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The bremsstrahlung energy distribution from a thick tungsten target is calculated from the
Sommerfeld and Born-approximationthin-target formulas, taking into account electron energy

losses, electron backscatter losses, and photon attenuation in the target.

Over-all agree-

ment with measurement is 20% in the 12—100-keV energy range, increasing to 50% at 300 keV.
Semiempirical expressions are developed that give 20% over-all agreement with measurement

in the 12-300-keV energy range.

I. INTRODUCTION

The x-ray spectrum produced by low-energy
electrons striking a target is not only interesting
theoretically but also because x rays are used ex-
tensively in medicine and industry. Ehrlich! com-
pared thick-target bremsstrahlung theory to her
measurements and found “order-of-magnitude
agreement.” Recently, absolute measurements by
Unsworth and Greening? in the 15-30-keV energy
range and by Storm, Israel, and Lier®in the 12—
300-keV energy range have been reported. Previ-
ous measurements below 300 keV include those of
Hettinger and Starfelt,* Dyson,® and Placious.® Suf-
ficient experimental information is now available
to permit a reevaluation of the thick-target brems-
strahlung theory.

The semiclassical formula of Kramers” has been
used extensively to calculate thick-target spectra,
although it neglects electron backscatter and photon
attenuation losses. Unsworth and Greening? obtained
agreement with their measurements by correcting
the Kramers formula for photon attenuation.

Berger and Seltzer®° have developed a Monte

Carlo program for calculating bremsstrahlung
spectra which includes electron and photon multiple
scattering. Their calculations for normal incidence
of the electron beam on the target are in good agree-
ment with the measurements of Placious.® In the
present calculation, thin-target bremsstrahlung
formulas developed from quantum mechanics are
corrected for electron energy losses, electron
backscatter losses, and photon attenuation to obtain
thick-target bremsstrahlung distributions that can
be compared to measurement. Semiempirical
equations also are compared to measurement, and
one is developed that gives 20% agreement below
300 keV.

II. THIN-TARGET BREMSSTRAHLUNG FORMULAS

Bremsstrahlung cross-section theory has been
developed either with Sommerfeld-Maue wave func-
tions or in the plane-wave Born approximation.

The thin-target bremsstrahlung formulas have been
reviewed by Koch and Motz.!! Of the formulas dif-
ferential in photon energy, the Sommerfeld formu-
1a'2 and the formulas labeled 3BN and 3BN(a) by
Koch and Motz are applicable below 300 keV. In
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the Koch and Motz notation, the number 3 indicates
that the formula is differential with respect to
photon energy. The first letter will be either B
for Born approximation or S for Sommerfeld, and
the second letter N indicates no screening.

Recently bremsstrahlung cross-section calcula-
tions have been made by Brysk, Zerby, and Penny,!?
Elwert and Haug,!* and Tseng and Pratt!® based on
partial wave expansions numerically evaluated using
the Dirac equation and a screened Coulomb poten-
tial. For a high-atomic-number element, z="179,
these authors have calculated bremsstrahlung cross
sections in the energy region of interest here
(less than 300 keV) for the following initial electron
energies (E,) and photon energies (¢). Tseng and
Pratt!® give cross sections integrated over electron
direction alone as a function of photon angle and the
total cross section integrated over both electron
and photon direction for E,=50 keV, =20 and 30
keV; E,=128 keV, £=96 keV; and E,=180 keV,
E=108 keV. Elwert and Haug'* give cross sections
integrated over electron direction alone as a func-
tion of photon angle for Ey=180 keV, and cross
sections integrated over both electron and photon
direction as a function of photon energy for E;
=45 keV. Brysk, Zerby, and Penny'® give cross
sections integrated over electron direction as a
function of photon angle for E;=180 keV and £=108
keV. In addition, Rester, Edmonson, and Peas-
ley'® compare their experimental cross sections to
theoretical cross sections integrated over elec-
tron direction alone as a function of photon angle
which were obtained from a modification of the
Brysk et al. computer program for Ey,=50 keV,
k=10, 20, 30, and 40 keV; and E,=200 keV, k=80,
120, and 160 keV.

