. Reordering of modes can110

also occur in water because the fluid added mass and fluid elastic terms, which are much more significant than in air,
depend on the direction of motion [25]. For example, fluid added mass tends to be greater for bending than for twisting
deformations for narrow and streamlined lifting surfaces. Hence, when a bending dominated and a twisting dominated
mode are close to each other in air, reordering of the modes or modal coalescence can occur when in water. Conse-
quently, the band gap between modal frequencies and excitation frequencies become very different from designers’
analyses if they only considered in-air frequencies, which may then lead to significant dynamic load amplifications,
vibrations, and noise. Lastly, hydroelastic modes can couple with, modify, and accelerate rigid body instabilities [29].

Hence, because of these design challenges for lightweight marine composite structures, there is a need for proper
scaling of the dynamic hydroelastic response for the appropriate prediction of these dynamic behaviors at model-scale
so they can be properly captured if present. Then, they can be avoided, ameliorated, or controlled at both model- and120

full-scale.

Aeroelastic scaling of composites has been addressed by Wan and Cesnik [30] for fixed-wing aircraft and by Fried-
mann [31] for rotor craft; however, because of the significant difference in solid-to-fluid density ratio and difference
in operating velocity and environment, the dynamic response and scaling recommendations in air compared to water
are different. Previous work by Motley and Young [32] and Young [33] investigated scaling effects on the hydroelas-
tic response and material failure mechanisms of marine composite rotors. These did not explore certain hydroelastic
instability boundaries and the change of dynamic system characteristics (resonance frequencies and damping coeffi-
cients) with respect to inflow speed. It was shown later by Akcabay and Young [34–36] that system characteristics
do, in fact, change with flow speed. This dependence on flow speed is more significant in water than in air because
of the proportionality to fluid density. For traditional metallic marine structures, most designers assume system reso-130

nance characteristics (mode shapes and mode order) do not change with respect to flow speed. For the most part, the
assumption is valid for structures with high solid densities operating in limited speed ranges; however, it is not valid
for lightweight and flexible composite structures operating at high speeds.

Previous relevant research investigated different types of steady-state and dynamic instabilities for marine com-
posites and their trends with respect to flow speed, fiber angle and layup, solid density, and geometric shape variables.
Computational models by Akcabay et al. [24, 37] were able to capture the effects of cavitation on the flow-induced
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vibrations and hydroelastic instabilities. Recent experimental work by Smith et al. [1, 2] compared metallic (stiff)
and composite (flexible) hydrofoils with identical unloaded geometries. They showed that flexibility modified cavity
shedding frequencies in addition to observing dynamic load amplifications due to lock-in. Steady-state and dynamic
behavior of canonical composite plates in both water and air have been investigated through parametric studies of140

the fiber and sweep angle [34–36]. These models were able to accurately predict the inception of a “new mode” that
originates from hydrodynamic memory effects and was validated against results from [20, 21, 38]. The new mode,
as dubbed by Besch and Liu [20], emerges only at sufficiently high speeds as a pole because of non-linear terms ac-
counting for circulatory effects caused by shed vortices in the wake that affect the fluid damping and disturbing force
terms in the hydrodynamic governing equations. It can lead to high amplitude and low-frequency vibrations that will
destabilize the structure. We explain this mode in Section 2 by looking at the governing equations.

In light of previous work, there is still a need for proper scaling laws for the dynamic hydroelastic response
and stability of composites to be better designers of such structures. As such, the objectives of this work are to (1)
derive and numerically validate scaling relations for the dynamic hydroelastic response and stability of composite
hydrodynamic lifting surfaces and (2) investigate the effect of imperfect scaling on the steady-state and dynamic150

response and hydroelastic stability of these surfaces.

2. Formulation

2.1. Assumptions

The simulated hydrofoil is fully submerged and fully wetted (i.e., no cavitation or ventilation) in uniform flow.
There are no ocean waves or currents, and the inflow velocity is smaller than 1/3 of the speed of sound in water, so
compressibility effects are negligible. Furthermore, gravitational, viscous, and surface tension effects are small. For
the composite material, we assume linear elastic behavior and orthotropic material behavior with transverse isotropy.
Finally, we assume that the prototype and model are tested in freshwater, using fluid properties at 15˝C, even though
the prototype would operate in saltwater.

2.2. Model160

We conducted studies on a cantilevered plate-like geometry made of unidirectional carbon fiber-reinforced poly-
mer/plastic (CFRP). While real composites will likely have multiple laminae, it is possible to use a single equivalent
fiber orientation representing the load-dependent deformation of a multi-layered composite with bend-twist coupling.
The efficacy of this composite model reduction was shown by Young and Liu [39] where they demonstrated a 10-layer
composite propeller blade had the same load-deformation characteristics and propeller performance as the equivalent
single-layer model. Of course, a multi-layer model should be used if the goal is to capture interlaminar stresses and
perform a final structural integrity analysis. The model, shown in Figures 1 and 2, has two degrees of freedom (DOF)
at each cross-section that change along the span (y-axis) and with time (t): span-wise bending hpy, tq and span-wise
twisting ψpy, tq. The model assumes chord-wise rigidity, so lead-lag (surge) mode deformations are ignored. Defor-
mations are computed about the elastic axis (EA) (i.e., the locus of shear centers) of the plate. The y’-axis is zero170

at the root and lies along the EA of the span, pointing positive towards the free tip, and the y-axis is perpendicular
to the clamped edge; The x-axis is zero at the mid-chord pointing positive downstream. The x’-axis is offset by the
sweep angle, λ, where positive is swept back. Note that when the scaling parameter is later introduced, the use of the
subscript differentiates sweep and the scaling parameter. The fiber angle, θf , is defined relative to the y’-axis and is
positive when fibers are oriented towards the leading edge. The dimensional distance, eb, is from the EA to the center
of pressure (CP), where positive is when the CP is forward of EA. The dimensional distance, ab, is from the EA to the
mid-chord and is positive if the mid-chord is forward of the EA. The dimensional distance, xαb, is from the EA to the
center of gravity (CG) and is positive when the CG is aft of the EA.

3. Non-dimensionalization of Governing Equations

The characteristic parameters used to non-dimensionalize the foil response are summarized in Table 1.180
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Figure 1: Model of composite cantilevered plate
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Figure 2: Cross-sectional view of the thin plate model with arrows as positive conventions.

3.1. Structural Dynamics

The governing differential equations describing the composite beam’s span-wise and twisting deformations with-
out external forcing were derived through virtual work and energy principles as shown by Lottati [38]. While com-
posite plate theory would be more accurate for low geometric aspect ratio marine bodies, composite beam theory is
adequate for analysis of the lower order modes and vibrational characteristics when the effective geometric aspect ratio
is ě 3 according to Akcabay and Young [35]. The dimensional form is in Appendix A.1 as Equations (A.1)–(A.2).

Sectional bending and torsion stiffnesses are EIs and GJs, and the bend-twist coupling stiffness is Ks where the
constitutive beam formulae can be found in Akcabay and Young [35] for a single lamina but can be generalized for
multiple laminae as shown by Kramer et al. [40]. All three stiffness parameters depend on both the geometry and fiber
orientation of the marine composite.190

Table 1: Characteristic parameters for non-dimensionalization. Only three parameters are needed: semi-chord b, fluid density ρf , and a character-
istic speed Uref which will typically be taken as the theoretical static divergence speed, UD, t, from Equation (16).

Variable Units Characteristic parameter

Length [m] b

Sectional mass [kg/m] πρfb
2

Velocity [m/s] Uref

Time [s] b{Uref

6



3.2. Fluid Dynamics

The dimensional equations for the fluid mass, damping, and stiffness matrices are given in Appendix A.2 as
Equations (A.9)–(A.11). These are Theodorsen’s equations for unsteady potential flow extended to account for finite
span and sweep angle effects [41–43]. Viscous damping is ignored because we use potential flow theory. Only
radiation damping is modeled because of the inviscid fluid assumption. The damping is captured through Theodorsen’s
transfer function Ωpkq, specifically the imaginary component that results in phase lag of the response, as later discussed
in Section 3.4. The transfer function models the effects of circulation induced by shed vortices in the wake at the three-
quarter point of the foil, influencing the fluid damping and stiffness disturbing force terms.

3.3. Governing Parameters

From the dimensional equations of motion, the independent variables that affect our composite model are listed200

in Table 2.

Table 2: Dimensional independent variables influencing performance based on governing equations. Horizontal lines separate geometric, fluid,
material/constitutive, and dynamics parameters. There is a total of 16 independent dimensional variables.

