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3 Certainty vs. Uncertainty: An Example.

As was shown for the certainty case by Becker (1980), in a steady state Ramsey equilibrium
we must have:
X'=Kand X"=0 for h=2,..,H

where K solves:
max f(K)— K(1+7)] where 1+7=1/6;.
Let us demonstrate now that this result breaks down in the slochastic model.

Consider the following example with H = 2. The stochastic production function is

given by:

F(X,0) =0X", where 0 <a < 1.

The utility functions of individuals 1 and 2 are:

uy(c) = Inc
et
UQ(C) = 1— y Y >0




SO

L= ( W, , 0, wo)w‘,wz)> nuﬁ%«b»e'éé
Xt(w) MM& pa.atoumﬂ@wind?af&n‘, .
‘%Xt(d) =X(w), U«mxxuw. Ke (o) = x(TK)ﬁQQ?w

(Medg= wkn K= pmh,00

Also let 1> 6; > 6, > 3, and o < 1/(26; — 1).

Assume now that the Becker (1980) result for deterministic stationary Ramsey equilib-

rium holds in the stochastic case as well. Let < X[ (w), X;(w), ¢j(w), c5(w); W(w), r(w) >
be a steady state in this economy. By our assumption since §; > 6, we have X;(w) =0 a s.,
therefore we obtain the following expressions for W and r: 0 Z g
1 * ) s 1 — = a
W(Tw) = 5 [f(X] (), w1) = X[W) (X (W), w1)] = —m—w [XT ()] as. 9).
14 7(Tw) = aw, [X; W)]°7" as. (10)
The budget equation for individual 1 can be written in this example as:
1 a
X:(w) + ¢} (w) = “;%0 [X:(T71w)]" as. (11)

Following the examples in class when the utility function is

logarithmic and the production function is Cobb-Douglas, since X (w) = X;(w) a.s., the

optimal consumption policy function of individual 1, g,(y), is linear in his beginning of

period income y. Let us write, g1(y) = Ay and observe the following functional equation
must hold for all y (note that this equation is, basically derived from equation (7) and
X;(w) > 0 as. in this case),

1
MFEwo (X (T-1w)]"

61Eo |aw (1 — A) 52woX; (T w)e ) - !

A2y, [(1 - Nwolb= X (T-1w)e]”

U= 5E| Sl (k|




Hence,
od
—

N 1+ -
wy P X (T W)= 6,0F [(1 — Awo 5 aXl' (T’lw)a} 4 a.s.

which implies that:

26
=1 A2

Since 1 > 6; > % and 0 < a < [28, — 1]7! we find that 0 < A < 1, hence ¢;(y) = \y

is a consurnption policy function.

Consider now the optimization process of individual 2. Since, by our assumption,

X5 {w) =0 a.s. we have

Namely,

cy(w) =

. Using the Euler conditions (8), when X;(w) =0 a.s. i.e., the inequality case,

wh(c5 () > 62 Bo [(1 4+ r(Tw)) (5 (Tw))] es.

We find for our case that

a—1

— ~7 ows [(1 = A)E2we X (T 1w)e

{1 QQonI(T_lw)a} > 6, Fq ' [( ) 21 oXil ) } at =7
= 252w (1 = M) ERweX; (T 'w)*) ]

Simplifying this inequality we reach:

X3 (T w)

— —al(1-
] avta—al(l-7) z 626?_1_m[a]a—a’7[wo]a+’7—1—&7 - B [wi—h{] a.s.




Let us assume now that w, € [a,b],0<a<b<co. By choosing v > 0 but small and
o < % we can guarantee that

M A=-ay+a-a*(l-7)>a/2

(i) a+vy—1=—ay<0.

(For example: 7 =1/16 « = 1/4). Thus,

~

[T 0)]" > 68 [o]r By [l (o]t as, (12)

However, it is known in the stochastic growth literature that for any given €> 0, by

w,_n

choosing “a” small we can assure that

Prob {X] <€} > 0.

Thus condition (12) cannot hold with probability 1. This contradiction demonstrates
that our assumption that in this equilibrium X; = 0 a.s. cannot be true. Hence it proves
our claim.

The example shows that in contrast to the stark distribution of steady state capital
4 obtained in the deterministic model, the introduction of uncertainty can lead to positive
saving for the relatively impatient agent 2 for a set of states with positive measure. The
presence of technological shocks means that the impatient agent has a buffer stock motive for
holding capital that is absent from tile deterministic story. Thus, we cannot conclude that one
consumer will always have all the economy’s capital. This implies that the stationary state
is not determined by a single agent’s dynamic optimization problem as in the deterministic
model. Therefore the establishment of a stochastic stationary equilibrium for this economy
must take into account the interactions of all the agents optimization problems (including

the profit conditions). This naturally leads us to a fixed point argument for our existence

result.