Sommerfeld obtained the cross section for a photon
emitted in a given direction with a fixed electron
recoil energy. Kirkpatrick and Wiedmann'? cal-
culated the cross section integrated over the emis-
sion directions of the electrons and photon. The
Sommerfeld-Kirkpatrick-Wiedmann cross section
(3SN) is nonrelativistic and neglects screening and
retardation effects. Of the Born-approximation
formulas, Koch and Motz recommend the non-
screened nonrelativistic formula of Heitler,!®
3BN(a), for the 10~100-keV energy range, and the
nonscreened relativistic formula of Bethe and
Heitler,!® Sauter,?® and Gluckstern and Hull,?!
3BN, for the 100-300-keV energy range. They
recommend further that both formulas be multiplied
by the Elwert?? Coulomb correction factor, and
that formula 3BN be multiplied by an empirical cor-
rection factor A which varies with the initial elec-
tron energy.

Thin target bremsstrahlung energy distributions
computed from these formulas are shown in Fig. 1
for Z="74 and initial electron energies of 12, 30,

2329

60, 100, 200, and 300 keV. The distributions are

‘given as a function of photon energy % and are in

units of erg/mA seckeV sr (g/cm?) of target area.
The Born-approximation formulas include the El-
wert factor, but not the empirical correction.

The 3SN distributions fall off less rapidly with
photon energy than do the Born-approximation dis-
tributions, and although nonrelativistic 3SN predicts
more energy at higher photon energies than the
relativistic 3BN formula. The nonrelativistic
3BN(a) formula predicts less energy than the rela-
tivistic 3BN formula and the discrepancy increases
with initial electron energy. For example, the
3BN(a) values are low by only 3-5% at 12 keV,
but differ by 20-30% at 100 keV and by more than
a factor of 2 at 300 keV. Because 3BN differs
from 3BN(a) by only a few percent at the lower en-
ergies and is expected to be more accurate at the
higher energies where relativistic effects are im-~
portant, formula 3BN(a) will not be considered fur-
ther.
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FIG. 1. Thin-target bremsstrahlung energy distribu-
tion as a function of photon energy for several initial
electron energies. The distributions were calculated by
using the nonrelativistic Sommerfeld-Kirkpatrick-Wied-
mann 3SN formula, and the nonrelativistic 3BN(a) and
relativistic 3BN Born-approximation formulas. The
Elwert Coulomb correction is included in the Born-approxi-
mation formulas.
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FIG. 2. Thick-target bremsstrahlung energy distribu-
tion as a function of photon energy for several initial elec-
tron energies. The distributions were calculated from
the thin-target bremsstrahlung formulas 3SN and 3BN
with only the electron energy loss by collisions with atomic
electrons included. Also shown is the energy distribution
calculated from the semiempirical KKD formula.

III. THICK-TARGET BREMSSTRAHLUNG FORMULAS
A. Electron Energy Loss

A thick-target distribution can be obtained from
the thin-target distribution by calculating the elec-
tron energy loss with target depth by collisions with
atomic electrons. The target is divided into a
number of thin strips in each of which there is an
energy loss AE, which is selected by assuming a
continuous slowing down approximation. If E,is
the initial electron energy, E is the electron energy
at photon emission, and Igg s,z is the thin-target
bremsstrahlung emission per path length per unit
solid angle in the photon energy interval % to (& +dk),
then the thick-target emission Ig,» is given by

dE

0
IEo,k‘:f IEO""E(—dE/dx> s
B>k

where dE/dx, the mean electron energy loss per
unit path length, has been tabulated by Berger and
Seltzer® for tungsten using Bethe’s stopping-power

@)
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theory. If Iy ,, z isinunitsof erg/sec mAkeV sr (g/

“cm?), then dE/dxis in keV cm?/g and dE in keV.
The thick-target energy distributions calculated
from Eq. (1) by numerical integration are shown
in Fig. 2 as a function of photon energy % for the
same values of E, given in Fig. 1. I, , is in units
of erg/sec mAkeV sr and has been calculated by
using both 3SN and 3BN formulas for I , z.