Parameter Symbol Dimensions
Sweep angle λ –
Angle of attack α0 –
Lift slope a0 –
Root chord 2b L
EA from CG xαb L
Radius of gyration rsb L
CP from EA eb L
Mid-chord from EA ab L
Inflow speed U0 LT´1

Fluid density ρf ML´3

Solid sectional density ms ML´2

Bending rigidity EIs ML3T´2

Torsional rigidity GJs ML3T´2

Bend-twist coupling constant Ks ML3T´2

Structural warping resistance Ss ML5T´2

Response frequency ω T´1

3.4. Derivation

The FSI solution algorithm follows the formulation by Akcabay and Young [34–36] and is summarized here. It
employs a separation of variables in time and space giving

hpy, tq “ Hpy, ωqeiωt (1)
ψpy, tq “ Ψpy, ωqeiωt (2)

for the degrees of freedom. The eigenvalue, ω, is the complex frequency for the elastic body vibrations. The imaginary
component, =tωu, contributes to exponential decay (positive) or growth (negative) of the state vector with respect to
time. The flutter boundary is when =tωu “ 0 and <tωu ą 0 corresponding to an oscillatory behavior of constant
amplitude determined by initial conditions. The real component, <tωu, contributes to oscillatory behavior in the states
as long as it is positive. The static divergence boundary corresponds to <tωu “ 0 and =tωu “ 0, where there is no
longer any system stiffness. For a stable system, eigenvalues must have positive real and imaginary components. The210

natural frequency is <tωu and the damping loss factor, which is the ratio of energy lost per radian over the peak
potential energy, is ηt “ 2=tωu{<tωu.
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In our dynamic hydroelastic model, the internal structural restoring forces on the left-hand side equal the fluid
external loads in addition to any other external loads on the right-hand side. The external loads are set to represent
waves or vortex/cavity shedding. Note that these equations of motion are for each cross-section and thus have units of
force or moment per unit length span. Integration over the span would give the complete differential equation in time.
The resulting 2DOF state vector that is a function of time and span-wise location, y, is defined as

X “

„

h
ψ ` α0



. (3)

The initial angle of attack, α0, must be included to account for steady-state loading without any flow-induced defor-
mations. The equations of motion for our system have inertial, damping, and elastic terms which are in phase with the
accelerations, velocities, and displacements, respectively.220

The 2DOF FSI equation of motion can be expanded into

prMss ` rMf sq :X ` prCss ` rCf sq 9X ` prKss ` rKf sqX “ ~Fext (4)

where ~Fext is the external loading vector, and rM s, rCs, and rKs are the inertial, damping, and stiffness matrices for
fluid or structural dynamics, depending on the subscript letter. For completeness,

`

´ω2 prMss ` rMf sq ` iω prCss ` rCf sq ` prKss ` rKf sq
˘

X “ ~Fext (5)

is the frequency domain form. The structural damping matrix, rCss is formed using complex elastic and shear moduli.
A structural damping ratio of 2% is modeled via the structural damping form with a hysteretic constant of β “ 0.04.
Structural damping is very small (~1–3%) compared to fluid damping (~10–40% for the lower ordered modes) so
its role in the governing equations is negligible by order of magnitude analysis and is largely omitted from later
discussions. Its main role is to keep the system stable if fluid damping is zero.

The variables of interest (bending and twisting in space and time) are non-dimensionalized by characteristic
parameters from Table 1, giving h˚ “ h{b, y˚ “ y{b, ψ˚ “ ψ`α0, and t˚ “ ptUD, tq{b; the superscript stars indicate230

non-dimensional parameters. The non-dimensionalized governing equation, Equation (4), is
`

rM˚
s s ` rM

˚
f s
˘

:X˚ `
`

rC˚s s ` rC
˚
f s
˘

9X˚ `
`

rK˚s s ` rK
˚
f s
˘

X˚ “ ~F˚ext (6)

where the matrices are

rM˚
s s “ µ

„

1 ´xα
´xα r2

s



(7)

rC˚s s “ iβCaŪ2

»

–

1
2
B
4

By˚4
1
2

´

a B
4

By˚4 ` αBT
B
3

By˚3

¯

1
2

´

a B
4

By˚4 ` αBT
B
3

By˚3

¯

1
2

´

αW
B
4

By˚4 ` αψ
B
2

By˚2

¯

fi

fl (8)

rK˚s s “ CaŪ2

»

–

1
2
B
4

By˚4
1
2

´

a B
4

By˚4 ` αBT
B
3

By˚3

¯

1
2

´

a B
4

By˚4 ` αBT
B
3

By˚3

¯

1
2

´

αW
B
4

By˚4 ` αψ
B
2

By˚2

¯

fi

fl (9)

rM˚
f s “

„

1 a
a

`

1
8 ` a

2
˘



(10)

rC˚f s “ Ū

«

cospλqa02Ωpkq
2π ` sinpλq B

By˚ ´ cospλq
´

1` a0p1´2aq
2π Ωpkq

¯

` sinpλqa B
By˚

cospλqa0e2Ωpkq
2π ` sinpλqa B

By˚ cospλq p1´ 2aq
`

1
2 ´

a0
2π eΩpkq

˘

` sinpλq
`

1{8` a2
˘

B
By˚

ff

(11)

rK˚f s “ Ū2 cospλq

«

sinpλqa02Ωpkq
2π

B
By˚ ´ cospλqa02Ωpkq

2π ´ sinpλqa0p1´2aqΩpkq
2π

B
By˚

sinpλqa0e2Ωpkq
2π

B
By˚ ´ cospλqa0e2Ωpkq

2π ` sinpλq
´

1
2 ´

a0ep1´2aqΩpkq
2π

¯

B
By˚

ff

. (12)

Non-dimensional coefficients appearing in these matrices, assuming negligible structural damping, and their meaning
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are defined in Table 3. Note that the fluid inertial, damping, and elastic matrices from (10)–(12) have dependence on
ρf , which is three orders of magnitude larger for water than for air, further underscoring the differences of dynamic240

fluid-structure interactions in water versus in air. This dependence is more obviously seen in the dimensional equations
of motion given in Appendix A.2 as Equations (A.9)–(A.11).

The term rM˚
f s is independent of Ū , whereas rC˚f s and rK˚f s are proportional to Ū and Ū2, respectively, so

the fluid damping and fluid stiffness effects are more significant at greater speeds. Positive terms in the matrices are
stabilizing because they oppose flow-induced deformation, whereas negative terms are destabilizing. For example, if
sweep is zero and the CP is forward of the EA (e ą 0), Kf

˚

22 is the fluid de-stiffening moment due to twisting motion,
where the subscript notation identifies the matrix component. The terms Kf

˚

22 and Kf
˚

12 are both negative, and they
are responsible for reduction in the total effective stiffness with higher flow speed, and for the emergence of a new,
low-frequency divergence mode, which is discussed in detail later. Most of the fluid damping terms are stabilizing
except for Cf˚12, which can result in primarily bending flutter of the new mode at high enough Ū . Off-diagonal terms250

in the matrices contribute to bend-twist coupling, which can be observed in the inertial, damping, and stiffness terms.
Note that instability of the new mode, either flutter or divergence, originates from changing rCf s and rKf s values that
depend on speed and speed squared, respectively. New poles to the system arise once high enough flow speeds are
reached. For static divergence, this is when a term along the main diagonal of the system rKs are close to zero because
the rKf s terms are negative and comparable in value to the solid stiffness at sufficiently high speeds, resulting in a
low-frequency pole.

The expression in the damping and stiffness matrices with sinpλq account for span-wise flow effects due to the
sweep angle, and it can easily be shown that for no sweep, these extra terms would vanish. The presence of off-diagonal
terms means there is hydrodynamic bend-twist coupling, and the influence of these terms on the dynamic hydroelastic
response have been studied using inviscid FSI by Chae et al. [22] and Akcabay and Young [34]. These off-diagonal260

terms affect the in-water natural frequencies and total damping coefficients because they reduce the effective bending
stiffness due to flow-induced twisting, and their influence is especially observable in twisting modes with low solid-
to-fluid added mass ratios and low reduced frequency. Figure B.14 in Appendix B shows how the matrix components
in the fluid damping and elastic matrices change as a function of k for a simplified case.

Theodorsen’s transfer function is Ωpkq “ H2
1 pkq{

“

H2
1 pkq ` iH

2
0 pkq

‰

, which is a function of the reduced fre-
quency, k “ ω{pU0bq. It is a complex, non-linear function consisting of Bessel functions of the third kind that models
the influence of memory effects (induced circulation) of the body’s wake vorticity on the quasi-steady loads (damping
and stiffness) in the frequency domain. The zero frequency limit is when oscillation frequency, ω, is very low or
when the speed, U0, is high. Very low values for the reduced frequency k lead to < tΩpkqu Ñ 1 and =tΩpkqu Ñ 0,
which is the same as steady-state performance. For the infinite frequency limit or high k (highly unsteady motion),270

<tΩpkqu Ñ 1{2 and =tΩpkqu Ñ 0. The component <tΩpkqu reduces the magnitude of the terms containing Ωpkq
within the fluid damping and de-stiffening loads; the imaginary component causes phase shifts for those terms. The
term a0 is non-dimensional sectional lift slope, which is calculated using Glauert’s lifting line theory (LLT) to ac-
count for 3D effects [34]. Note that for low aspect ratio wings, lifting surface theory is more accurate; however, a
cantilevered wing has an effective aspect ratio of ARe “ 2L{c. It was also shown by Liao et al. [44] that for a
cantilevered hydrofoil with ARe “ 6.67 (the same as in this study), 3D Reynolds-averaged Navier-Stokes (RANS)
simulations of the rigid structure had a nearly elliptical span-wise lift distribution, which is what LLT assumes. Hence,
LLT is will suffice for the foil in this study.

Even without sweep, Ωpkq appears in the fluid damping and stiffness matrices in the Cf˚12, Cf˚22,Kf
˚

12, andKf
˚

22
terms so its influence on the dynamic response is important.280

For steady-state similarity, we can assume acceleration and velocity state vectors are zero in addition to k “ 0.
Time derivative terms go to zero, and we are left with

´

rK˚s s ` rK
˚
f s

¯

X˚ “ ~Fstatic. The important non-dimensional
parameters for steady-state similarity are all the terms in Table 3 except k and µ.

From Equations (7)–(12), all the non-dimensional coefficients must be the same between model and prototype to
satisfy complete steady and dynamic similarity in the FSI response. Based on the Buckingham Π Theorem, we should
have 16´3 “ 13 Π terms governing the response. The 13 independent non-dimensional parameters and their physical
meaning are in Table 3.

9



Table 3: Non-dimensional parameters governing the hydroelastic response. There are a total of 13 independent Π terms from the Buckingham Π
Theorem. Ū “ U0{Uref is not an independent Π term because the constant reference speed, Uref, which we typically take as the divergence speed,
UD, t, depends on the other Π terms.

