Physics 406: Homework 10

1. Mean-field solution of a model magnet: A model of a magnet consists of a grid of spins—
elemental dipoles of unit magnetic moment—that can poirfour different directions, north,
south, east, and west, like this:

Technically, this is called thé-state clock model

(&) Supposing all the spins to be independent, write downxanession for the mean magne-
tization m per spin in the vertical (north) direction at temperaturié a magnetic fieldB is
imposed in that direction.

(b) Now suppose each spin feels the mean magnetic field dfeabthers, which is equal ®=
Jm, wherel is a positive constant. Show that the valuerohust be a solution of the equation
_sinh(Jm/1)
1+ coshIm/1)’

(c) Hence show that this system goes through a continuouseghansition to a ferromagnetic
state when the temperature falls below a critical value: %J.

(d) Close to the critical temperature the magnetizatiors small. Expand the sinh and cosh
functions to second order in their arguments, and thus shatctose to the critical temper-
ature the magnetization is given by

Hence extract a value for the critical expon@rdefined by

mO(tc—1)f,  fort—Te.



2. Landau theory in a field: Suppose we have a magnetic system in a magnetic field that thige
system a magnetic energyBm, whereB is the applied field anthis the magnetization. Then the

Landau free energy is
F = go+gim+@n? +gam’* +... = go— Bm+ 2o (1 — 1o)mP +-gam* + . ..

wheregp, g4, anda are constants assumed independent of temperature andrieck is no term
in m® because of the up/down symmetry of the system.

(a) Find the temperature at which the (second-order) phassition to a spontaneously sym-
metry broken state occurs in zero magnetic field.
(b) Now suppose thd& > 0. Then the free energy looks something like this:

\_—

Assuming that we are at< 1, find the equation satisfied by the two minima of the free
energy. Which of the two minima corresponds to the equilioratate?

(c) Ifthe field is slowly reduced (made more negative), wkeping the temperature fixed, the
relative heights of the two minima vary. However, once thstem is in one minimum, it
cannot switch to the other if there is a hump in the betweervtleeminima—it would need
to increase its energy to do so. What negative value must thkditwin go before we flip
over to the other minimum? And how far positive must it go aftat to flip us back again?

(d) Hence draw a sketch of the behaviomogs a function oB at temperatures < Tc.
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