The thick-target distributions computed from
Eq. (1) are comparable to the distributions calcu-
lated from the Kramers’ semiclassical nonrelativ-
istic formula. Kramers started with the classical
expression for the Spectral distribution of the en-
ergy radiated by an electron moving in the Coulomb
field of an atom, applied the correspondence prin-
ciple to assume that quantum energy was equal to
the classical energy of the emitted radiation, and
neglected all energies above E,. After obtaining
the thin-target distribution, he used the Thomas-
Whiddington law to calculate the electron energy
loss with target depth, and obtained a thick-target
distribution that agreed with an empirical equation
obtained earlier by Kulenkampff.?* Dyson® evaluated
the constant in the equation which may be written
in the form

I, »=(27. 6/41)Z(E,—~ k) (ergs/sec mAkeV sr) .
(2)

The distribution calculated from the Kramers-
Kulenkampff-Dyson (KKD) formula is compared
(Fig. 2) to the distribution obtained from Eq. (1)
by using the 3SN and 3BN thin-target formulas.
The KKD formula is in reasonable agreement with
Eq. (1) although it tends to predict larger brems-
strahlung emission than either 3SN or 3BN at the
higher photon and initial electron energies.

B. Electron Backscatter Loss

Equations (1) and (2) do not include electron back-
scattering losses and photon attenuation in the tar-
get. Electron backscattering losses may be in-
ciuded in Eq. (1) by writing

Fo
_ dE
IEO'k—jE>kIE°k’E<— dE/dx) (1-n€E°’k’E) - ®

The fraction of the incident electrons backscattered
from a thick target 7 is nearly independent of

Eq and has a value of 0.5 for tungsten.?>%® Because
any electron backscattered with an energy less than
E, has contributed to the ionization, 7 is multiplied
by €z, £, the fraction of the total number of elec-
trons averaged over all angles backscattered with
energies between E and E,. The fraction €Bg,k, E
was obtained by graphical integration of the aver-
age electron backscatter distribution measure-
ments, 2™-3% where the angles of incidence of the elec-
tron beam were inthe range 0-45°, which is similar
to the angles of incidence considered here.
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10 Eg
T T T | _&)
j Izg,n2 (— dE/dx/) " “)
Z2:=74 E> R
0.9 Figure 3 gives Ry, ; as a function of the ratio of
the photon energy to the initial electron energy.
C. Photon Attenuation
0.8~ —
« An exponential term can be applied to the inte-
K grand of Eq. (3) to correct for photon attenuation:
® o7 - ; s oo ( dE \)
Eg, k= Eg kB | _
LA IR dE/dx,
o6l | X(l _neEo,k,E) e wpx/tana . (5)
The geometry assumed in Eq. (5) is shown in Fig.
| | | | 4 and is typical of the geometry used inthe measure-
082 o5 o2 Y o8 o ment of x-ray spectra. The angle between the in-
K/E, cident electron beam and the normal to the target
is defined as the target angle . The photons re-
FIG. 3. Electron backscatter loss correction as a func-

tion of the ratio of the photon energy % to the initial elec~
tron energy E,.

An estimate of the backscatter correction can
be obtained from the ratio

-
dE
REo,kzj IEov"’E(— E/——dx> (1_7)€E0,h,E)/
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FIG. 4. Sketches showing the geometry assumed in the
calculation of the photon attenuation in the target.

flected from the target are observed 90° to the elec-
tron beam. Thus, the photons are attenuated by a
target thickness x/tana, where x is the distance
the electron penetrates before photon emission.
The total attenuation coefficient®! of a photon with
energy k is (,.

An estimate of the photon attenuation correction
can be obtained from the ratio

1.00,
oy —Figo |

=720

- 60,

40 -

- 100 E =300 keV

- 200 B

0

- 0 .
o
w
- L .
- 5
(% Z=74
z
g 100 @ = 20°
e O.IO’_ ]
z [ N
o - .
oy - .
o
2 200 B
[ 4
u L .

300
0.01 1 1 1 L ! !

o 20 40 60 80 100 120 140
PHOTON ENERGY ( keV)

FIG. 5. Photon attenuation correction factor as a func-
tion of photon energy for several values of E, and a target
angle of 20°.
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Typical values of fg ., are plotted in Fig. 5as a
function of photon energy for several values of E,
and a target angle of 20°. Within 3%, the same val-

ues of fg,z, are obtained with either formula
3SN or 3BN in Eq. (6).