Expression Name and/or Physical Meaning
λ Sweep angle
α0 Angle of attack
a0 Lift slope
xα EA to CG non-dimensionalized by b; positive for CG aft of EA
rs Radius of gyration non-dimensionalized by b
e EA to CP non-dimensionalized by b; positive for CP forward of EA
a EA to mid-chord non-dimensionalized by b; positive for mid-chord forward of EA

µ “ ms
πρf b2

Solid-to-fluid added mass ratio: ratio of solid to fluid inertial forces
Ca “ EIs

1
2ρfU

2
0πb

4 Cauchy number: ratio of solid elastic restoring force to fluid disturbing force in bend-
ing

αBT “
Ks
EIs

Bend-twist coupling ratio: ratio of material bend-twist coupling to bending stiffness

αψ “
GJs
EIs

Bend-twist rigidity ratio: ratio of material torsional to bending stiffness

αW “ Ss
b2EIs

Warping ratio: ratio of structural warping to bending resistance

k “ ωb
U0 cospλq Reduced frequency: ratio of unsteady to steady fluid convective forces

4. Implementation

Akcabay et al. [35] describes the solution algorithm in detail. Equations (A.1), (A.2), and (A.8) are solved in the
frequency domain by recasting Equations (A.1) and (A.2) into eight first-order differential equations in state space.290

Coupling of the structure and fluid solver is managed through separate MATLAB subroutines that feed fluid load-
ing terms into the structural dynamics governing equations resulting in the span-wise discrete differential equations.
The eigenvalue problem is then solved using an explicit Runge–Kutta solver. An eigenvalue sweep is performed to
iteratively find the ω’s that satisfy the frequency domain equations. The eigenvalue sweep is performed for as many
modes as the user prescribes in ascending order. For the results shown, we select the first six modes, but only the
first three modes (and the new mode when it appears) are shown in the results section. MATLAB’s numerical solver,
ode45 [45, 46], is used to solve the ordinary differential equations in the y coordinate with the given boundary
conditions from Equation (A.3).

5. Scaling Relations

The scaling parameter notation is λφ “ φm{φp where φ is the parameter of interest; subscripts m and p stand for300

model and prototype, respectively. If there is no subscript, then λ is the sweep angle.

Dynamic similarity balances the force, stress, and pressure ratios governing the problem. In a real fluid, gravi-
tational, viscous, and compressibility effects would appear in a higher-fidelity form of the governing equations. By
standard practice, Froude scaling is enforced when gravitational effects are important, Mach scaling for compressibil-
ity effects, and Reynolds scaling for viscous effects. One would have to decide between Froude, Reynolds, and Mach
scaling based on which of these effects are more important to the problem because it is impossible to satisfy all three
similarities simultaneously for λL ‰ 1. Because of our model assumptions, which neglect these effects, the scaling
methods are simply different ways of scaling the inflow speed.
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We chose Froude number scaling of the parameters because models in the maritime field are typically smaller, and
for surface craft, gravitational effects of waves are important. Gravitational effects are also important for maneuvering310

of subsurface vessels when the CG and center of buoyancy are misaligned. Additionally, Froude scaling is important
for maneuvering studies because of the scaling of the control surfaces used. Froude number is Fn “ U0{

?
gb. Note

that divergence speed could be used as the characteristic velocity instead of U0 in the definition of Fn, but it results
in the same scaling laws when one goes through the derivation. By using Froude scaling, the inflow speed ends up
being smaller than full scale, which is more practical for testing. Froude scaling is in contrast to Reynolds scaling,
which requires the flow speed to be greater, and Mach scaling, which requires the same flow speed as the prototype–
both scenarios of which can potentially be infeasible for marine testing facilities such as towing tanks, wave basins,
or recirculating water channels. The methods produce different velocity scaling relations, which lead to conflicting
material scaling requirements. A summary of the scaling factors for the relevant parameters in our problem is given in
Table 4. Note that the scaling on ω also applies to the frequency step size used in the iterative solver used to determine320

k in the simulations.

As demonstrated by Young [33], ignoring all bend-twist coupling effects, the natural frequencies can be expressed
as proportional to the square root of an effective stiffness over an effective mass. In uncoupled models with geometric
similarity that maintain λρf “ 1 and have no sweep, this becomes

ωh9

d

Keff

Meff
“

d

Kf `Ks

Mf `Ms
“

d

Ks11 `Kf 11

Ms11 `Mf 11

9Ū

d

Ca

µ
(13)

where the same idea can be extended to twisting, shown below.

ωψ9

d

Ks22 `Kf 22

Ms22 `Mf 22

9Ū

d

Ca

µ
(14)

for twisting, which is also sufficient to describe complex, higher order modal frequencies with sweep. If Cauchy
number, Ca, and relative mass ratio, µ, are the same for the model and prototype, then the reduced frequency can
be scaled properly because we maintain the proportionalities for the natural frequencies in Table 4, and we recover
λk “ pλωλLq {λU0 “ 1 for Froude scaling. As such, the important conclusion is that with Froude scaling of the inflow
speed, it is possible to maintain complete similarity if λλ “ λα0

“ λa0 “ λxα “ λrs “ λe “ λa “ λµ “ λCa “330

λαBT “ λαψ “ λαW “ λk “ 1, which is all 13 Π terms from our derivation.

Table 4: Comparison of scaling factors using Froude scaling for geometrically similar plates assuming λρf (same fluid) “ λg “ 1, and λλ “
λα0 “ λa0 “ λxα “ λrs “ λe “ λa “ λµ (same solid density because λρf “ 1) “ λCa “ λαBT “ λαψ “ λαW “ 1, which keeps
every required Π term from Table 3 the same between model and prototype except k, which is the output reduced frequency. Meeting every scaling
factor here satisfies complete similitude between model and prototype.

Parameter Symbol Expression Fn scale

Froude number Fn λFr 1

Solid density ρs λρs 1

Poisson’s ratio νij λνij 1

Root semi-chord b λL λL

Time tref “ b{UD, t λtref λ
1{2
L

Inflow velocity U0 λU0 λ
1{2
L

Static divergence velocity UD, t λUD, t λ
1{2
L

Elastic moduli Eij λEij λL

Shear moduli Gij λGij λL

Natural, response, and forcing frequencies ω λω λ
´1{2
L
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6. Model and Problem Setup

We use the properties of uni-directional CFRP to model material anisotropy. We also derived the properties of
idealized materials that satisfy all scaling requirements. The geometric parameters of the different models are given in
the uppermost section of Table 5. The static divergence speed can be thought of as a proxy to a fixed design speed but
has the physical significance of being a stability boundary. The properties are idealized following the scaling guidance
from Table 4. Two appropriate materials are generic polymer matrix composite (PMC) and glass fiber-reinforced
plastic (GFRP). Sweep angles of λ “ t0˝, 30˝u were simulated. We did not test forward-swept geometries because
they will lead to accelerated hydroelastic instabilities [7] and poor design implications in marine applications such as
propensity for collecting marine growth and debris. Two fiber angles, θf “ ˘15˝, were tested.340

Table 5: Model parameters in the simulations. Lines separate geometric, fluid, and material variables with the two key Π terms of interest at the
very bottom. The 1, 2, and 3 directions represent the Cartesian coordinates defined with respect to the fiber axis, as shown in Figure 1. All cases
assume λρf “ λg “ 1 and these parameters result in λλ “ λα0 “ λa0 “ λxα “ λrs “ λe “ λa “ λαBT “ λαψ “ λαW “ 1. This
results in every required similarity except λµ, λCa, and the output, λk , which are all case dependent. Ca is a range from high to low because a
range of flow speeds is used to understand the dependence of the free vibration characteristics and governing instability mechanisms on flow speed.
Terms resulting in imperfect scaling are highlighted in dark gray. Lighter gray is when the material differs from the prototype.

Variable Units Prototype PS: λFn “ 1, perfect ISNM: λFn “ 1, with λµ ‰ 1 ISNC: λFn “ 1, with λCa ‰ 1
λL - 1 1/3 1/9 1/3 1/9 1/3 1/9
2b [m] 0.81 0.27 0.09 0.27 0.09 0.27 0.09
λ [˝] 0, 30 0, 30 0, 30 0, 30 0, 30 0, 30 0, 30
α0 [˝] 6 6 6 6 6 6 6
xαb [m] 0 0 0 0 0 0 0
rsb [m] 0.234 0.078 0.026 0.078 0.026 0.078 0.026
eb [m] 0.2025 0.0675 0.0225 0.0675 0.0225 0.0675 0.0225
ab [m] 0 0 0 0 0 0 0
UD, t (θf “ 15˝) [m/s] 15.95 9.21 5.3 9.21 5.3 15.95 15.95
ρf [kg/m3] 1000 1000 1000 1000 1000 1000 1000
Material - CFRP Ideal PMC Ideal GFRP PMC GFRP CFRP CFRP
θf [˝] ˘15 ˘15 ˘15 ˘15 ˘15 ˘15 ˘15
ρs [kg/m3] 1590 1590 1590 1800 1830 1590 1590
E1 “ E3 [GPa] 13.40 4.47 1.49 4.47 1.49 13.40 13.40
E2 [GPa] 117.80 39.27 13.09 39.27 13.09 117.80 117.80
G12 “ G23 [GPa] 3.90 1.30 0.43 1.30 0.43 3.90 3.90
ν23 - 0.25 0.25 0.25 0.25 0.25 0.25 0.25

µ - 0.121 0.121 0.121 0.138 0.140 0.121 0.121
Ca - 17, 600–145 17, 600–145 17, 600–145 17, 600–145 17, 600–145 52, 600–435 158, 000–

1, 310

Three length scales are used corresponding to λL “ 1{9, 1{3, and 1. Geometric similarity is enforced for all cases
(i.e., length ratios are equal), and Froude similarity was used to scale the velocity. The geometry was chosen such that
the λL “ 1{9 scale was a simplified parallel to the NACA0009 simulated by Liao et al. [7] with a semi-span of 0.3 m.
The λL “ 1{9 model in this work matches the first two in-air natural frequencies from the NACA0009 study by using
the average chord and average thickness (6%) and using the same material properties and fiber angles (θf “ ˘30˝) as
in [7]. We enforce kinematic similarity, which is the similarity of displacements, velocities, and accelerations in the
flow field. The λL “ 1{3 scale represents a model that could be tested in a towing tank. The λL “ 1{9 scale represents
a model that could be tested in a cavitation tunnel, which are physically smaller than towing tanks because they need
to achieve high enough flow speeds and operate in near vacuum conditions for the desired cavitation numbers.

Our model predicts the static divergence speed accounting for material bend-twist coupling and structural warping350

effects through the iterative solution algorithm. In addition, a simple, explicit expression for a conservative prediction
for the critical static divergence speed for an unswept, isotropic plate without warping effects, UD, iso, is devised
assuming linear potential flow. The reason for this derivation is to have a simple reference speed for prescribing the
non-dimensional flow speed in simulations. We derive

UD, iso “

d

π2GJs

16a0eρfAR
2b4

(15)
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by equating the steady-state lift-induced moment about the EA to the structural elastic restoring moment of an isotropic
plate with no bend-twist coupling and no sweep (i.e.,Ks22 “ ´Kf 22 but without anisotropic effects) [36]. The torsion
stiffness is from Euler-Bernoulli beam theory, Ks22 “ π2GJs{

`

4L2
˘

.

When we account for anisotropy effects, we obtain

UD, t “ UD, iso

g

f

f

e

1´ αBT 2

αψ

1´ αBT
2e

“

g

f

f

e

µGJsπ3
´

1´ αBT 2

αψ

¯

16msb2AR2a0e
`

1´ αBT
2e

˘ “

g

f

f

e

π2GJs

´

1´ αBT 2

αψ

¯

16a0eρfAR2b4
`

1´ αBT
2e

˘ . (16)

There is a dependence of the divergence speed on µ because of ρf , as shown in the dimensional form on the rightmost
side of Equation (16). Equation (16) is the explicit expression that corrects for the material bend-twist coupling360

according to Young et al. [13]. It depends on θf but ignores sweep effects. Equation (16) is the formula used in this
work for comparison. Warping effects are not considered in this expression, so this prediction is conservative.

If αBT ą 0, which is nose-down material bend-twist coupling for bending towards the suction side, the static
divergence speed is increased (i.e., divergence is delayed). The opposite trend is true for αBT ă 0, which is nose-up
material bend-twist coupling.

The dimensional parameters used in the perfectly and imperfectly scaled simulations are summarized in Table 5.
The perfect scaling method is referred to as Case PS. As discussed previously, finding a suitable material that meets
every scaling law can be challenging. In the Case ISNM imperfect scaling method with no µ similarity, we use
properties of realistic materials that strictly satisfy Cauchy similarity (i.e., static hydroelasticity is scaled), but it led
to differences in ρs and thus µ. Material info was pulled from an online database1 that sourced various composite370

suppliers. Dimensional parameters that differ from the ideal parameters are also in Table 5 along with the resulting
Π terms that differ. Note that this assumes transverse properties such as Poisson’s ratio and shear moduli would also
be scaled, which is theoretically possible through material doping, tuning fiber orientations of layers, and adjusting
matrix resins. Often times the prototype material is used in reduced-scale models because it is required for certification
based on current industry standards, which, at present, lack proper guidance on dynamic scaling requirements. This is
referred to as the Case ISNC imperfect scaling method with no Cauchy scaling. An example is the aircraft ditching
experiment by Spinosa and Iafrati [47], where they used aluminum from the prototype in the model experiments.
Similar aircraft ditching studies were also conducted with composites by Iafrati et al. [48]. Table 6 summarizes the
meaning of Case PS, ISNM, and ISNC.

Table 6: Naming convention of the three scaling cases studied. PS is ideal but not always practical; ISNM and ISNC are more common in practice.

Case Meaning
PS Perfect scaling. All Π parameters kept equal across models
ISNM Imperfect scaling, no µ. All similarities except solid-to-fluid added mass ratio µ
ISNC Imperfect scaling, no Ca. All similarities except Cauchy number Ca

7. Results380

Results are divided into two subsections corresponding to steady-state and dynamic performance. Within each
subsection, we first show perfectly scaled results, followed by two imperfect scaling methods corresponding to µ and
Ca being relaxed, respectively. Velocity ranges for the models are scaled down from the prototype velocity range
according to Froude scaling in Table 4.

1matmatch.com
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7.1. Steady-State

7.1.1. Case PS: Perfect Scaling

All Π terms listed in Table 3 are enforced for perfect scaling, and the results are shown here to validate our
derivations. The dimensional parameters used are summarized in Table 5. All non-dimensional results for the steady-
state response are therefore identical. In Figure 3, we show the steady-state, normalized, tip bending (htip0 {b) and
tip twisting (ψtip0 ) in addition to the hydrodynamic lift (CL0) and moment (CM0) coefficients. These results are390

qualitative past a certain Ū because tip stall would occur around α “ 12˝ (denoted by the horizontal line) and our
inviscid assumptions would break down.

Positive fiber angles lead to nose-down bend-twist coupling as Ū is increased, and hence we observe negative
ψtip0 and lower htip0 . Fluid elastic forces grow with Ū2 and off-diagonal terms in rKss and rKf s directly explain that
behavior. For λ “ 0˝, Kf 11 “ Kf 21 “ 0. On the structural side, all rKss terms are positive for θf ą 0 because
αBT ą 0. Since Ks21 is the only term in the complete stiffness matrix, there is nose down twist when subject to
positive bending toward the suction side. Consequently, θf ą 0 results in decreasing CL0 and CM 0 with respect to
Ū but not necessarily the dimensional forces. Hydrodynamic coefficient curves are identical for the different sweep
angles because of our definition of the non-dimensionalization for CL0 and CM0. When λ ą 0˝, we get Kf 21 ą 0
which further adds to the nose-down, bend-twist coupling, effectively delaying static divergence. Conversely, θf ă 0400

for all models leads to increased deflections, and load coefficients as Ū increases following the same logic as previously
explained, where Ks12 and Ks21 are now both negative, leading to accelerated static divergence.

Most importantly, the steady-state hydroelastic behavior of the different length-scaled models are indistinguish-
able from one another as shown by the overlapping curves. The results verify that enforcing all pertinent scaling laws
from Table 3 results in a similar steady-state hydroelastic response, as expected.

7.1.2. Case ISNM: Imperfect Scaling—Cauchy Similarity (λµ ‰ 1)

The results for Case ISNM such that Ca similarity is satisfied but λµ ‰ 1 due to different solid densities showed
the same steady-state, hydroelastic response shown in Figure 3 because the response does not depend on ρs. As such,
the results are not shown here for brevity.

7.1.3. Case ISNC: Imperfect Scaling—Same Material (λCa ‰ 1)410

Case ISNC corresponds to using the same material for model and prototype so λµ “ 1 but λCa ‰ 1 as shown
in Table 5. Figure 4 shows the results when CFRP is used for all λL. The larger length scale has accelerated static
divergence for θf ă 0 because of the nose-up, material bend-twist coupling and lower structural stiffness as a result
of the prototype being larger but made of the same material as the models. Table 5 also shows that the Cauchy number
is much smaller for λL “ 1 compared to λL “ 1{3 and λL “ 1{9, which means that the ratio of structural stiffness to
fluid disturbing forces is smaller, hence the greater deformations. When θf “ 15˝, static divergence is not a concern
because of nose-down, bend-twist coupling. Once again, the prototype exhibits greater deformations and changes in
load coefficients than the smaller models because of the lower Cauchy number, or effective stiffness, compared to the
smaller λL models made of the same material.

These differences in the steady response are significant and the differences in the Cauchy number are quantified420

in Table 7. The Cauchy number becomes much larger than the prototype as the length-scale decreases. The smaller
models are much too stiff in comparison with the prototype.

7.2. Dynamic

We present the dynamic system response characteristics in the form of root-locus, natural frequency and damping
loss factor, and spectral distribution plots.

First, the quiescent water and in vacuo structural mode shapes are shown once for the Case ISNC results at
λ “ 0˝ in Figure 5 because all mode shapes for the three scaling methods were the same and in the same order. Non-
dimensionalization is by the maximum displacement, hence the limit from -1 to 1. This result makes sense because
all models were geometrically similar with similar structural and mass distributions. Factors that influence mode

14



Figure 3: Steady-state loads (CL0 and CM0) and deformations (htip0 {b and ψtip0 ) for geometrically scaled composite plates enforcing Case PS
perfect similarities in Table 3. Ū “ U0{Uref, where Uref here is the UD, t for θf “ ´15˝ so the speed non-dimensionalization is consistent between
cases with varying θf ’s. The θf results are color coded following the labels in the bottom rightmost plot. Specific parameters for each scale are
given in Table 5. Non-dimensionalized steady results are identical for all λL because all scaling relations have been satisfied.

Table 7: Percent deviation for the highest Ca from the required when using imperfect scaling with the same material.

Variable Prototype
λL 1 1/3 1/9
Material CFRP CFRP CFRP
Ca 17,600 52,600 158,100
% difference - +199% +798%

shape are the relationships between the components within the stiffness and mass matrices which are influenced by430

the external geometry, internal structure, and mass distribution. Different swept geometries also had the same mode
shapes because the span of the elastic planform remains the same.