D. Comparison with Measurement

A direct comparison of experimental x-ray spec-
tra is complicated by differences in excitation po-
tential, wave form, inherent filtration, target ma-
terial, target angle, and detector angle. Table I
gives a partial summary of the various parameters
employed by different investigators. Figures 6-9
show many of the absolute measurements of x-ray
spectra for high-Z target materials in the energy
range 12-300 keV. Only corrections for inher~
ent filtration and conversions from photons to ergs

Calculated thick-target bremsstrahlung energy
distributions, with electron backscatter and photon
attenuation included, are compared (Fig. 10) to
some typical measurements made at initial elec-
tron energies, or accelerating potentials, of 12,
30, 60, 100, 200, and 300 kV. The distributions
labeled 3SN and 3BN were calculated by using the
thin target 3SN and 3BN formulas for I, , 5 in
Eq. (5). The distribution labeled KKD was cal-
culated from Eq. (2) with corrections for backscat-

ter given by Eq. (4), and photon attenuation given
by Eq. (6). The agreement is good at the lower po-
tentials, but at the higher potentials the 3SN and
3BN distributions tend to lie below the measure-
ments and the KKD distribution lies above the mea~
surements.

These trends are seen more clearly in Fig. 11,
where the average and extreme measured-to-cal-
culated ratios are plotted as a function of acceler-
ating potential. Many measurements made with
constant-potential accelerators operating in the
12-300-keV energy range with high-Z targets are
included. In these measurements where the inher-
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ent filtration corrections were large, the lower
portion of the spectrum was not included in the ratio
calculations. When the target was not tungsten
or the geometry was different than that indicated
in Fig. 4, appropriate Z and angular corrections
were applied. For example, Dyson® measured the
photons transmitted through a gold target, and
Placious® used a gold target at a 60° target angle
with an observation angle of 110°. The ratios in-
dicate that the KKD calculation gives the best fit
to the measured spectral shape at the lower po-
tentials. However, at the higher potentials and
photon energies, the KKD calculation predicts
larger emission rates than are measured and gives
the poorest fit to the spectral shape. The 3SN
calculation predicts smaller emission rates at the
lower photon energies than does the 3BN calculation,

but a study of the ratios indicates that there is no
basis for preferring one calculation rather than
the other. With two or three exceptions, the aver-
age ratios indicate that both 3SN and 3BN give 20%
agreementbelow 100keV. Above 100keV, the ratios
tend toincrease progressively, reaching 40-50% at
300 keV.

As mentioned earlier, Koch and Motz!! suggest
that an empirical factor A be applied to formula
3BN. In Fig. 23 of Ref. 11, values of A for Z=13
and 79 and energies above 100 keV are given.
Values for A interpolated for Z =74 are given in
Fig. 11 together with a least-square fit through
the average 3SN and 3BN ratios. If either A or the
least-square values are used as an empirical multi-

plicative correction to Eq. (5), 20% agreement
with measurement is obtained over the 12-300-

len
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keV energy range.

IV. SEMIEMPIRICAL THICK-TARGET BREMSSTRAHLUNG
FORMULAS

The semiempirical KKD formula [Eq. (2)] has
been used extensively to calculate thick-target
spectra. Figure 12 compares Eq. (2) to measure-
ment and shows satisfactory agreement at the
lowest potentials, but the agreement becomes in-
creasingly poor as the potential increases. Figure
10 shows that agreement is improved when back-
scatter and photon attenuation corrections are in-
cluded in Eq. (2).

Better agreement with measurement is obtained
with an expression of the form
21 E, -k
(417

Ig,, k= WTTZS—)REO,kaO’k,a

zZ
0

erg ,
secmAkeVsr/:> (7

where Ej is the ionization potential of the K shell
(69. 5 keV for tungsten), and E,, k, and Ey are in
keV. The term in large parentheses in Eq. (7) is
a modification of the KKD formula that approxi-
mates Eq. (1) with formula 3BN used to represent
the thin-target distribution. The electron back-
scatter REka and photon attenuation f_ , , correc-
tions are given by Eqs. (4) and (6). Equation (7) is
compared to measurement in Fig. 12, and the over-
all agreement is within 20% up to accelerating po-
tentials of 200 kV.

As Fig. 12 shows, still better agreement is ob-
tained with the following expression: ’

- z( 11 (Bg— k)1 —e ™ k)

I 2 ®/E)T (- 0R)

on,k.os
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200

Experimental condition

5

ergs

(sec mAkeV sr) ’ ®
where the term in the large parentheses is an ap-
proximation to Eq. (3), and the thin-target formu-
la 3BN is corrected for both electron energy and
backscatter loss. Equation (8) gives 20% agree-
ment up to accelerating potentials of 300 kV.