All models exhibit mixed mode shapes because of material anisotropy and bend-twist coupling as a result of
nonzero fiber angle. Mode shapes for ˘θf are also qualitatively equal with their signs flipped. All modes have zero
deformation and slope at the root because of the clamped edge condition. The first mode shape (ordered by increasing
frequency) is mostly bending with some twisting. This mode is the same shape in vacuo and in water. The greater
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Figure 4: Steady-state loads (CL0 andCM0) and deformations (htip0 {b andψtip0 ) for geometrically scaled composite plates using the same material
(i.e., Case ISNC in Table 3 where λCa ‰ 1). Ū “ U0{Uref, where Uref here is the UD, t for θf “ ´15˝ so the speed non-dimensionalization is
consistent between cases with varying θf ’s. The scaled steady hydroelastic response is different for different λL.

contribution of bending is consistent with higher aspect ratio lifting bodies. Warping resistance effects in the twisting
DOF also encourage bending as the first mode. The second mode is dominated by a first twisting with second bending
shape and also looks the same between water and vacuum. The third mode is dominated by second twisting with some
of the second bending shape.440

In vacuo, the twisting component of the third mode shape goes almost to zero at the tip because of the reduced
fluid added inertia effects compared to in water, where the tip twist remains high. This difference is more apparent
for this higher order mode shape because of the direction dependent added mass effects that are proportional to fluid
density. For a flat plate section, the bending added mass is ρfπb2 and the twisting is

`

ρfπb
4
˘

{8. By assuming
Kf 11 “ Kf 22 “ 0 in Equations (13) and (14), one can obtain the dry-to-wet frequency ratios of

ˆ

ωdry

ωwet

˙

h

“

c

ms ` ρfπb

ms
“

d

1`
1

2

ρfπb

ρsε
(17)

ˆ

ωdry

ωwet

˙

ψ

“

d

IEAs ` 1{8ρfπb4

IEAs
“

d

1`
1

16r2
s

ρfπb

ρsε
(18)

for bending and twisting, respectively. The bending and twisting frequency ratios differ by the 1{2 and 1{16r2
s terms.
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For a rectangular cross-section, the non-dimensional radius of gyration, rs, takes its lower limit of
b

1{p2
?

3q when

ε ! 2b. Since pρfπbq{p2ρsεq ą p
?

3ρfπbq{p8ρsεq, the relative effect of added mass inertia is therefore more signifi-
cant in bending than in twisting. If a primarily bending mode and a primarily twisting mode are close to each other in450

air, mode switching or modal coalescence can occur in water because of the direction-dependent added mass.

The effect of direction-dependent added mass can be observed in the differences in the dry-to-wet frequency
ratios in Table 8. Solving Equation (17) and 18 using the dimensional values from Table 5 yields values of 3.04 and
2.02 for the bending and twisting ratios respectively. These predictions are slightly smaller than the first two ratios
in the rightmost column of Table 8 because the mode shapes are not purely bending nor purely twisting. Material
anisotropy coupled with these direction-dependent added mass effects also helps explain the mode shape differences.
Numerical predictions by Kramer et al. [40] and experimental measurements by Philips et al. [49] showed that mode
shape differences between in vacuo and in water occur at non-zero fiber angles and for higher order modes. Further,
mode reordering and coalescence was also possible due to submergence in water. This is because relative bending-
to-twisting stiffness ratio decreases with increasing θf , and this effect coupled with direction dependent fluid-added460

mass results in differences between dry and wet mode shapes.

Figure 5: Structural mode shapes in quiescent water (left) and in vacuo (right) for Froude scaled composite plates using the same material (i.e., Case
ISNC in Table 3 where λCa ‰ 1). Mode shapes for all λL are the same and in the same order regardless of the scaling method and sweep angle as
explained in the text. The bending (H) and twisting (Ψ) mode shapes are mostly the same between in water and in vacuo with the exception of the
twist shape of the 3rd mode.

Table 8: Dimensional natural frequencies in vacuo and in quiescent water for full-scale CFRP prototype. Values were the same for θf “ ˘15˝ and
all sweep angles because of material and geometric symmetry and the definition of sweep. Varying dry-to-wet frequency ratios for the three modes
further illustrate the effects of direction-dependent, fluid-added mass.

Mode In water In vacuo Dry-to-wet
Frequency [Hz] Shape Frequency [Hz] Shape ratio

1 4 Primarily bending with twisting 13 Primarily bending with twisting 3.25
2 19 Primarily twisting 42 Primarily twisting 2.21
3 35 Mixed 96 Mixed 2.74

To examine the dynamic frequency response when subject to random spectrum of excitation loads, the modal
frequencies of the excitation spectrum are all scaled according to Table 4, where dimensional values are given in
Table 9. We assume a Rayleigh distribution for the power spectral density (PSD) with a prescribed, real, modal
frequency ωpk. The distribution is

fpωq “ pω{ω2
pkqe

´ω2
{p2ωpk

2
q (19)

where the right-hand side of Equation (6) becomes F˚ext, j “ fpωqωpk for bending (j “ 1) and twisting (j “ 2). Note
that this assumes a multiplication of the distribution with unit loading magnitude in the bending force and twisting
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moment, which may not be representative of the energy content of a realistic excitation spectra, but it is used for
simplicity and to demonstrate scaling effects. We set ωpk “ 20 Hz for the λL “ 1 case to generate a simplistic cavity
shedding spectra. This peak shedding frequency corresponds to an attached cavity length ratio Lc{c «0.8–1 based470

on the dominant re-entrant jet driven cavity shedding for a flexible CFRP hydrofoil data from Smith et al. [2]. The
frequency range is 0–100 Hz for the prototype, which is based on typical Strouhal numbers for cloud, re-entrant jet
driven cavity shedding frequencies from Smith et al. [1, 2].

Table 9: Modal frequencies used in the Rayleigh distributed excitation spectrum for dynamic simulations. Frequency is scaled following Table 4.

Variable Prototype PS: λFn “ 1, perfect ISNM: λFn “ 1, with λµ ‰ 1 ISNC: λFn “ 1, with λCa ‰ 1
λL 1 1/3 1/9 1/3 1/9 1/3 1/9
ωpk [Hz] 20 34.64 60 34.64 60 34.64 60
λ 0, 30˝ 0, 30˝ 0, 30˝ 0, 30˝ 0, 30˝ 0, 30˝ 0, 30˝

θf ˘15˝ ˘15˝ ˘15˝ ˘15˝ ˘15˝ ˘15˝ ˘15˝

7.2.1. Case PS: Perfect Scaling

Table 5 shows the dimensional parameters used for Case PS with perfect scaling. Plotting the locus of eigenvalues
on the Argand plane for the different modes yields root-locus plots as shown in Figure 6. Root-locus (RL) plots show
the traverse of the poles of the system transfer function as non-dimensional flow speed is varied. The poles are of an
nth order system transfer function with a variable loop gain, where n is the number of modes and the variable loop gain
is the non-dimensional flow speed. The system poles define the components in the homogeneous response where the
real part is related to the natural frequency and the imaginary relates to the damping. If any pole crosses from positive480

imaginary to negative imaginary while the real component is non-zero, flutter instability results because there is no
damping for that mode. If the real part of the eigenvalue is zero when the pole crosses the x-axis, it means the system
stiffness is zero and static divergence occurs. For system stability, all eigenvalues of all modes must have positive
imaginary components.

The range of speeds corresponds to 0.1–1.1 times the full-scale UD, t for θf “ 15˝. This same range of dimen-
sional speeds is then used for the corresponding θf “ ´15˝ case for consistency; other length scales have their flow
speed ranges scaled according to Fn similarity. The flow speed sweep in Figure 6 is capped at 110% of the theo-
retical divergence speed for θf “ 15˝ because ignored effects in the current model such as separation, cavitation,
ventilation, or non-linear elastic behavior would be dominant, which would invalidate the current model. However,
we want to observe static divergence for negative fiber angle. Note that divergence will likely not be observed for the490

θf “ 15˝ cases because the theoretical divergence speed from Equation (16) is conservative. Additionally, physical
instability will result in numerical instability, so we do not want to go far beyond this flow speed. This choice of speed
range is justified because it is advised for flexible structures to remain below 1/3 of the static divergence speed range
according to Besch and Liu [20].

Figure 6 shows that the system poles are nearly identical when all Π terms are the same for the model and
prototype, which numerically validates our scaling derivation. As Ū is increased, for each mode, the complex part of
the eigenvalues tended to increase while the real part decreased slightly. That corresponds physically to the damping
loss factor ηt increasing and the system natural frequency (x-axis) decreasing for all modes, which is caused by the
positive Cf 11, Cf 21, Cf 22 terms and negative Kf 12 and Kf 22 terms.

In the unswept cases, Kf 22 and Kf 12 grow more negative with Ū2, and the structural restoring torque in Ks22500

is relatively less significant in water because of smaller Ca hence static divergence of the twisting DOF is expected.
Having θf ą 0˝ opposes the fluid de-stiffening effect, whereas θf ă 0˝ accelerates it. The natural frequency reduces
more obviously with increasing Ū , especially for modes with greater deformations for a given flow condition (i.e.,
lower order modes like mode 1). The behavior of ηt is mostly the result of fluid damping terms because of the
proportionality of fluid damping forces with Ū . All terms in Cf are positive except Cf 12, which is bending damping
force due to twisting velocity, hence the much smaller =pωq for mode 1 and 3, which have significant bending in their
mode shapes. Mode 2 is almost entirely twisting hence the much greater =pωq for the same Ū range. Backwards
sweep (λ ą 0˝) acts to make all fluid stiffness terms more positive exceptKf 12, where the cospλq term still dominates
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for small enough sweep. Hence, the natural frequencies of the swept results decrease less with rising Ū compared to
the unswept root-loci.510

A new pole emerges in Figure 6 for the unswept, θf “ ´15˝ case with small, positive imaginary and small,
negative real components at a speed of about 130% of UD, tpθf “ ´15˝q, and it appears for all λL models. The
warping resistance increases the divergence speed by about 30% in this case. We can also see that sweeping backwards
increases the divergence speed as the new pole does not appear for swept foils. This delay of divergence is due to two
effects: (I) the decrease in hydrodynamic efficiency and (II) the geometric bend-twist coupling resulting from the CP
moving aft of the EA. Effect II is more dominant for composite hydrofoils and is discussed more in Akcabay and
Young [34] and in Liao et al. [7]. When this pole crosses the x-axis at UD, t « 15, 9, and 5 m/s for λL “1, 1/3, and
1/9, respectively, it is static divergence because the imaginary component is now negative, resulting in exponentially
growing amplitude in time. Because discrete flow speeds were sampled, the divergence speed from the root finder is
an approximation.

Figure 6: Root-loci for geometrically scaled composite plates enforcing all similarities summarized in Table 3. UD, t is a function of θf hence the
two range labels; however the corresponding speed sweep for a given λL is still the same. Real and imaginary parts of non-dimensional eigenvalues
are nearly identical for every mode of all λL models except for slight numerical error from the iterative solver.

520

Figure 7 shows how the damping loss factor with respect to speed is affected for the perfect scaling case. For the
lowest flow speed in all fiber and sweep orientations, the total damping loss factor for mode 1 is around 8-15%, which
is greater than our 2% material damping ratio. This means that at low ηt, the material damping plays a greater role,
but it never dominates because it is not more significant than the fluid radiation damping. As explained for the RL
plots, ηt grew with Ū fairly linearly as expected from the equations of motion, and was higher for the lower modes.
For the θf “ ´15˝ plots, ηt for mode 2 is greater than that of mode 1 up to Ū « 1 on the plots, and this is likely due
to the greater influence of the negative Cf 12 for mode 1; mode 1 is a more mixed mode shape than mode 2, which
is almost entirely twisting. When Ū becomes sufficiently high, the dominant fluid de-stiffening loads in Kf 12 and
Kf 22 for mode 1 take precedence, reducing <tωu, and thus increase ηt for mode 1 to be greater than that of mode
2. The reduced natural frequency is high for low Ū because of the speed term in the denominator and decreases as Ū530

increased.

Sweeping backwards has next to no effect on the reduced natural frequency and ηt at low Ū because the structural
span remains constant based on our definition of sweep. However, at higher Ū , its effect on dimensional ωn depends
on the fluid stiffness terms, which are proportional to Ū2. Sweep increases ηt more noticeably at higher Ū for mode 1
and 3 but decreases it for mode 2 because of the interplay between the cos and sin terms in the fluid damping matrix
for the coupled shapes (mode 1 and 3) versus the purely twisting mode (mode 2), which would depend mainly on
Cf 22. Once again, behavior for all λL is identical when all similarity conditions are met. Because discrete flow speeds
were sampled, the new mode on the ηt plots are not perfectly scaled, but the crossover is fairly consistent at about
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130% of UD, tpθf “ ´15˝q. The crossover from negative to positive ηt is because =tωu becomes negative. Hence,
by interpolating points and taking note of the x intercept, the estimate of static divergence speed is Ū « 1.3 for540

θf “ ´15˝.

Figure 7: Reduced natural frequency and damping loss factor vs. speed for Froude scaled composite plates enforcing Case PS similarities in Table 3.
Behavior with respect to Ū is identical for every mode and every λL, which validates that when all the Π terms from Table 3 are same between
model and prototype, the scaled performance between properly scaled models is the same except for slight numerical error.

Frequency domain characteristics are presented in Figures 8 and 9 for three different Ū by applying external lift
and moment excitation spectra with a Rayleigh probability distribution for the stochastic frequency (Equation (19)).

As expected, when following perfect scaling derivations, the frequency response spectra are all the same for all
λL. The top row shows the non-dimensionalized, one-sided, excitation spectrum S`j pωq provided to the bending
(j “ 1) and twisting (j “ 2) DOF’s. A Rayleigh distribution is a gross oversimplification of cavity shedding PSD
because cavitation spectra can be bimodal because it assumes a unimodal response, which is true only if re-entrant jet
driven cavity shedding is present [2]. The second row is the response amplitude operator (RAO) denoted as Zjpωq,
which is

Zjpωq “
Xjpωq

Xjpω “ 0 Hzq
, (20)

and it produces a curve of the system gain when provided a unit input excitation force/moment. Peaks in the RAO550

correspond to resonance, and the heights and bandwidth correspond to the degree of damping. More damping leads to
lower amplitude and wider peaks, which we can see with almost all RAO’s with increasing Ū and hence fluid damping.
The magnitude of peaks of uncoupled modes tends to decrease with increasing ω because of modal deformation
proportionality to 1{ω2; however, the system is fully-coupled and is affected by changes induced by other DOF’s.

For the θf “ ´15˝ results shown in Figure 8, the RAO’s are nearly identical for λ “ 0˝ and 30˝. Differences
between unswept and swept results are mainly due to the increased damping in twist with higher Ū for λ ą 0 from
the positive Cf 22 and Cf 21 terms as well as decreased damping in the bending DOF caused by the Cf 11 and Cf 12
terms. This trend is similar to that observed in ηt in Figure 7. The first peak in both RAO’s corresponds to the first
mode, which is mostly bending with some twisting for both hydrofoils because of the material anisotropy. Increasing
Ū decreases the height of these peaks in both ZH̄ and ZΨ̄ due to increased damping, as expected. The second and560
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Figure 8: Frequency response spectra of mean deformations over span for Froude scaled composite plates enforcing Case PS perfect similarities in
Table 3. Note that markers are plotted simply to differentiate length-scales. First row is PSD of the excitation loads with 0–100 Hz sweep; second,
RAO of mean bending and twisting deformations; third, spectral response of mean bending and twisting responses. Left column corresponds
bending; right, twisting. Resonant peaks and bandwidths nearly identical except for slight numerical error at high Ū . θf “ ´15˝.

Figure 9: Frequency response spectra of mean deformations over span for Froude scaled composite plates enforcing Case PS perfect similarities in
Table 3. Resonant peaks and bandwidths nearly identical except for slight numerical error at high Ū . θf “ 15˝.

barely visibly hump at ωtref « 0.6 corresponds to mode 2 (primarily twisting) and lines up with the RL plot from
Figure 6. It has high damping and is therefore much shorter and wider. Note that tref “ b{UD, tpθf “ ´15˝q, which is
different for θf “ 15˝ so the x-axis limits are adjusted to keep the same looking spectral excitation between the two
fiber angle cases.

For the θf “ 15˝ results shown in Figure 9, the first peak is primarily bending and the second, twisting. In
contrast to θf “ ´15˝, the second peak here is much larger because the second twisting dominated mode has lower ηt
(Figure 7). Sweeping back (λ “ 30˝) decreased the damping for the twisting mode Cf 22 but increased the damping
for Cf 21. The results for this is evident in that RAO peaks attenuate but converge with increasing Ū . For the bending
due to twisting coupled mode where Cf 12 ă 0, the second ZH̄ and ZΨ̄ peaks from the left for θf “ 15˝ have a wider
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bandwidth for higher Ū . If we were to run higher speeds like in Akcabay and Young [34] until eigenvalue instability,570

we would observe in our RL plot, Figure 6, that this actually becomes the coupled torsion flutter mode that is a result
of the roots of the new mode crossing from positive to negative imaginary at a positive natural frequency. The new
mode is the mode resulting from the destabilizing (negative sign) hydrodynamic memory terms modeled by Ωpkq.
Such results for the new mode are not shown here because such high Ū would lead to separation, cavitation, and/or
material failure, which would invalidate the model’s assumptions.

The third row of plots in Figures 8 and 9 is the deformation response spectrumR`j pωq “ |Zjpωq|
2S`j pωqωpk. We

are providing excitation inputs to both DOF’s, and it is clear that higher modes are excited much less and contribute
much less to the amplitude response spectra. Note, however, that the contribution of higher modes is important to
the fatigue characteristics because they have greater accelerations, more cycles in a given amount of time, and lower
damping, so they cannot be disregarded. For θf “ ´15˝, the DOF’s are less coupled in damping than in θf “ 15˝580

(off-diagonal terms in rCss ` rCf s closer to 0), hence the shorter peaks in the response spectra for θf “ ´15˝

shown in Figure 8 compared to θf “ 15˝ in Figure 9. The response spectra in the twisting DOF for θf “ 15˝

at ωtref « 0.5 exhibit extremely high amplitudes at their resonance frequencies, and this is because the still-water
resonance frequency, ωψ “ 19.2 Hz, is near the peak of the excitation spectrum at ωpk “ 20 Hz.

Hence, while θf “ 15˝ enables reduction of the mean loads as U0 increases because of nose-down, bend-twist
coupling, it may lead to high frequency twisting vibrations, noise, and accelerated fatigue due to near matching of the
twisting mode’s natural frequency with the peak excitation frequency for the specific example shown. The importance
of this dynamic response, along with behavior with imperfect scaling is discussed in greater detail in the conclusions.

7.2.2. Case ISNM: Imperfect Scaling—Cauchy Similarity (λµ ‰ 1)

In Figure 10, the RL plots reveal that despite µ not being satisfied perfectly, the behavior of all modes is similar590

across all λL models, indicating that it may be acceptable to relax the same µ requirement as long as the deviation from
the µ of the prototype remains ă~20%. Table 10 quantifies the differences in mass ratios, natural frequencies, and
peak amplitudes in the spectral response of the modes resulting from the different solid densities between materials.
The greatest deviations are generally for the higher modes at higher speeds, and the damping loss factor is affected
more than non-dimensional natural frequency. The largest difference is ~12% drop in ηt for the 1{3 length scale but
this seems to be a numerical outlier, so aside from that, the percentage differences tended to remain below 3%.

The reduction in the non-dimensional natural frequency at higher Ū is slightly more pronounced for higher modes
compared to lower. The influence of µ on the dynamic hydroelasticity is greater for higher modes because of the
proportionality of these inertial terms with ω2 so differences are more pronounced for these modes because they
resonate at higher frequencies. The smaller λL models have higher solid densities than the ideal, resulting in lower600

natural frequencies. The slightly lower imaginary components for the 3rd mode, which is a more convoluted bending
and twisting shape, is due to the reduced frequency, k, and its effect on the off-diagonal terms in the fluid equations.
Because k is lower at higher Ū and the 3rd mode shape is a mix of bending and twisting, the real part of the damping
terms in the bend-twist coupled DOF’s plays a greater role in the imaginary part of the eigenvalue. Note that the
non-dimensional matrix values are shown in Appendix B as Figure B.14, and we can see that <tC12u is the most
negative term, which would contribute to the lower imaginary part of the eigenvalue.