For photon energies k> E Ly the ionization po-
tential of the L; shell (12 keV for tungsten), the

photon attenuation correction can be approximated
by

fEgrse > €XP(= O.ZCEO,,,(REO;L,,/tana) , (9)

where (REO is the range of an electron with inital

energy E,, and CEO',, is a dimensionless correction
as shown in Fig. 13.

V. CONCLUSIONS

The thin-target bremsstrahlung formulas 3BN
and 3SN are differential with respect to the photon
energy and are obtained by integrating over the
emission directions of the electron and photon.
Therefore, the energy distribution represents an

average over the direction of photon emission. In
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addition, the electron energy loss term dE/dx does
not include detours caused by multiple elastic
Coulomb scattering by atoms. Because of these
approximations and the variations in the measure-
ments, the correctness of the various bremsstrah-
lung cross sections cannot be determined. Both
the thin-target Born approximation formula 3BN,
with the Elwert Coulomb correction, and the Som-
merfeld formula 3SN give 20% agreement with mea-
surement over the 12—-100-keV energy range by
considering electron energy and backscatter losses,
and photon attenuation. The agreement can be ex-
tended to 300 keV by including the Koch and Motz!!
empirical correction.

*Work performed under the auspices of the U. S.
Atomic Energy Commission.
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A complete discussion is given of our precision measurement of the hyperfine-structure inter-
val Av of the ground state of muonium at a strong magnetic field of 5000 G. Particular empha-
sis is placed on refinements to the theory of the resonance line shape and on a detailed discus-
sion of the sources of error and of the capability of our method. The final result for Av is Av
=4463.24+ 0,12 MHz (27 ppm), in which the 1-standard-deviation error is caused principally
by the statistical counting error and magnetic field inhomogeneity. Allowance is included for a

quadratic as well as a linear dependence of Av on pressure.

This result is in good agreement

with other, more precise, experimental values and with the current theoretical value Av

=4463. 326+ 0.019 MHz (4.2 ppm).

I. INTRODUCTION

This paper gives a detailed discussion of our
precision measurement of the hyperfine-structure
interval Av of muonium through the observation of
a magnetic resonance transition at strong magnetic
field. The motivation for a precise determination
of Av and the general theory and experimental
method of magnetic resonance studies of muonium
have been discussed' 2 in Paper II of this series.
The present paper emphasizes a detailed discussion
of errors in this experiment,

Section II presents a discussion of refinements
in the theory of the resonance line shape, as com-
pared to the simpler discussion! in Paper II. Sec-
tion III describes the experimental method and ap-
paratus, in particular, the new features relevant to
a high-precision experiment. Section IV presents
the data analysis, which includes a detailed con-
sideration of errors and of the hfs pressure or den-
sity shift. Finally, Sec. V gives our results and
conclusions. Brief reports of this research have
been published.?~*

1. REFINEMENTS IN THEORY OF RESONANCE LINE SHAPE

Refinements to the theory of the resonance line
shape as given in Paper II ! must be considered for
the higher-precision measurement reported in the
present paper. The effects of the following fac-

tors, which were neglected in the derivation of the
resonance line shape of Eq. (2.28) of Paper II
[II 2. 28] will be treated:

(1) Muonium states other than the two directly
involved in the resonance transition.

(2) Formation of both muonium states involved
in the resonance transition as the initial condition
for the transition process.

(8) Off-resonance frequency component ¢**“* (or
e~ t“t) in the microwave magnetic field.

(4) Inhomogeneity of the static magnetic field H.
(5) Spatial variation of the applied microwave
magnetic field H;. Also a component of ﬁl parallel

to H.

(6) Finite time interval of observation of the
transition process.

(7) Spatial distribution of the stopped muons.

(8) Dependence of the decay positron asymmetry
on the positron energy.

(9) The solid angle subtended by the positron
detectors.

(10) Trajectories of the decay positrons in the
static magnetic field H.

In order to treat these refinements to the reso-
nance line shape and to develop a more general
formula for the line shape, it is best to start again
from the beginning. For the present we still as-
sume that only two muonium states, designated 1
and 2 with energies W; and W,, are involved. The