We show one spectral response plot for θf “ 15˝ and λ “ 0˝ in Figure 11 to illustrate that there is just the
slightest difference in the response spectra, and that the difference is more pronounced at higher ω. At these higher
frequencies, the peaks in the RAOs of the smaller length-scale models are taller and more towards the left, which
illustrates that the damping is reduced and the natural frequency is lowered for the Case ISNM scaling method. The610

peak amplitude differences in the RAO make sense because the amplitude of modal resonance is inversely proportional
to ω2 so with a lower resonance frequency, the amplitude will be higher. As a result, the response spectra are taller and
shifted towards the left. Because the second peak, which corresponds to the second mode dominated by twisting, has
the higher resonance frequency, the greatest differences are visible in the RAO and response spectrum for the twisting
DOF. A maximum of ~10% difference was observed in the peak amplitudes of the response spectra in the twisting
degree of freedom because of second mode resonance, which is significant. Table 10 presents the percent differences in
the peak amplitudes of the RAO and response spectra, which increased with greater difference in µ from the prototype
because of the improperly scaled natural frequencies of the models. The resonance properties of Case ISNM scaled
models would be adequate at low ω but deviate at higher ω, which has implications on the scaled fatigue characteristics

22



Table 10: Percent deviations of dynamic response due to different µwhen using Case ISNM imperfect scaling from Table 4 where Cauchy similarity
is enforced but λµ ‰ 1. Modal frequencies and damping loss factors are given for the lowest and highest Ū for θf “ ´15˝ and λ “ 0˝ where the
deviations increased at higher Ū and greater difference in µ from the prototype. Peak amplitudes and percent differences from the twisting spectral
response are given in order from Ū “ 0.3, 0.7, 1.1 for θf “ 15˝ and λ “ 0˝ from Figure 11 where the deviations were greatest because resonance
was at higher ω. As the difference in µ increased, the deviations in peak amplitudes in both Z`

Ψ̄
and R`

Ψ̄
increased.

Variable Prototype
λL 1 1/3 1/9
Material CFRP PMC GFRP
ρs [kg/m3] 1590 1800 1830
% difference in ρs - +13.2 +15.1
µ 0.121 0.138 0.140
% difference in µ - +14.1 +15.7

θf “ ´15˝, λ “ 0˝

Mode 1
ωnb{U0 6.99, 0.441 6.95, 0.455 6.94, 0.439
% difference in ωnb{U0 - -0.57, +3.17 -0.72, -0.45
ηt 0.070, 1.760 0.070, 1.538 0.069, 1.757
% difference in ηt - 0, -12.61 -1.43, -0.17
Mode 2
ωnb{U0 30.67, 2.78 30.27, 2.77 30.22, 2.74
% difference in ωnb{U0 - -1.30, -0.36 -1.47, -1.44
ηt 0.106, 0.743 0.106, 0.734 0.105, 0.735
% difference in ηt - 0, -1.21 -0.94, +0.14
Mode 3
ωnb{U0 55.65, 4.89 55.14, 4.86 55.09, 4.85
% difference in ωnb{U0 - -0.92, -0.61 -1.00, -0.82
ηt 0.051, 0.170 0.051, 0.165 0.050, 0.165
% difference in ηt - 0, -2.94 -1.96, -2.94

θf “ 15˝, λ “ 0˝

ZΨ̄: Peak 2 11.57, 6.47, 5.19 11.80, 6.66, 5.37 11.93, 6.70, 5.41
% difference - +1.99, +2.94, +3.47 +3.11, +3.55, +4.24
R`

Ψ̄
: Peak 2 55.92, 18.75, 13.39 60.77, 20.40, 14.50 61.62, 20.69, 14.70

% difference - +8.67, +8.80, +8.29 +10.19, +10.35, +9.78

Figure 10: Root-loci for Froude scaled composite plates enforcing Case ISNM imperfect scaling from Table 3 where λµ ‰ 1. Real and imaginary
parts of non-dimensional eigenvalues are nearly identical for every mode of all λL models with slight differences barely discernible for higher
modes and at higher Ū .

that depend on the frequency content of the excitation spectrum with respect to the natural frequencies. The degree of620
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error depends on the proximity of the natural frequencies to the peaks of the external excitation spectrum.

Figure 11: Frequency response spectra of mean deformations for Froude scaled composite plates enforcing Case ISNM imperfect similarities in
Table 3 where λµ ‰ 1. Twisting spectra is blown up on the right showing the differences of the 2nd peak (mode 2: twisting dominated). θf “ 15˝.
Resonant peaks and bandwidths are very similar except at higher ω and higher Ū where the smaller scale models’ RAO and response spectra peaks
are slightly taller (less damping) and shifted left (lower natural frequency), which is closer to the modal excitation frequency.

7.2.3. Case ISNC: Imperfect Scaling—Same Material (λCa ‰ 1)

For Case ISNC, Figure 12 shows that the natural frequencies and imaginary parts are not scaled properly at
all. The smaller models have much higher non-dimensional natural frequencies for all modes because of the higher
effective stiffnesses in bending and twisting. This is directly correlated to the significantly higher Cauchy number for
λL ă 1. Since damping is modeled using the complex stiffness approach, the higher effective stiffnesses result in
higher imaginary parts of the eigenvalues as well. This is visible based on the starting points of the root-loci being
higher on the y-axis for smaller models; the vertical spacing between sampled points remain the same because that is
a fluid flow effect.

Figure 13 shows that the frequency response spectra will not be scaled properly. Only θf “ ´15˝ is shown630

for brevity since all RL plots are given. The input excitation PSD is still the same as previous cases and is scaled
properly; however the RAOs and response spectra are wildly different between the models and the prototype. The
general shapes of the RAO’s are similar but the peaks are shifted more to the right and are wider for smaller λL
because the stiffnesses are not scaled properly. Models of different λL will not be representative of full-scale because
smaller λL will have higher natural frequencies and predict greater dynamic load amplifications and stresses due to
the proximity of the smaller model’s resonance frequency to the peak external excitation frequency. Because of the
greater dynamic deformations in the smaller λL models with these specific excitation spectra, the hydrodynamic load
coefficients will be different between models and full scale so the model hydrodynamic performance prediction, both
mean and dynamic, will be a poor representation of the full scale. The implications on design may sound conservative
but the governing instability of flexible composites in water tends to be static divergence, not flutter. As such, smaller640

models will predict delayed static divergence boundaries compared to the full-scale prototype, which is dangerous.
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Figure 12: Root-loci for Froude scaled composite plates using the same material (i.e., Case ISNC in Table 3 where λCa ‰ 1). Real and imaginary
parts of non-dimensional eigenvalues are not scaled at all because of the dependence of structural elastic loads on Ca, which affects ω and, therefore,
k.

Figure 13: Frequency response spectra of mean deformations for Froude scaled composite plates using the same material (i.e., Case ISNC in
Table 3 where λCa ‰ 1). First row is PSD; second, RAO; third, spectral response. Resonant peaks are very different in magnitude and location.
θf “ ´15˝.

8. Discussion

The rising prevalence of lightweight structures and their use in maritime applications due to additive and/or robotic
manufacturing advances has several implications. Composite models, for example, can be more easily tuned to match
scaling requirements because of advanced manufacturing techniques. However, consideration of the hydroelastic
dynamics for lightweight structures or low µ is important. As demonstrated through the steady and dynamic results on
scaled models, it is apparent that proper scaling is important; if improperly scaled like the Case ISNC scaling method
with the same material for both the model and prototype where Cauchy similarity is ignored, one can predict very
different steady and dynamic performance. We did not investigate stability boundaries for all configurations because
we kept dimensional velocity ranges in a realistic regime to avoid divergence and material failure. As such, static650

25



divergence was only observed for the unswept, θf “ ´15˝ configurations due to the nose-up bend-twist coupling,
where the foil bends towards the suction side, leading to rapidly increasing loads as speed increases. In Case ISNM
where mass ratio similarity is ignored, small variations in µ less than ~16% do not lead to drastic differences in the
scaled dynamics of lower order modes. However, the degree of difference in the dynamic response, particularly the
fatigue life, depends on the frequency gaps between the resonant frequencies and the peak or peaks of the excitation
frequency; even small differences, if near resonance, can lead to large differences in dynamic load amplifications and
fatigue life. Note that if the peak frequency is caused by vortex- or cavity-induced oscillation, the peak frequency
depends on the flow speed and the characteristic length such as the foil trailing edge thickness, heave amplitude,
or attached cavity length (which in turn depends on the cavitation number). If the peak frequency is caused by
ocean waves, the peak frequency is the dominant encounter frequency, which tends to be lower than vortex- and660

cavity-induced vibrations. The energy content of our excitation spectra was on the lower frequency side resulting in
larger amplitude peaks in the response spectra of the imperfectly scaled models compared to the prototype in both
ISNM (Figure 13) and ISNC (Figure 11) cases. If the peak frequencies of the excitation spectra were higher than our
examples, the prototype will experience deformations and dynamic load amplification at these higher frequencies so
the accuracy of the scaled fatigue life predictions are even more important.

Our material selection made assumptions about the custom tailoring of transverse properties to match Poisson’s
ratio and shear moduli, which is not always exact in reality [19]. It may not be possible to find a material with the same
Poisson’s ratio as the prototype, while satisfyingCa andFn similarity. Significant differences in Poisson’s ratio lead to
differences in the bend-twist coupled response and the material failure mechanisms. We only considered the response
deformations but did not consider more complex physics such as the scaling of failure stresses and thus, failure modes,670

for the models. When using the same material, in-plane elastic constants and strength data for small marine composite
specimens can be representative but the shear strength is strongly dependent on the cross-sectional area [50]. In
reality, some materials cannot be used if they absorb water or exhibit excessive creep or non-linear response because
their properties would cause deviation from the scaling laws. Model materials also have to account for distortion
effects due to potentially high temperatures during manufacturing. This can result in differences in material failure
mechanisms like fracture, matrix cracking, fatigue, compressive failure, and delamination. Impact response and failure
would ideally be scaled for a completely accurate model [19, 51, 52]. Another difficulty is different manufacturing
techniques for model versus full-scale composites because variations will no doubt lead to different properties in the
steady-state and dynamic response. The material failure mechanisms and failure loads will likely be different because
of inconsistencies with manufacturing procedure. The effective single fiber layer assumption used in this study is a680

simplification, and sublaminate-level versus ply-level scaling plays a role in the strength and stiffness characteristics
between model and full-scale [19].

We performed Froude scaling, which allows the model speed to be lower than the full scale speed. In contrast,
Reynolds scaling requires the model flow speed to be greater, and Mach scaling requires the same flow speed as the
prototype–both scenarios of which can potentially be infeasible for marine testing facilities. It is common knowledge
that Ma, Fn, and Re similarities cannot be met simultaneously because of the conflicting requirements on λU0

. As
general rules, Mach scaling is enforced when compressibility effects are important, Reynolds for viscous effects, and
Froude for gravitational effects. In typical marine operations, both surface and subsurface, gravitational (free-surface,
waves, and maneuvering) forces are the more important ones. In maneuvering, the center of gravity is typically
not collocated with the center of buoyancy so Froude scaling is necessary to correctly model the dominant fluid690

forces. Froude scaling also results in smaller model scale velocities compared to the prototype. However, at low
enough speeds, viscous effects are not negligible and phenomena such as vortex shedding and transitional flow become
significant, which can affect added power predictions, as demonstrated by Woeste et al. [53], and the controllability.
We used inviscid simulations, but smaller models will encounter higher viscous scale forces and potentially run into
surface tension effects. For example, Pernod et al. [54] showed that leading edge vortex shedding in pre-stall affected
the vibration measurements of a flexible composite hydrofoil. Because smaller models will run at slower speeds,
viscous effects can become an issue for λL ! 1 and would result in deviations from the scaled response. Further,
at high enough speeds where ventilation and cavitation can occur, the Weber number, cavitation number, and Mach
number should be satisfied, which can be done although it requires access to depressurized facilities to reduce the
atmospheric pressure.700

The imperfect scaling cases explored in this work have been used in other hydroelastic problems. An example
of Case ISNM imperfect scaling with differences in µ between model and full scale is the work by Lin et al. [55],
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where they conducted hydroelastic experiments for a container ship. They satisfied static requirements by using fiber-
reinforced plastic and wood to build up the backbone and framing of the hull to meet bending and torsion similarity.
However, because of the density differences between the model and structural steel, dynamic hydroelasticity would not
be scaled because µ would not be the same between model and prototype. Furthermore, scaling the internal framing
of a full-size ship such that the model has the same mass and geometric distributions is difficult and would have
other effects on the maneuvering and seakeeping. If this is not scaled properly, the bend-twist coupling and failure
mechanics will therefore be different. Of course, if the model is only tested to look at low-order modes where inertial
effects tend to be less significant, then a relaxed model that does not satisfy µ requirements could be acceptable. An710

example of Case ISNC imperfect scaling with differences in Ca between model and full scale is the aircraft ditching
experiments by Spinosa and Iafrati [47] and Iafrati et al. [48], where they used the same aluminum in both the model
and prototype, and again with composites. It is possible to match Cauchy similarity by varying the thickness as they
did, but the similarities breakdown when deformations grow because the bend-twist coupling, warping response, and
failure mechanics are not scaled.

For practical testing considerations, λL must be sufficiently small for facilities to have long enough run times and
slow enough speeds to gather sufficient time cycles of meaningful data. Counter to that is the weight scaling consid-
eration, which is that the model must have the same solid density (i.e., weight scales with λL3). This is impractical
for λL ! 1 because of realistic materials available, and this can be shown by looking at an Ashby diagram. Further,
the time scale is shorter (frequency is higher) for λL ă 1, which poses challenges for control systems because these720

controllers have their own time delays that may not cause issues for larger models but may introduce large time and
phase shifts in controller actions in much smaller models. If the control system is not scaled properly to the time scale,
the controller’s actions will not be representative of full-scale behavior.

Multiphase flows like cavitation and ventilation are of special concern to the vibrations of flexible, composite,
hydrodynamic lifting surfaces, particularly cloud cavitation and partially ventilated flows. The frequency content of
the excitation caused by collapsing cavities must be scaled according to Table 4, but cavitation number similarity must
also be maintained [3, 26]. In our work, we assumed a Rayleigh distribution for the cavitation power spectral density,
which is not representative if both re-entrant jet and shockwave-driven cavity shedding are present. The re-entrant jet
cavity shedding frequency increases with increasing flow speed and decreasing cavity length [56]. Furthermore, one
should additionally consider factors such as scaling of nuclei content, distribution, and size. Scaling of cavitation for730

flexible composites is difficult to do for practical applications because of the ways in which test facilities match the
non-dimensional cavitation number.

This model did not consider failure modes, so it would be relevant to derive and validate scaling relations for
higher order material physics such as having multiple laminae, curved fibers, or ply- versus sublaminate-level scaling
and how that may affect failure modes and behavior of the non-linear material response using analytical models. Scal-
ing validations could also be performed accounting for free surface effects and viscous effects such as flow separation,
cavitation, ventilation, and waves which would be affected by Reynolds number, cavitation number, Mach number,
and Weber number. Finally, this unsteady inviscid flow model evaluated Theodorsen’s function at each instance but
hydrodynamic memory effects of shed vortices in the wake of the model need to be solved in the time domain through
the convolution integral. All fluid terms with Theodorsen’s function need to be integrated in time from t “ ´8 to740

t “ t to account for the effect of circulation in the wake on the fluid dynamic forces experienced by the body at
present. Not accounting for them leads to overprediction of the amplitudes in motion because the convolution integral
adds to the damping. Numerical integration of the convolution integral can be challenging, but there are adjustments
that can be made to facilitate numerical integration [57, 58]. Finally, one could investigate scaling relations using other
mounting conditions for applicability to more complex marine geometries.

9. Conclusions

We derived pertinent scaling relations for flexible marine composites and summarized them. The requirements
for satisfying dynamic, kinematic, and geometric similarity for the steady-state hydroelastic response are less stringent
than those for dynamic response because of the additional requirement of the solid-to-fluid added mass ratio (µ) and
its subsequent effect on reduced frequency (k). It is generally easier to satisfy steady-state hydroelastic similarity in750

a testing facility but preserving dynamic similarity is more difficult because of the availability of feasible materials.
Thus, it is essential to know that µ similarity can be relaxed as long as the difference in µ between model and prototype
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is small enough (less than 20%). Dynamic effects are important because they capture flow-induced vibrations, insta-
bilities (such as flutter and parametric resonance), noise, dynamic load amplification due to resonance or lock-in, and
fatigue. By running several length-scale (λL) simulations with geometric similarity and Froude number scaling, we
demonstrated scaling effects on how the non-dimensionalized dynamic performance of composite systems changed
with respect to speed. We make the following conclusions:

• Static divergence instability of the new mode for negative fiber angle is correctly captured in models that satisfy
Cauchy similarity. No flutter instability was observed for any configuration for the prescribed flow speeds.
Assuming the same fluid, µ does not affect the scaled steady-state response, only the dynamic.760

• The parameter µ is most important for higher frequency modes at higher speeds because of the proportionality
of inertial forces with ω2 and the proportionality of damping forces with ωŪ . The full scale could be more sus-
ceptible to accelerated fatigue because its scaled resonance frequencies are slightly higher than the imperfectly
scaled µ models when using Froude scaling. For disparate model length scales that use Fn scaling, materials
that perfectly match µ are difficult to find.

• We have shown that designers and experimentalists can somewhat relax the requirement on µ if the difference
in µ between the model and prototype is less than 20%, and that it is valid to extrapolate scaled dynamic
performance for low order modes for models that satisfy Cauchy similarity and the 11 other Π terms. Care is
needed when interpreting the full-scale response in terms of the fatigue life and noise, which are influenced by
the high-frequency response. It is also crucial to check the proximity of both the model and full-scale modal770

frequencies to excitation frequencies to avoid dynamic load amplification due to resonance.

• It is not advised to use the same material as the prototype for disparate length scales (λL ! 1) when following
Fn similarity unless Cauchy similarity of the specific mode shape of interest is satisfied. In that situation, only
data for that specific mode shape can be interpreted as representative of full scale. When λCa ‰ 1, the model
gives erroneous underpredictions of the steady-state deformations and thus loads. This case for Fn scaled
flexible plates resulted in significantly higher natural frequencies and damping of smaller length-scale models
because of higher effective stiffnesses. The steady and dynamic responses are very different between the models
and the prototype as a result.
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Appendix A. Equations of Motion

Appendix A.1. Structural Dynamics with External Loads
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The 8 geometric and natural boundary conditions are

Geometric (y “ 0):

h “ 0, ψ “ 0,
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Akcabay and Young [35] have shown that for marine lifting bodies with lower aspect ratios compared to aerospace
structures, warping resistance (Ss) effects were more important in the predicted natural frequencies and stability
boundaries because they scale with 1{L4. Warping resistance resulted in higher natural frequencies and stability
boundaries compared to classical beam theory.810

Appendix A.2. Unsteady Potential Flow

The sectional fluid loading is in the form
„
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Appendix B. Supplementary Figures

Figure B.14: The influence of reduced frequency, k, on the real and imaginary parts of the elements in the non-dimensionalized fluid damping (left)
and stiffness (right) matrices. The top are main diagonal terms and the bottom are the hydrodynamically coupled terms. Positive real corresponds
to opposing the motion and positive imaginary corresponds to phase lag. Subscripts 1 and 2 correspond to bending and twisting respectively. Note
that Kf11 “ Kf21 “ 0. Assumes a0 “ 2π, a “ 0, λ “ 0˝

.
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